If A represents position-dependent vector, A can be expressed in contravariant component form by writing:
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where the 
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 in Eqn. 1 represent the set of position-dependent coordinate basis vectors for the manifold:
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and where ds represents differential spatial postion. If we wish to evaluate how the vector A varies as we move along one of the coordinate directions (holding the other coordinates fixed), we can write:
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In curvilinear coordinates, the magnitudes and directions of the coordinate basis vectors will, in general, vary with spatial position.  The partial derivatives 
[image: image5.wmf]j

x

¶

¶

i

a

 appearing in Eqn. 3 are themselves vectors that can be resolved into component form at a given location by writing:
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where the
[image: image7.wmf]k
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 are the Christoffel symbols.  If we substitute Eqn. 4 into Eqn. 3, we obtain:
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(5)
We can see from Eqns. 4 and 5 that the Christoffel symbols come into play simply when evaluating the changes in the coordinate basis vectors with respect to spatial position.  Eqns. 4 and 5 are the basic starting equations for doing covariant differentiation in both flat and curved manifolds.

Now, let’s look at the difference between what happens with curved mainifolds and flat manifolds.  If we partially differentiate Eqn. 3 a second time with respect to one of the other spatial coordinates 
[image: image9.wmf]l

x

, we obtain:
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(6)

Form Eqn. 6, if we switch the order of differentiation between 
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 and 
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, we obtain:
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(7)

If we next subtract Eqn. 7 from Eqn. 6, we obtain:
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(8)

For the case of a flat manifold, the term in parenthesis on the right hand side of Eqn. 8 will always come out to be zero.  However, for the case of a curved manifold, it will be non-zero for some of the basis vectors.  This quantifies the effects of the curvature.  The magnitude of the right hand side is proportional to the change in the vector A in being parallel-transported around a closed infinitesimal quadrilateral.  The physical reason why the right hand side of Eqn. 8 is non-zero is that, the first time the coordinate basis vector 
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 is partially differentiated, there is an unaccounted-for component “out of the plane” of the tangent space.  The second time it is differentiated, the missing component would have produced a new component “within the plane” of the tangent space.  Reversing the order of the differentiation would have produced a different unaccounted-for component “out of the plane” of the tangent space, and a different new component “within the plane.”  
Try applying Eqn. 8 to a flat space such as 2D cylindrical coordinates in a plane, and to a curved space such as the 2D surface of a sphere in spherical coordinates, and see what you get.  In the curved space case, you will quickly see what the “unaccounted-for” components are.
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