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I, IETRODUCTION: 

The approach t o  the design of harmonic oscil lstors which w i l l  be 
reported on i n  t h i s  paper has been developed in  the course of a program 
aimed principaUy  at establishing the f’undamental limitations on the frequen- 
cy stabil i ty  at tainable by means of mechanical resomtors. A major portion 
of the paper therefore, deals with the criteria which have t o  be met i n  
order t o  assure that the frequency stabilizing characteristics of a crystal 
unit  are fully trtilized and that the  influence of changes in the  various 
circui t  parameters on the output -frequency are kept t o  a minimum. 

Harever, it is  the fonmrlation of the  conditions  for  oscillation i n  an 
apparently new manner which  i s  of pivotal importance for  the developents 
i n  t h i s  paper. This new form, though only slightly different from previous 
usage, opens the way t o  achieving a very thorough qualitative understanding 
of oscil lator performance which will be found usefW. i n  a wide variety of 
applications . 

Many different methods  and techniques for the des gn of harmonic 
oscil lators have een reported on in the literature l; and under Signal 
Corps Contracts5- , Sane ma;y be  considered more important  than  others, 
but each one has added significantly  to  the  present  state-of-the-art. A 
detailed discussion of their relative merits however, would undoubtedly lead 
too far afield. 
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The success of any analysis of oscil lator performance depends in no 
small measure on an adequate  appreciation of the phenomena which determine 
the amplitude of the steady state oscillations. Within the concept of the 
equivalent  linesrization which, incidentally, will be used th rowou t  t h i s  
paper, amplitude limiting  occurs because the equivalent linear parameters 
of‘ an actually  nonlinear element depend  upon the amplitude of the signal, 
Dasher and Wit@ have investigated some aspects of t h i s  phenomenon i n  
connection with oscil lator design considerations, while Reich lo has 
emphasized i ts  major sfgnif’icance for the understanding of oscil lator 
behadour an a broader basis. 

11.  DISCUSSIONS: 

An idealized  osciUiator  circuit i s  shown in the upper part of 
Fig. 1, The general impedances Zl, Z2, and Z form the feedback network 
and the  electron  tube  supplies  the energy necessary t o  sustain oscillations. 
If the concept of the  equivalent  linearization is used, the vacuum tube 
can be treated as though it were a linear element whose a.c. output  current 
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il i s  proportional t o  the &.c. input  voltage vg and 180' out of phase with 
X L  - 

il = -Q vg 

Since the  tube, however, is act- a non-linear element, the value of ~m 
depends upon the amplitude of the signal v . A thorough discussion of 
this  subject, though most interesting in  i fsew,  i s  outside the scope of t h i s  
paper and we w i l l  assume here only that gm as a function of A, the ampliturle 
of the fuadamental component of the oscilLator signal, gives a steadily 
decreasing curve such as shown in the lower pari., of Fig. 1. This assmption 
meets with the most camonly encountered  behavior and does not impose a 
serious  restriction on the developnents of this  paper. The value of b, 
which represents the transconductance of the  tube  for  infinitely small 
signals, as w e l l  as  the  exact shape of the ~m vs  amplitude  curve depends 
upon the type of tube and upon the d.c, potentials on a l l  the tube  electrodes 
However, th i s  curve i s  independent f r o m  the impedances Z l ,  22, and 23 in   the 
feedback network. 

The voltage vg i n  Fig. 1 is  related t o   t h e  input current il by the 
relation 

v = il z1 z2 Q Z 
S 

with 

zs - Z l  + z, + 23' (2 .4  

The relst ion (2), because of (l), reduces t o  the conditions  for  oscillations 
i n  the form 

If we set  

Zi = Zi e Pi (i = 1, 2, 3, S) 

and separate the r ea l  fram the imaginary part i n  (3)  we obtain the two 
conditions 

el + e2 - es - T 



which  have t o  be satisfied sjmil-taneouslyfor  steady s ta te   osci l la t ions  to  
occur. The condition (6) requires that the ra t io  of the impedance magni- 
tudes be smaller than The value of th i s   r a t io  determines the ~m 
which must be exhibite & the active devlce during steady state  oscil lations 
and  nence ii aetemrles ine amplitude of the oscillations by of the 
amplitude dependence of shown i n  the lower p& of Fig. 1. If large 
amplitude OsciUations are required,  therefore, it lq 2ecessary t o  make the 
difference ~l lho - as Large as possible. To obtain small amplitudes the 
opposite is  true, of course. 

It might be w e l l  t o  point out in this connection, that  an incidental 
change in any one  of the impedance m i t u d e s  w i l l  change the value of the 
impedance ra t io  i n  (6) and  hence cause t o  change. Since, however, a 
variation  in ~m can take place only if t % e amplitude of oscillations 
changes, the incidental  variation in one of the imgedcwce magnitudes w i l l  
cause a change in mplltude which can be  quite  appreciable if the slope 
of the h vs amplitude curve is smaJJ.. In order t o  steepen  the slope of 
t h i s  curve, particularly  for low amplitude operation, one o r  more of the 
doc. bias potentials are frequently made a fltnction of amplitude  through 
the use of AGC circuits. 

While equation (6) deternzines then the amplitude of oscillation,  the 
equation ( 5 )  determines the frequency at which the oscillations take place. 

Since all three impedances 21, Q, and 23 in  Fig. 1 and therefore Zs as 
veU are, in general, f b c t i o n s  of frequency, one or  more of the phase 
angles in (5) w i l l  also be  functions of frequency and the  equation can be 
satisfied only at one, or  more often at several  discrete  points. If 
there  are  several,  stable  oscillations w i l l  occur at that root of (5) at 
which (6) requires the lowest value of %. 

Any analytic method t o  solve ( 5 )  i s  impractical  for all but the most 
idealized  circuits, however, it is possible and indeed most inst ruct ive  to  
solve this equation  without any additional approximations graphically in the 
impedance plane. 

While t h i s  technique i s  by no means restricted  to  quartz  crystal  
oscillators, we w i l l  use in the following the Pierce and Miller  circuits 
t o  i l lus t ra te  the approach. 

Before we go into it, however, we believe it quite useful t o  review 
in  some detail the impedance diagram of a crystal  unit because of i ts  
fundamental importance for  crystal  oscillator  operation and performance. 

2. THE IMPEDANCE DIAGRAM OF A QUARTZ CRYSTAII UNIT 

The familiar equivalent  electrical  circuit of a crystal  unit with 
load capacitor i s  sham on the upper ri&thand side of Fig. 2 and next t o  it, 
it i s  dram again to   ident i fy  the spbols which will be used in  describing 
i t s  properties. Only the narrow fl-equency rage of a particular  crystal 
response i s  of interest and it w i l l  be a s m d  that  X,, the reactance of the 
motional m, is  the only quantity which changes appreciably  with  frequency 
in this range, i.e., Xo, XL, and Rlare  assumed t o  be constants. 



If the impedance = R + jX of a crystal  unit i s  measured point by 
point as a function of frequency, it w i l l  be found t o  describe a circle in 
the R-X plane. Such an impedance diagram of a crystal  unit i s  shotm as the 
heavily drawn circle   in  Fig. 2. It can be described by the  equation 

2 2 
x 2  2 2 (R-G) +(x - x. - XL) = ( 
.e 

The vector = % / eJ x representing the impedance  between the two 
terminals of the crystal  network follows t h i s  c i rc le  i n  a  clockwise 
direction a s  the frequency of operation is changed  upward through the 
range of the  crystal response. Each point of this circle corresponds t o  
a different frequency and a measure of the change in  with frequency 
can be  obtained by proxiding the circle with a frequency calibration. 

This i s  the purpose of the set of circles drawn in Fig. 2 with thin 
lines, Each  one  of these  circles, which follow the equation 

r x 2  

belongs t o  a different value for  X 1  and  hence t o  a d m e r e n t  frequency. 
Those dzawn into  the diagram, Fig. 2, are  separated f r o m  one another by 
&22 equal increment in Xl, and hence by an equal  nmber of cycles,  over 
a certain range of Xl around Xl = 0. Since the  intercepts of these  circles 
with the impedance circle of the  crystal  unit identify the frequencies 
a t  which Z, assmes the corresponding values, a diagram such as shown i n  
Fig, 2 provides a rather i l lustrat ive picture of the  behavior of the  crystal  
impedance throughout the response range. 

As an example we will consider the effects of a vsriation  in  the  load 
impedance XL, From the  equations (7) and (8) it can be  seen that  any 
change in XL effects a simple translation of the  entire di-‘ along the 
imaginary axis. If XL and are both capacitive as has been assumed here, 
an increase  in  the maguitude of X.,., w i l l  cause the entire set of c i rc les   to  
move damward. Consequently, since the frequency calibration on the 
impedance circle  is not  a9fected  thereby,  the  frequency at which G has a 
given phase angle, say 0 = 0, w i l l  increase, h w i l l  thereby move into a 
range of the impedance c%cle where the frequency calibration becomes more  
open. In an oscil lator which should be frequency modulated, therefore, 
a given amount of mdulation in XL will cause a correspondingly  smaller 
modulation  of the olxtplxt f’requency. On the  other hand, if XL i s  made 
inductive,  for example, by using a condenser and co i l  in  series i n  place 
of CL, the distance between the center of the impedance ctrcle and the 
real axis can be nade quite mall.. Since now the resonance  frequency of 
the network, i.e., the frequency at which ex = 0, i s  in a range of the 
hpedance  circle where the frequency calibration  points  are  closer 
together,  the same anount of modulation in % will cause a much Larger 
modulation  of the output frequency. 



To help avoid a trivial trap i n  the use of the impedance diagram 
l a t e r  on, it should be emphasized that the impedance vector r;, starts of 
course at the  origin of the R-X coordinate system, while the impedance 
circle  touches  the imaginary axis at X = X, + XL. 

In  an oscil lator such as shown %n Fig. 1, the  crJstal network 
cm  take the place of any one  of the  three impedances Z1, Z$, 
If it i s  Z and the impedances Z1 and % are  capacitive,  the  resultmg 
configurat ? on is that of the w e l l  known Pierce  oscillator, shown 
schematically in Fig. 3. 

and z3' 

For the moment, it w i l l  be assumed that the impedances Z 1  and + 
have been chosen in i t i a l ly  and that it shall be determined if t h i s  
configuration w i l l  oscil late with a pafcticular crystal  unit and. at what point 
on the impedance circle  the  crystal  w i l l  be operated. According t o  the 
condition (5), oscillations catl take  place only if e,, the phase angle of 
the sum vector Zs = Z1 + $ +Z3, i s  given by 

e, = el + e2 + 

We can plot,  therefore,  the impedances Z and % in the impedance plane 
and f ind  the angle 81 + &z as well as e:= 81 + e2 + lao, such as shown 
in the lef'thand diagram of rYg. 3. Rence, fo r  the phase relation -bo be 
satisfied,  the sum vector Zs must fa l l  along the broken line i n   t h e   f i r s t  
quadrant 0 

To f ind the magnitude of ZS, it i s  only necessary t o   f i r s t  obtain 
Z + Iz/L and t o  use t h i s  impedance as the  origin  for the impedance diagram 
o h  t'ne crystal network. This i s  shown in the  righthand diagram of Fig. 3. 
The broken line circle denotes all possible  values  for Z while Z can 
only assume values along the  l ine €3, - const, The intersept of tgese 
two lines  therefore determines Zs and Z . Apparently Z the impedance of 
the crystaL network,  must a lws  have d inductive reac?&e which is  
larger than the sun of the capacitive  reactances of % .and % unless the 
resistive components of the l a t t e r  are zero, i.e.  unless and e2 are  both 
-goo. 

If the diagram has been drawn t o  scale, the length of 2, can be 
measured  and the ra t io  gm 

determined. If is Fnnnlr than oscillations w i l l  take place and, 
from the &tude curve, the%$litude of these oscillations can 
be found. eir frequency folluws from the value of Z together with 
the equation (8) 0 The latter, incidentally, will gene$& be found much 
easier t o  use, either i n  the form shown or  solved fo r  X1, than most other 
relations f o r  this purpose v 



From the  diagram in Fig. 3, it can be  readily  appreciated that, 
f o r  example, a decrease i n  + XL will cause the impedance circle  to 
intercept  the  line 8, = const at a lower point. The magnitude of Zs, 
therefore,  decreases and with it the ratio G, call ing  for higher amplitude 
oscillation. This effect of course becomes m r e  prcnounced as the  curvature 
of the c r y s t a l  impedance circle  increases  either due t o  a larger  value of 
R or a SmaUer X . Drawing a set  of constant  frequency circles (8) into 
the  diagrau of Fig. 3 provides  furthermore a very direct impression of the 
interdependence of frequency of oscillation,  crystal  resistance R and load 
reactance XL. It i s  v e l l   t o  take note  thereby of the fact  that the  constant 
frequency c i rc les  (8) are independent of R1. 

4. THE MILLEB OSCILLATOR 

If the crystal. network takes the place of in Fig. 1, we obtain 
the basic diagram of the  Miller  oscillator as shown in Fig. 4. In  order 
to explain  the  qualitative  features of this  oscillator, we w i l l  assume now 
that  Z1 and Z3 have been chosen in i t i a l ly  and that we wish t o  determine the 
Impedance, Q i n  this case, which the crystal network is required to exhibit 
during  steady-state  oscillations - provided oscillations are possible. 

The phase relation (5) requires now 

e, - e2 = r + el. 
Since, however, 0 and 0 are of course not independent f r o m  one another, 
the problems of shving r 5 )  is now sliatly more complicated, though not 
essentially  different from the previous case. In Section 3 we had to 
determine at first the  loci  of all values Zs f o r  which (5) is satisfied. 
This was done i n  the lef'thand diagram in Fig. 3 and the curve happened to 
be the straight l ine 8, = const. In the  righthand diagram of t h i s  figure 
we then found the  actual  operating  point as the  intercept of this curve 
with the one describing  those values of Z which the  crystal  network i s  
capable of  assuming. 3 

An identical procedure can be followed t o  solve (5) if % i s  the 
unknown iurpedance. Disregarding f o r  the mment the  physical  significance 
of the 0' S,  solving the  equation ( 9 )  becanes a purely geometric problem. 
The solution describes a circle  i n  the impedance plane. Part of t h i s  circle 
i s  dram i n t o  the lefthand diagram i n  Fig .  4. It goes through the  origin 
of the impedance plane and through the  end point of the  vector Z1 + Z 
A thi rd point on this  c i rc le  i s  found most conveniently by assuming 3* 

= goo. According to (5), 8, is then given by 8, = Q1 - ~+ which 
is readily obtained M m  the graph. The circle  is then drawn through these 
th ree   p in t s ,  however, only the solid portion of it corresponds to physically 
realizable values of Z and hence Z . In the  righthand  picture of Fig. 4 
the impedance diagram 8f the  crystaf  unit is sham superimposed on the graph 
just obtained, with i t s  origin at the intercepts of these 
two curves identify  those values which satisfy the phase 
relation and at the same time are or  the  crystal network. O f  
the two intercepts, only the upper one is of interest because it corresponds 
to a substantially lower value of h. If the   l a t te r  i s  smaller than , 
the circuit w i l l  oscil late at the frequency at which the  crystal  exhib % S 
the  required impedance Z2. 
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The diagram in Fig. 4 shows quite  clearly that even though the 
impedance $ i s  inductive,  the  crystal unit i s  s t i l l  operated in  i t s  l o w  
resist ive region. By no means, therefore, should the  fact  that the Miller 
oscil lator i s  knm as a parallel resonance oscil lator be taken t o  imply that  
the crystal  unit i s  operated  near i t s  anti-resonance  point, i. e. ,  in the 
high resistance range of i ts  impedance circle. If the c r y s t a l  i s  operated 
correctly, that is, according t o  specifications, the Pierce  oscillator 
as well as the Miller oscil lator will have the same output  frequency which 
i s  only B different w a ~  of stating that the  crystal i s  operated on the 
sane point of i ts  impedance circle in both  cases. 

Considerations such as were made for  the Pierce  oscillator 
concerning the effects of a change in series load reactance % can of 
course easily  be trraslated t o  apply  for the Miller oscillator. With 
sl ightly mre effort,  the  graphical  construction in Fig. 4 together with 
the equations (7) and (8) can be used to   i l l u s t r a t e  the effects of a 
change in G, such as introduced by a load element i n  parallel with  the 
s ta t ic  capacitance of the  crystal  unit. Xr, thereby may or may not  be left 
to go t o  zero. 

Principally  for  the purpose of demonstrating some of the features 
of crystal operation  in an oscillator we have assumed i n  Sections 3 and 4 
that the  operating  point of the c r y s t d  unit i s  what has t o  be determined 
while  the  other impedances i n  the circuit  are known. However, one  problem 
in designing an oscil lator i s  frequently  to assure, by proper  choice of the 
other  circuit components, that the  crystal   unit  i s  operated at i t s  specified 
operating  point in  order t o  obtain frequency correlation. This means that 
the impedances Z1 and 2 i n  the  case of the Pierce  oscillater or  2 and 23 
for  the  Miller  oscillatgr have t o  be determined, together with thehroper 
values of Xr, and Xo, t o  obtain  the desired operation. 

Since  the  conditions for  oscil lation can obviously be met with a 
very wide range of circuit  impedances, the  decisive  question which has to 
be answered i s  what are the optinmu values. 

For  frequency control  applications,  the most pertinent  criterion 
for  the performance i s  undoubtedly the degree t o  which the  desired 
frequency of oscillation i s  maintained. It can easily be appreciated from 
either Fig. 3 or  Fig. 4 that any change in, fo r  example, Z1: will require 
either + or  Z3 or  both t o  change if the  conditions  for  oscillations 
should again be satisfied f o r  the new value of Zl, i.e., for  Z1 +AZ1 

The relationship betveen the  various d Z S can be found quite 
generally by differentiating the condition for  oscil lation ( 3 )  . We find 

Because the Z's are generally  functions of a nuuiber of psrameters such as 
resistors, condensers, and inductors as well a s  of frequency, i.e., 



the  differentials  are 

nz,=g 
with like  expressions  for Zp, 

Each  one  of theAZ's 
a phase angle 

23 and A Q, I- 23 respectively. 

has, as a complex quantity a magnitude and 

If (4) and (13) are substituted  into (10) , the equation can be separated 
into real and imaginary parts. The real pa.rt of (10) determines the changes 
in ~m and hence in the amplitude of oscillation. The imaginary part, 
however, contains the eqxation f o r b ,  the change i n  frequency. WithdZ, = 
AZ, +AZ2 +RZ which follows f r o m  (2a), the inaginary part of (10) becames 3' 

With (12) and (13) it is possible to cmpube from (14) the frequency shift 
d& caused by a given set  of parameter changes (d  d ) . While the eqmtion 
looks formidable i n  i t s  general form, it frequently reduces to quite man- 
ageable  expressions when a particular circu2-t i s  being  corsidered. 

Using the diagram of Fig 3 or  Fig 4 it will be realized that 
each one of the  tenns i n  (14) represents a phase angle change. For 
example, the second term i s  the ra t io  of that component of Z which i s  
normdl t o  2 to   the  mawtude of Z and hence represents  the bane in  
eS due t o  &e action of A Z . Simiflarily, the third term i s  the change i n  
8 due t o  A Z a. s.0. The &ormation contained i n  (14) could have been 
dh ived  therhfore in principle by  appropriately  differentiating (S), 
harever, the resulting equation would be of very limited use zpd would 
again have t o  be transformed into  the  fom (14) for practical  application. 
Nevertheless  the mere possibility i s  of great value conceptually  in  inter- 
preting the relation (14) * For example it demonstrates quite  clearly that 
the sum of all phase angle changes caused by A Z 1  and A+ must be compensated 
by an equal and opposite change i n  8, due to  the  action of ab Z3 of 
appropriate magnitude. The change in e3, the phase angle of the  hpedance 
23, does not  enter the stability relation  directly. 

An important  aspect of (14) i s  the  general type of design  infor- 
mation which  can be extracted fram it. We can use again  the  Pierce 
oscil lator t o  i l lus t ra te  t h i s  point. 

In the case of the Pierce oscil lator Z3 repesents  the crystal 
network and dZ,/Q& will ordinarily be so large compared  togZp/gw and QZ~/&J 
that  the latter two can be neglected compased t o  the first. 4 Z1 and A 5 
therefore  represent changes in Z1 and Z2 which are caused by variations in 
any one o r  more of the parameters d and o( of (ll) . Since i n  t h i s  type 
osciUator Z and Z2 are nearly a,ld$s the &dances of networks consisting 
of several e 2 ements i n  pa rd le l ,  it is more convenient t o  replace 
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ldZll by 1 Zll ]dy’r andld%I by I 5 1 [AY2 i . If i n  addition it is  assumed 
that the parameters of the  crystal network, h remain constant, the equation 
(14) becomes 

2 

The first term in (15) can be transformed  =her by using an 
expression  for  the  quality  factor of the  crystal network  which i s  valid 
over the entire range of the  crystal response. Such a formula f o r  the 
crystal  Q has been found t o  be given by 

With (16) and (6) the  equation (15) can be writ ten  in the following form: 

whereby 
Real Z3 

Qeff = Q. sin(@ - es) 
1 Z s l  23 

Evidently, a given set of Id ’fI I and Id bii w i l l  cause the  smallest change in  
frequency if Qeff and ~m are as large as possible and Zll and l%( are small. 

Qefe is the  effective  quality  factor of the  crystal network i n  the 
oscil lator  clrcuit .  It aJways i s  smaller than Q*, the quality factor of 
the crystal  network alone, with the factors  contributing  to  the  degradation 
apparent f’rm (18) Evidently, the maximum value for  Qe i s  and t o  
attain it, it would be necessary that I 2 I = Real 2 and f6dz - 0,) = 90 
From Fig. 3 it i s  seen that, approximatefy, lZsl = aeal  Z 1  + aeal % + Real 23 
Hence, the condition i Zs/ = Real Z would require  the impedances Z1 and $ 
t o  be purely imaginary. This f a d  has of course long been recognized and 
can frequently be approximated fairly w e l l  in vacuum tube circuits. Fig 3 
also shows that the phase angle  difference ( 0  - gs) w i l l  be 90’ only if 
Zs intersects the impedance circle of the crystal   a t  right angle - a 
situation which i s  not  attainable in a Pierce  oscillator, even if the first 
condition i s  met, unless CO cancellation is used. Since the sin function, 
however, i s  quite flat around go0, this source of Q degradation, by itselP, 
i s  frequently small, particularly at lower frequencies. A more extensive 
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discussion of the effective  quality  factor w i l l  be found i n  Section 7. 

Since Z1, Z2 and Z are  related to one another and the effective 
transconductavlce of the ?&e, , by (6) ,  the lower limit  for 1 Z and j Z2 I 
i s  set by the available of%e active device. To obtain  thelhighest k frequency stability,  the  ore,  reqgires that i s  as close t o  ~ m o  as 
possible. This means by implication  that  the  litude of the  oscxllations 
will be sxdl unless  the  vs amplitude curve is  extremely flat. The 
latter of course is  tmdes' 343 ble because of poor amplitude s tabi l i ty  as 
pointed  out in Section 1. As the  crystal frequency is  sensit ive  to amplitude 
variations  there is  an optimum point of operation on the vs  amplitude 
curve which w i l l  give  the  highest  frequency  stability and $1 is applies also 
if the shape of this curve i s  modified by AGC action.  Particularly in 
connection with &C it is  important t o  note that the frequency deviation 
db/. according t o  (17) depends actually  upn  the impedance magnitudes 
and only because  of (6) on the  effective ~m of the active device. AGC 
should therefore be applied sparingly so as not t o  reduce the  operating 
point of the active device and hence the available ~m more than  necessary. 

It has been assumed so far that the parameters of the c r y s t a l  network 
d remain constant  while the terminating impedances ZL and 5 m e  subject 
tpchange. According t o  (17) it is principally the effective qua l i ty  factor 
of the  crystal  unit which determines the sensitivity of the  oscillator 
frequency t o  the variations in Z and Z2. An essentially  different  type 
of condition, however, exists i$ A21 = A Z2 = 0 is assumed and the 
parameters of the crystal network are varied. I n  this case the  equation 
(14) reduces to   the  equation 

8 - e s = o  
RZ3 

which states that Z can only change dong  the  l ine 8, - const. This 
l a t t e r   f ac t  can eas 9 ly be verified by using the  diagram i n  Fig. 3. Since 
Z 1  and 2 are assumed constant, 9, i s  not  aFfected by a variation i n  any 
one of t e paramentersR3 and hence remains constant. A specific example 
of the  situation  existing now has aheady been considered in Section 3 
where the  effects of a discussed. It can be shown 
that the change i n  frequency of i n  response t o  a variation of 
the parameters i s  controlled primarily by the  capacitance ratio Co/Cl 
of the cqystal uhit and i s  independent t o  a large measure of the quality 
factor $. 

All the  considerations made so far for  the  Pierce  oscillator apply, 
with some modifications, t o   t he  Miller oscil lator as well, however, i n  
practical  applications it w i l l  be found that the latter i s  more diff icul t  
t o  design  properly and in  addition i ts  impedance level appears t o  be re- 
stricted t o  a rather unfavorable range. 

6. Generalization of the  Oscillator Equations. 

When dealing with vacuum tube  oscillators,  particularly  those 
employing pentodes, the approach taken in Section 1 might be found 
acceptable f o r  mst engineering  applications  without much hesitation. 
The nature of presently available traslsistcirs however leaves no choice 
but t o  examine the problem more carefully in order t o  determine how mch 
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of the  foregoing analysis needs t o  be modified and  anended for  it t o  apply 
to  transistor  oscil lators as well. 

A perfectly gener‘al representation of a harmonic oscillator i s  
sham in Fig. 5. It consists of two four terminal networks i n  a cyclic 
asrangement. The  Network I shall contain  the  active element, o r  elements 
if  m r e  than one i s  used, while the Network I1 contains all the elements 
of the biasing network and the a-c feedback Loop. The load is  natur- 
a part of Network 11. 

Within the concept of equivalent  linearization it i s  possible, 
using matrix theory, t o  completely characterize  the small signal performance 
of the Metwork I by a set of four constants,  the most appropriate  for  the 
configuration  being  the “a” parameters. The inpuboutput  relations f o r  
the Network I are thereby  given by 

V 1 = ” 1 1 V 2 - a & 2  

$1 = 9 1  v2 - 922 12 (20) 

It i s  important t o  emphasize that the parameters (a ) are 
entirely independent from the  properties of the Network 11. %heir values 
do of course depend  upon the  biasing  conditions and upon the signal. level 
in a manner s imib t o  that explained in  Section 1 f o r  h. 

I n  input-ohput relations  for t he  Network I1 are 

V = ah V4 - i4 3 

3 
i = a& v4 - 14 (21) 

Because of the  cyclic arrangement of the networks shown in Fig. 5. 
= V2, i = -i4 and V = Vl must hold during steady  state ~ ~ ~ ~ % ~ ~ ~ .  It can% verified kui’te readily with (20) and (21) that for 

these relations t o  be possible, it 

1 - a2142 - a1241 
with  

Equation (22) therefore 
i n  general form, stibject only to 
of equivalent  linearization. It 
oscillators  alike. 

i s  required  that 

‘ + A 4  = O  a d  - a2242 - la1 1 

expresses the conditions  for  oscillation 
the  limitations imposed by the concept 
applies t o  vacuum tlibe and transistor 

If a feedback loop i n  the fo? of a Tnetwork is assumed, as 
suggested i n  Fig. 5, the parameters (aik) are given by 
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U 

\ Z G -  
Since every -ear 

form, the above a s s m i o n  
following  considerations. 

1 

(23) 

+ 3  J zs * z1 + z2 + z3 
z1 

passive network can be represented i n  th i s  
does not res t r ic t  the generality of the 

of a transistor  are  not widely used and it 
will be more convenient t o  express  the  equations i n  terms of the common 
emitter "h" parameters. The latter are less abstract in the i r  meaning 
and are usually obtained by direct measurement. Again, the fac t  that   the 
common emitter parameters are chosen here i s  only a matter of convention 
and does not impose any limitations on the validity of the  equations. 
The two four  terminal networks in  Fig. 5 can always be defined such as t o  
conform t o  this  convention. 

The well known relations between the "arc and "h" parameters are 
@v= by 

h12 

$1 
(a,) =l; F] b a a - -  

(24 1 
bh $1 h22 - h12 $1 -- -- 

If (23) and (24) are inserted  into (22) it will be found possible, 
after some re-arrangement of terms but without  approximations, t o  write 
the general 

and thus t o  
sect  ions of 

condition for  oscil lations in the form 

reduce it to the basic  equation  discussed i n  the  foregoing 
t h i s  paper. The -1s in (25) are defined as follows: 

"m 
h = 21 - h12 t h a 2h2 Z3 

hl 1 h21 1 - - z, = z1 + z* + 23 

- -  1 1 A h  
El z1 h l l  

- -  + -  

Clearly, if the elements of the  passive feedback network in Fig.5 
are suitably redefined t o  include  the  effective input and output impedances 
of the active network dl the  considerations based before on an idealized 
oscil lator  circuit  remain valid, save for the mdifications  required by 
the fact  that the equivalent  transconductance gm cannot ordinarily be assumed 
t o  be a real quantity. 
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The correction  term  involving z in  (26) i s  IikeLy t o  prove neg- 3 l igible   in  all but extreme cases. If it i s  not sufficiently small, an 
i teration process  has t o  be used in  solving  (25) . 

It i s  observed, that  according t o  (26),  (28) and ( 2 9 )  the  transistor 
in  an oscil lator i s  equivalent t o  a current  generator of internal  hpedance 
h /Ah and  an input impedance h I t s  stren@;th il is  related t o  the  input 
v0 3 tage by il = G vt,. Since % e  transistor  thereby i s  represented by 
a black box, t h i s  statement  applies equal& well   to any other  type of 
amplifier, no matter  har simple o r  complicated i t s  structure. To apply, 
.therefore,  the methods of oscil lator analysis developed for  an ideal  current 
generator t o  any actual  circuit  configuration it i s  only necessazy t o  
consider  the  internal impedance as w e l l  as the input impedance  of the 
equivalent  generator as part of the feedback network. 

The parameters of the  active device are s t i l l  separated from 
those of the feedback network in the  expressions (28) and (29). The basic 
advantage of dividing  the  oscillator  into an active and a passive network 
as shmm i n  Figure 5 is s t i l l  retained  therefore, namely, that  the para- 
meter of each one  can be measured independently from the  other. 

The amplitude and phase 
from ( 2 5 )  by separating  the real 
were found f r o m  (3) . They axe 

whereby 

relations in t h i s  general case are  obtained 
and imaginary parts just  as (5) and (6) 

Though the  existence of  a f i n i t e  phase angle 8 g does require some minor modifi- 
'cation, the  graphical method q l a i n e d  previously i s  readily  applied t o  
the  solution of (30). The effects of a f in i t e  8 are most clearly 
demonstrated qualitatively by us- the  correspohing diagrams. For example 
since 0 is  usually negative,  i.e., of the same sign as and €l2 in a 
Pierce & c i D t o r ,  it i s  noted that a 8 of pro r value can cause eS 
t o  became zero even if f €3 i s  less han l8Oq Under certain  condltions 
therefore, it is  possible thag a f in i t e  8 w i l l  result  i n  improved oscil lator 
perfonnance. To identify  these  conditio&, however,  becomes increasingly 
more diff icul t  as the nwnber of variables  increases and their   re la t ive 
tendency t o  change i n  value w i t h  time and environmental conditiom i s  
considered. 

7. The Generalized Stability  Relations: 

The f a c t  that  ~m in (25) is no longer a real  quantity in  the 
general  case also requires some modifications of the  stabil i ty  relations 
derived  previously i n  Section 5. To simplif'y writing we w i l l ,  throughout 
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the  following,  leave  off  the bars over the symbols i n  ( 2 5 )  and stipulate 
that from now on the impedancesZ1 and Z2 a r e   t o  include  the  internal 
impedance  and the inptrt impedance  of the  equivalent  current  generator  re- 
spectively. 

Differentiating ( 2 5 )  leads t o  the  following  relation between the 
changes in  the  quantit ies Z1, Z2, Z3 and 

%l 

As i n  (lo), the imsginary pSrt of (33) determines the changes in  
frequency, the real part can be used to f ind  the  concurrent change i n  
amplitude of oscillation, provided the dependence of /@in1 on amplitude is  known. The imaginary past of ( 33) SS given by iA Z31 s i n ( e d Z 3 -  8, - @As + 6 , )  + 

Fz, I :Ll 

EkdGntly, t h i s  equation  reverts t o  (14) if the  vector d has  the same 
direction  as  the  vector ~m, i.e., if' 8 4 . In the gene 7? al case, however, 
it i s  necessary t o  know both, Bg and edg t8 use the  stabil i ty  relation (34). 
d%, i t s  magnitude  and phase angle, can be found by differentiating (26). 
The change  of with amplitude, however, is best  obtained from direct 
measurements. %e difference  vectors A Zl, d r;;2 and d Z3 are again of the 
form (32) whereby the d S now include  the  pertinent  parameters of the 
active device . 

d€3 

The stabil i ty  relation (34) i s  in  a form  which is immediately 
useful t o  evaluate  the frequency change caused by a specific change in  
any one single component i n  a specific  circuit. To attempt a discussion 
of the full equation i n  general terms, however, i s  pointless. The relation 
i s  sufficiently complicated and the number  of variables so large that an 
almost limitless  variety of situations can be devised  with  apparently no 
criterion  available t o  eliminate  those which axe not l ikely  to  occur in 
practical  circuits. 

Yet, it i s  precisely  the  arbitrary  nature of the  variations  that 
can take  place, which enables  us  to  extract  generally  valid  design  criteria 
from (34) . This w i l l  be i l lustrated using  again  the  Pierce  oscillator as 
an example. The term  Pierce  oscillator is thereby used i n  a  broad  sense 
and applied t o  any oscil lator in which the  crystal unit is  part of Z3, 
even if several of  such oscil lators are known under different names. 

If the  crystal  unit is  park of Z3 and all the network parameters 
in Z are assumed constant, A Z becomes according t o  (E): 

3 3 
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Because of the  large  differences i n  Q, the change in  Z and Z 
with frequency can be neglected campared t o  and theref ore,%he segond 
and the third terms in (S) do not  contain AH . The first tern, hawever, 
can under these conditions be written with (16) as 

whereby 

Whatever the second and th i rd  terms in (3) might be, therefore, 
that is, whatever the change in the terminating impedances ZI and %, 
the resulting change i n  fYequency w i l l  be  lowest if the  effective  quality 
factor, Qeff, i s  as Large as  possible. 

The truth of t h i s  statement has of course  long been recognized 
even if the  expression (36 )  has  apparently  not been available  before. 

The first  general  objective  in  designing an oscil lator f o r  maximum 
frequency stability  therefore is t o  reduce t o  a minimum all those  factors 
which tend t o  degrade the Q of the crystal  unit once it i s  incorporated 
into  the circui t .  

The second criterion  derives most directly m m  a consideration 
of the frequency changes caused by a change i n  any one of the components 

$:&ling parameter here i s  the c ~ / ~ l  ratio of the  crystal  network. A 
large r a t i o  i s  desired if the resulting frequency change should  be small. 
For optimum stability  therefore, the c / ra t io  should be kept  as  large 
as  practical. To some extent t h i s  criter O c* on applies t o  the proper  choice 
of the  crystal   unit   to be used in the  circuit,  since  generally, f o r  a given 

the c rys t a lv i th  the higher resonance resistance w i l l  have the higher 
ra t io  . However, i n  some cases it might be desirable t o  include an 

impedance matching network into 23 t o  transform the crystal  impedance t o  
a more favorable  level. 

It can be shown, as mentioned already i n  Section 5, that the 

Because of the  mdamental iurportance of the  effective  quality 
factor  for the proper design of an osciUator it might be w e l l  to   br ing 
(36)  into a mre convenient form. We wfll use thereby the folluwing 
definitions and relations. 



and with it obtain,  except for  terms which are small  of second order, the  
following expression for  sff 

CO&, sin(@dZ? - os- oA3 + e,) 
Qeff Qo 1 +-[  1 (40) 

I zml 
Further  transfomtions do not appear advisable in  the  general case. If 
G1, G R and gim axe given quantities,  the opthum ratio I Zll / I  + I can 
be de$e&ed from (40), however, the process i s  quite cmbersame since 
it is  usually not  possible t o  ignore  the dependence of the numerator on 
el and according t o  (30). The form (40) appears t o  be quite suitable 
for   the use of an i teration process, carried owt analytically,  or 
graphically i n  the impedance plane. 

A substantially mre convenient expression for  the effective 
quality  factor can be found, harever, if, as is very often the case, it 
can be  poven  justified t o  assme 

0 
A z3 

2 900 . 
f 8Ag = e, U = 3 (4.1 ) 

The numerator i n  (40) then  reduces t o  

a,, + g,) = COS 8, CO&, - 8,- 
i )  

2 (42)  

which can be approximated f o r  reasonably small angles by 

Because of (31) 

so that the expression (40) can be rewritten approximately in the hi@;hly 
useful form: 

Except for  terms which are small of higher order, the relation (45) i s  
va l id  if the assumptions (41) are met and the phase angle 8, is  fimR17 
enough for  (43) t o  hold. 

Most frequently  the  values of GI, G2, % and R 3  are already 
determined once 821 active device and a crystal   unit  have been selected, 
Leavbg the rat io  ( Z l ( / f % l  i n  (45) t o  be adjusted for  minimum depadation. 
Evidently t h i s  requires 
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G1 1 + 2R3G1 

The minimum value for  (45) is then given by 

Among the  interesting  features of (47) i s  i t s  dependence on R 
-the resist ive component of the  crystal network. A s  R i s  decreased f r& 
some large val-ce, the Q degradation becomes event=& independent of Ii 
2nd the use of a crystal   unit  with a s t i l l  lover R3 w i l l  not result h 3 
<?. improved effective  quality  factor. Moreover, a crystal  Unit vi th  a very 
1m.r resistance has EA comespondingly low co/cl ra t io  and i t s  use would 
therefore  violate one of the  general  design  criteria  established  before, 
namely that  cOjcl should be as Large as practical. 

Evidently  there is an optimum value for  R 3  and even without  going 
Lnto a detailed  analysis of the complete stabil i ty  relation it c m  be 
assumed that  i n  most cases R should be  just  large enough so as not t o  
contribute  appreciably t o  th2 Q degradation. Usually t h i s  requirement 
can be met with a fairly large range of R values. 

m 0 0  transistor one might find G1 =%o, G2 = Id;?mho, gm = x 10 
The minimum Q degradation, h (R ), a s  a function of R 3  can then be found 
from (47) e,g. ( 0 )  =I 5% D 3(50) = i'$, D* (1001=8.5%, D- (150) 
= ll.5$. H e n c e h e r e   i s  wide& l i t t l e  t o  be  gained from using m R 3  
below 5OsZ with this   par t icular  set of Wues, and even an R 3  as high  as 
1500.might s t i l l  be considered  acceptable i n  some cases. 

3 
A specific example vill ill ate  this  point 

The conditions  for  oscillation ( 5 )  and ( 6 ) ,  or, i n  the  general 
case (30) and (31) specify  the magnitude of the product 1 Zd  I %]while  the 
requirement for  minimum Q degradation  leads t o  a value fo r  the ratio 

l Z l l  / l  lbgether,  therefore,  these  relations are suff ic ient   to  
determine the impedances Z1 and Z required by an oscil lator with optFmL3n 
frequency stabil i ty.  Since i n  a L g e  number of applications it w i l l  not 
be necessary t o  solve  the  general  expression (40) for  the optinrum r a t i o  
[ Z1( / $1 , the  relation (46) becomes the most important result of t h i s  
section. It permits the  rapid  evaluation of the optimum rat io  1211 / 1 Z2 [ 
which can then be used in ( 31) to   f ind 1 Zll and Y Z2! 

If the  resulting Q degradation i s  low enough, the phase angles el 
and will frequently be close enough t o  7/2 t o  permit the approximations 

d e r  simplifie t o  
12 { .=lXJ and I ?= so tha t  the  conditions (31) and (46) can be 

L= / X  j2 G2(1 + 2 R3G2) 
IX212 fq (1 + 2 R3G7) 

(48)  
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For exeqple,  with  the same values  for Gl, , and % assumed before 
f o r  a 2Nw t r ans i s to r  one obtains XII = 208sL , ,9=  E n i f  the   c rys t a l  
resistance R 3  i s  1004. With X1 determined from 48) and (49) it only 
remains t o  choose: XL i n  Z such tha t  XI + X2 + XL equals the  reactance of 
the  load  capacitance spec %e ied f o r   t h e   c r y s t a l  unit t o  be used and the 
design  of  the  oscillator i s  essent ia l ly  completed. 

One factor,  however, has  not yet been  considered expl ic i t ly ,  
namely the  power dissipation in the  various components. 

8. Drive  Level and 0utp.Crt Parer: 

During steady state osci l la t ions  the  vol tages  and cur ren ts   in  m 
osc i l l a to r   c i r cu i t  have a l l  t o  be   re la ted   to  one another  in a very 
def ini te  manner and  hence t h e i r   r e l a t i v e  magnitudes are firmly established. 
In   f ac t  it i s  prec ise ly   th i s   re la t ionship  which leads to   the   condi t ions  
for   osc i l la t ions ,  no matter how they  are  formulated. "he absolute magnitude 
of thevoltagesand  currents remain  undetermined unless  the  amplitude depend- 
ence of the  nonlinear elements is known. The left  side of equation (22) for 
example i s  a f'unction  of  the  transistor  parameters (aik), a l l  of which 
depend upon the  amplitude of the  signal. I1Jomally there  will only be one 
set of values (a ), asstmed at a definite  value  for  the signal amplitude, 
f o r  which the  rigt side of (22) i s  zero, f o r  any other amplitude it will 
be larger   or  smaller than  zero and the  conditions  for  steady  oscillations 
are  not  satisfied.  An accurate  calculation of t h i s   c r i t i c a l  amplitude i s  
possible in principle if the  parameters (a! ) of the  passive network a re  
knmm and the  parameters (a ) of t h e   a c t 6 e  device are available as 
functions  of signal amplitug. Such calculations would obviously be 
quite  complicated and, because of the  inherent  sources of error,   are  very 
l ike ly   no t   jus t i f ied  even i n  extreme cases. 

A more prac t ica l  approach  can be taken if the  phase  angles of the 
impedances Z and % as defined by (28) and (29) are i n  the  order of o r  
less than 10 6 . It 1 s  then  possible t o  approximately  consider Z1 and 3 
as independent of amplitude,  using nominal values  for h u  and h 
or values measured i n  an impedance bridge at approximately  the desired 
amplitude if increased  accuracy i s  required. This leaves 
respectively, as the  only amplitude  dependent  quantity i n  
in  (31).  

If the term with Z i s  deleted i n  (26) ,  t he  remaining  expression 
for % represents  the  effeczive  transconductance  of  the  active  device  with 
i t s  output  short  circuited and a sui table   mdif icat ion  of  any one of the  
methods customarily  used on vacuum tubes can  be employed t o  evaluate i t s  
magnitude  and phase  angle. 

Using reasonable  care, it i s  generally  possible  to  adjust   the 
parameters of t h e  feedback network  such tha t   t he  impedance r a t i o  IZsl/lZdt%i 
falls  v i th in  lO$? of a predetermined  value. If therefore a curve such as 
indicated i n  Fig. 1 has been  found experimentally and the  corresponding 
t o   t h e  desired amplitude of oscillations  determined,the amp 9 i tude  actually 
obtained can  be in error  by an amount which c lear ly  depends on the slope 
of t h i s  curve. Par t icu lar i ly  at low amplitudes, a 1% e r r o r   i n   t h e  
ordinate  of  this curve v i l l  generally be found intolerable and the  desired 
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amplitude has t o  be obtained by manual o r  automatic fine adjustments of the  
bias  conditions of the  active device. 

With the  otrtpuk effectively  shortcircuited during the @in measure- 
ment, the  amplitude of the  input voltage becomes the   c r i t i ca l   var iab le  f o r  
the  % vs. amplitude  curves,  with  the bias conditions as parameters.  Since 
the  amplitudes of the  currents and voltages at the  various  points i n  the 
osc i l l a to r  are of course quite different  it was le f t  open so far which 
mpli tude i s  best chosen as a reference and it i s  now established that 
the amplitude of the  input voltage t o   t h e   a c t i v e  device is  the  logical  
choice. The amplitudes of a l l  other voltages and currents during ste.;,dy 
s t a t e   o s c i l h t i o n s  can be derived from it, using  the  conditions for 
osci l la t ion.  

For the  following  consideration in  th i s   sec t ion  we vi11 again  use 
the  basic   c i rcui t  diagram shown i n  Fig. 1, keeping i n  mind, however, t ha t  
%he  impedances 2, and % now include  respectively the effective  output 
andinput  impedance of the  active  device. If' the rms value of the inpu t  
voltage Pg i s  known, the parer, dissipated i n  the impedmxe 
$ (k = 1, 2, 3) can  be 

Normally the load w i l l  be part of Z and the pater delivered  into  the  load 
can be computed from Pl f o r  any &icular  case.  For  the  present purpose 
it e11 suff ice   to   consider  P1 as synoqnmus with PL, the  power into the  
load. If the   c rys t a l  network i s  Z3 and the only r e s i s t i ve  component i n  
t h i s  network i s  due t o  the   c rys t a l  unit, P3 w i l l  be the  power dissipated 
in the  crystal .  

Since the r a t i o  of the  power del ivered  to   the  load  to   the power 
dissipated i n  the   c rys ta l   un i t  i s  frequently of considerable concern, we 
w i l l  derive now an expression  for  PdP3 which very   c lemly   i l lus t ra tes  the 
the  influence  of  the  various  circuit  parameters on t h i s   r a t i o .  

Fr0m (50) 



In the  general  case,  the magnitude of the  vector % f 23 i s  best  obtained 
fmn diagrams such as used for  the  graphical analysis of the phase relations 
(3O), which of course w i l l  be very similar t o  the one sham i n  Fig. 3 .  If 
however, the phase angle  of Q i s  close t o  900 and the phase angle of the 
sum vector Z, close t o  zero, we c m  set  approximately 

since, under these  conditions X1 + X2 + X 3 e O .  With ( 5 3 )  and ( k g ) ,  
which also holds under these  conditions,  the power rat io  ( 5 2 )  can be 
m i t t e n  as 

In R vel3 designed o x i l l a t o r  the Q degradation should be kept at a 
minbm, that  is, the r a t i o  1 X11 / I X21 i s  given by (48). Hence, 

i s  the  expression for the pawer ratio in  a Pierce  type  oscillator whose 
components me  adjusted f o r  a relative maximum i n  effective Q. G1 and G2 
are  the conductances of the  terminating networks Z 1  and Q respectively 
and R i s  the  resistive component of the  crystal network. 3 

U s i n g  again  the approximations which lead from (52) t o  (55), one 
obtains i n  a similar manner the  following  expressions: 

In  the preceeding section we had chosen the following paraMeters as 
representative of a 2Nm transistor  circuit  G1 = 10-4 mho, G2 = lom2 mho 
~m = 4 x 10-2 mho, R 3  = lOOa. Inserting  these  values  into  the  relations 
(55) t h o @  (58) we f ind  P&= 5.3 x loe2 P2/P3 = 1.4 x 10-2, P3 = .69 Tg2 
71 = 19 Fig. Hence, if the  drive  level of the  crystal  unit i s  P3= watts 
it follows that  P1 = 5.3 x watts, P2 = 1.4 x watts, 5 = 1.2 x 10-3 
V and T l  = 2.3 x lom2 V. The corresponding Q degradation  has  previously 
been determined t o  D = 8.5%. 
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It i s  noted tha t  even if  the  maJor p& of the conductance G 1  
is the  load,  the  output power from a Pierce  type  oscil lator i s  only a 
small f rac t ion  of the power dissipated i n  the  crystal   uni t  and any attempt 
t o  increase  this   f ract ion WiU result in  increased Q degradation, even 
under optimum conditions. As  i s  trell holm, large  output power and high 

stability are contradictory  requirements.  Nevertheless,  the  relations 
(55) through (58) together  with (47) will be found useful   to   reach an 
acceptable compromise f o r  a given  application. 

It i s  noted  further that for low crystal   dr ive  the voltages TI 
and Ti are at an extremely low level.  If the  biasing  voltages  are 
adjusfed  very  carefully,  steady state operation of the   osc i l la tor  can be 
achieved a t  these  levels even without AGC. The amplitude s tab i l i ty ,  
however i s  generally  not  adequate under these  conditions and some form 
of a r t i f i c i a l   l eve l   con t ro l  i s  nearly always required. 

111. CONCLUSIONS: 

I n  the  foregoing  discussions we have i l l u s t r a t ed  an approach to %he 
design  of  oscillators which circumvents to a large measure the extreme 
complexity of the  analytical  expressions  usually  encountered. By re- 
presenting  for  the most par t   the  network impedances in polar form it vas 
also  possible  to  avoid approximations i n  the early stages of the develop- 
ment and thus   t o  demonstrate  the  interrelations between the various 
elements in general  terms. 

It i s  an axiom of any analytic  treatment  that  the  content of an 
equation  describing a physical phenomenon cannot  be changed by any mount 
of transformation. The interpretat ion and solution  of  the  equation however, 
very  often depends  on one 's   abi l i ty  and good fortune to bring it  into a 
form which in itself suggests  already  the  solution. This of course i s  
t rue  i n  the  present analysis as well and a case in   point  i s  the  phase 
relation(5).  me structure of t h i s  re la t ion  as sham i s  such as t o   a c t u d l y  
demand a graphical method for it a solution. A measure of t he   d i f f i cu l t i e s  
involved in   ex t rac t ing  Lhe sal ient   features  of t h i s  equation by any other 
means are  the  complexities  encountered if one attempts t o  transform (5) 
into  the  condition f o r  osc i l la t ion  as it results from representing  the 
impedances Z1, +, and 23 i n  rectangular  coordinates  init ially.  

After choosing the bas ic   osc i l la tor  diagram as shown i n  Fig. I 
and writ ing the conditions for osc i l la t ion  in the  form ( 3 ) ,  the  r e s t  of 
the  analysis of the   idea l ized   osc i lh tor   fo l lows  almost inevitably once 
the impedances are expressed i n  polar form. In   par t icular ,  the graphical 
interpretation  of  the  phaserelation and fur ther  on the  stability re la t ions  
are d i rec t  consequences  of t h e   i n i t i a l  approach. 

The equation (25),  however, which s t a t e s   i n   e f f ec t   t ha t  any 
a rb i t r a ry   o sc i l l a to r  can  be treated rigorously by the method developed 
f o r  an i d e a l i z e d   o s c i U t o r ,  i s  again an example of the  +.pemendous 
simplification which can be achieved if suff ic ient  effort is expended in to  
transforming  the  initially  obtained  equations until they are most amenable 
to   in te rpre ta t ion  and solution. 
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Throughout the main body of t h i s  paper we have res t r ic ted   the  de- 
tailed discussions  principally t o  those  osci l la tors  which have the   c rys ta l  
un i t   i n   t he  t o g  section of  the"network.  Although t h i s  covers a fairly 
Large c lass  of c i rcu i t s ,  it i s  admittedly a configuraticn which i s  most 
easily  analyzed by the  present  technique. The  more important c i r cu i t s  in 
t h i s  category are the Pierce  osci l la tor  w-d the  C1 meter c i rcu i t ,  as wsll 
as the  transformer  coupled  oscillator and their  various  modifications. 

Comon t o  all of these   c i rcu i t s   a re   th ree  and only three essent ia l  
nodes in the  feedback  network. 

More complicated  feedback c i r cu i t s  can, as linear  passive networks, 
always be transferred into equivalent II networks, but the  equivalent imped- 
ances are generally not independent from one another and are often  physically 
not  realizable. While the  conditions  for  oscil lst ion can therefore be 
expressed  formally  through the same equations which applied  for  the  three 
node circui ts ,   the   interpretat ion is  frequently so d i f f icu l t   tha t   there  
i s  no prac t ica l  advantage t o  be derived from it. Rather, such c i r cu i t s  
are best   t reated by d e r i r h g   t h e  "at' parameters  of  the  feed  back network 
i n  terms  of  the  inpedances zk as they  actually  appear between the  various 
nodes. If the  act ive element i s  then assumed at first t o  be  an ideal 
current  generator,   the  condition  for  oscil lation  involves  only  the pma- 
meter i.e. the  transfer  admittance of the  network  and the  resul t in@ 
equation w i l l  have the smallest number of terms possible with t h i s  type 
csc i l la tor .  By proper  grouping of the terms an  expression which resembles 
(25) cm  o f t en  be obtained and the developments of the   th ree  node 
osc i l la tors  can be used as a guide in the  analysis.  

For t rans is tor   osc i l la tors ,   the  approximation  of the active  device 
by an ideal current  generator i s  rarely  adequate and additional  complexities 
have t o  be expected, even if  only h= and are  considered,  i.e., if 
h== h22 = 0 i s  assumed. Nevertheless, f o r  exmple in   the  case of a 
"bridged TI' osci.Utor,   very simple and surprisingly  accurate  relations 
have  been obtained by expanding the  basic  approach. 

The cardinal  rule  here,  as in t reg t ing  any osc i l la tor ,  i s  t o  
represent the impedances between the  network  nodes in  general  terms and 
to int roduce  their   res is t ive and reactive components only if  it can no 
longer be avoided and only after a clear   qual i t ia t ive  Ficture  of t h e i r  
respective  roles has been  obtained. There i s  absolutely no need t o  use 
the R's, L's and C ' s  of the   ac tua l  network elements  during  the  analysis. 
Within the  frame work 02 the  equivalent  linearization,  these  elements serve 
no other purpose i n  the   osc i l la tor   than  t o  physical ly   real ize   the  res is t ive 
and reactive components of the  respective impedances and the i r   va lues   cm 
bedetermined  accordingly at the  very end of the  analysis. 

This of course, i s  also the  principle which has been  followed 
throughout  the developments  of t h i s  paper. The graphical  solution of the  
phase relation  provides a very  clear  interpretation of the   ro le  of the three 
impedances involved. While it may be desirable or  even necessary to use 
these  graphs  for  the  quantitative  analysis i n  extreme cases, it i s  principally 
the i r   qua l i ta t ive   fea tures  which have  been important in the later sections 
of  the  paper by providing guide lines t o  acceptable  approximations. 



The s tab i l i ty   re la t ions  are s t i l l  treated i n  general terms and 
only after the expression f o r  the  effect ive  qual i ty   factor  was obtained i n  
Section 7 did we introduce the r e s i s t i ve  and reactive components of the 
c i r cu i t  impedance - or the  corresponding  conductance and susceptance if  
t h i s  more convenient. Even if it vas necessary i n  the  numerical 
example t o  choose likely values   for   the  c i rcui t   losses ,   there  was no need 
at any point   in   the development t o   s t i p u l a t e  how the  reactive components 
a r e   t o  be realized  physically. 

- 
'With a given s e t  of circuit   losses,   the analysis of an osc i l l a to r  

i n  the  general  Pierce  Configuration results in specific  values fo r  /X,-/ 
andj$1 f o r  which oscil lations  occur with a minimm on Q degradation. The 
siws of these  reactances are determined by the  phase relat ion.  They 
must ap-parently 8e either  both  negative  or  both  posit ive if the  act ive 
element i s  a 180 phase shift device. 

A nuniber of fac tors  have t o  be considered i n  determining hov the 
impedances 21 and !+ thus specified are t o  be realized  physically.   First ,  
they have t o  provide a d.c. path  for   biasing and one of  them, generally 
Z 1  has t o  include  the  loading  effect due to the  amplifier stage following 
the  osci l la tor .  Second, t h e i r  frequency dependenfe must be such as t o  
prevent - osc i l la t ions  at any but  the desired frequency. 

The preferred way of biasing a t r ans i s to r  is through a large 
res i s tance   in  t p5,fptter path and very small resistances i n  the base Etna 
collector  paths - Hence if Z 1  and Z2 consist  each of a pa ra l l e l  
L-C combination, the  inductors provide very low resistance d.c .  paths 
for biasing,  besides,  incidentally, improving the  noise performance of 
the osc i l la tor .  If overtone  crystals are used, one of these L-C 
combinations must be  resonant above the  frequency of the next  lower  overtone 
so that i t s  reactance at the  frequency of t h i s  overtone i s  already  positive 
while  the  reactance  of  the  other L-C cambination must s t i l l  be  negative. 
The other L-C combination must have i ts  resonance  frequency below the  
fundamental mode of the   c rys ta l   to   p revent   osc i l la t ions  at any one of the  
overtones below the  desired one. 

A t  the  frequency of the  desired  overtone  both L-C combinations 
t r i l l  then be capacitive. The actual  values of the L ' s  and C ' s  necessary 
t o  meet all these  requirements wil l  genera.Uy be  found t o  be i n  a reason- 
able range and t o  meet the  additional  requirement  that no osc i l la t ions  be 
possible at frequencies belov the lower of  the two resonances, where both 
reactances axe positive. 

The condensor  bypassing the  emitter resistance must be chosen as 
large as possible but small enough f o r   t h e  corresponding R-C time  constant 
t o  be sma er than  the start up time of   the   osc i l la tor  t o  help  prevent 
squeggin 8 . The Latter i s  more likely t o  occur with biasing  through 
inductors  than through resis tors ,  however, it can readily be avoided i n  
most cases.  Nevertheless, even if' it does res-nd f r e q w n t l y   t o  simple 
corrective measures, the  phenomeron of squegging shows a number of features 
which seem t o  defy a simple explanation. A detailed study  of i t s  causes 
and the  conditions  for i ts  occurrence may w e l l  reveal  eventually some very 
f'undamental aspects of the  behaviour of nonlinear  active  devices. 
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