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I. INTRODUCTION
In mathematics, we often derive geometrical properties and equation by approximation, of which such properties can lead to a satisfactory result as long as the dimension of properties and orientation can be and are well defined. 

For such, many approaches have been proposed to overcome these approximation issues, expansion of series, limit derivative and integration and such.

Riemann’s Geometry comes into play in the engineering field often due to its flexibility and complexity description of geometry properties and hence, one could always find it is useful to derive such properties via observation of the system.

The reason I am putting circle (2-Dimension) in the chapter is that I would like to deliver certain important concepts when one intend to find the properties of few patterns of object, of which such subjects are circular, spherical, torus-related and etc..

II. ARC-LENGTH & PROPERTIES OF CIRCLE
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Fig 1.0

As illustrated in Fig 1.0, to retrieve properties of the arc-length of the circle, we can segment the shaded region into infinitesimally small regions, and by taking integrals over to retrieve the total length of the arc.
Here, two solutions are proposed to approach the approximation of the arc-length.
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     Fig 1.1a

For initial, let us consider the method applied in Fig 1.1a,

Of which is taking the perpendicular length approximation, or in another term, by taking twice the magnitude of the tangential line.

As such, we can approximate the arc-length by,
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Now by segmenting the region into infinitesimally small regions and taking approximation by taking limit on the change of angle, which is equivalence to the angle in radian form, hence the equation can be written into,
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Now, by taking integrals on both sides we get an approximation length of the arc,
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Of which, is the equation of finding arc-length of circle.
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   Fig 1.1b
Now, consider the figure above (Fig 1.1b), another approach, however is by plotting two tangential lines from the edge of the arc, measurement is of the distance from the intersection of two tangential lines to the edge.
Hence by taking the half-angle of the arc,
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Remember, the arc-length is twice the magnitude of the tangential lines.

Thus,
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Of which conforms to the equation form above.

III. CIRCUMFERENCE OF CIRCLE

Circumference of the circle is merely the summation of all arc-length around the circle, of in brief, by taking integral of the arc-length and assigns the interval to be [image: image14.png]8 €[0,2m]
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Fig 1.2
Consider now by having a pie-cake like shape ( as shown in Fig 1.2 ), by rotating it 360 degree, we could generate a circle. 
Again from the previous section, we have the arc-length equation by placing the integral over the segmented regions, this time we do the same but with just additional integral over the variance of radius, and letting the interval of radius to be [image: image16.png]Ar €[0,1]
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So by taking integrals form,
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Of which is the circumference equation of the circle.

IV. AREA OF CIRCLE
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Fig 1.3

It is analogous to derive the equation form of area of circle, as illustrated in the figure (Fig 1.3), by segmenting the shaded region and we have the corresponding area, radius and length of arc.  

The idea behind this is by considering the region of the area to be approximately a rectangle region, so the area [image: image19.png]
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Now by taking integrals on both sides,
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In general however, we can conclude that the finding of the area of the circle is of the equation form  :
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Such general form can solve certain finely shaded region of the circle as illustrated in the figure below, however it has a boundary when the parameters specified are not coherent, as illustrated in Fig 1.4b. 
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Fig 1.4a (Coherent Segmented Region)

Fig 1.4b (Incoherent Segmented Region)
V. PROPERTIES OF SPHERE
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Fig 2.0
A Sphere is an expansion of circle into an additional dimension, which we regarded as the 3-Dimension, this is a typical geometry object in Riemann’s Geometry.

It is inconvenient and hard to parameterize the spherical cords into Euclid’s, and hence there exists such composition of spherical coordinate system, 

and usually has the form [image: image25.png]Y(r,8,¢)
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We can imagine the sphere Is made of infinite numbers of circles with different radius, as illustrated in figure below (Fig 2.1).
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Fig 2.1
This may seem something related to longitude, latitude, however it is true that whenever we encounter the problems such as finding the surface area and volume of sphere, we could actually slice the sphere into infinite circles and cumulatively taking the summation to retrieve such properties.

VI. SURFACE AREA OF SPHERE
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Fig 2.2
The idea behind the surface area finding is that, it is by segmenting the surface into infinitesimally small region and usually can be considered as a rectangle region.

Each edge of the rectangle is then the arc-length of each small circle at either longitude or latitude, the production of these gives an approximation of the surface area, and so by revolving the entire surface about the z-axis(height in this case).

As illustrated in Fig2.2, the edges are as stated above, hence by taking integral,
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Surface area is then,
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VII. VOLUME OF SPHERE

By analogy, volume of sphere is just an additional extension of dimension into depth, of which is the change of radius.  ( As illustrated in figure Fig2.0 and Fig 2.3 )
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Fig 2.3

Again, this shaded region can be considered as an approximated shape of cube,

Hence the volume of sphere is then,
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VIII. VOLUME SEGMENTATION OF SPHERE
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Fig 2.4a




Fig 2.4b
In general, orientation of angle is crucial to finding particular volume of the sphere.
For example, by segmenting the region of 45 degree to 135 degree, [image: image39.png]


,  after revolving about the z-axis, we are actually segmenting the entire volumetric region as shown in Fig 2.4a and Fig 2.4b.

IX. PROPERTIES OF TORUS
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Fig 3.0

A torus is a closed surface of which usually the production of two circles lying in R3, 
Such classical object examples are O-ring, doughnuts, and tyre of vehicle.
A torus coordinate system can be parameterized by,
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represents the distance from the center of torus to the center of inner circle or the tube,
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 represents the radius of the inner circle, or the radius of the tube,
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  represents the rotation of the torus, where [image: image45.png]
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 represents the rotation of the tube, where [image: image47.png]¢ €[0,
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X. SURFACE AREA OF TORUS

For surface integral, the idea behind it is by considering having a inner-circle within the tube (Fig 3.1), we first evaluate the circumference of the circle, by doing so we revolve the circle about the center of the torus ( a big circle ), and that constructs the surface integral of the torus.
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Fig 3.1
Hence, the surface integral is then,
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XI. VOLUME OF TORUS
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Fig 3.2a





 Fig 3.2b
By analogy, we can segment the torus into a infinitesimally small square as shown in the figure (Fig3.2a & Fig3.2b). Volume of torus can then be approximated by having the small squares to fill up the entire torus.
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In the latter equation, volume of torus can actually be considered as having the area of inner-circle (as shown in Fig3.1), then by summation of the revolving area around the centre of torus.

In general, however we may encounter problems such as finding the volume of a segmented torus, which such retrieval can be found via the general form of,
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XII. SEGMENTATION OF TORUS AND ASSOCIATED PROPERTIES
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Fig 4.0a




          Fig 4.0b
Suppose there exists a point P(u,v) which lies with or within the boundary of the torus and tube, the tube is then being segmented vertically along the point P(u,v) into the region as shown in above figure (Fig 4.0a),
And revolve around the axis of the torus and forms a toroidal-like object (however, depends on the segmentation point).
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Fig 4.1a





Fig 4.1b

One can imagine the segmentation above generates a volume as the figure shown above (Fig4.1a).

In contrast to this, the middle is actually an empty space and can be seen in the second figure (Fig4.1b).
At this point, we reapply back the equation we retrieved from the previous section,

By using the volumetric integral form, 
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Fig 4.2
Observe the figure above (Fig 4.2), we then select the intervals to be 
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Volume integral can then be rewritten into,
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As such, we could conclude that the volume of the segmentation torus could be approximated by taking the general volumetric integral form. Figure below demonstrates some possible solutions as long as the segmentation region is orient-able, providing the intervals can be well-defined.
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Fig 4.3
However, one can observe from the figure above (Fig 4.3) that, as the shape gets complex in the case (in this case graph d ), we can actually retrieve the volume of the object by applying twice the integrals with one the smaller region as seen in graph b. and the combination of graph c. ( d is a combination of b & c ).
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