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Abstract

The paper is devoted to stability and stabilization of a class of evolution equations arising from mathematical modeling of hybrid
mechanical systems with flexible parts. A sufficient condition is obtained for partial strong asymptotic stability of nonlinear, infinite-
dimensional dynamic systems in Banach spaces. This result is applied to deriving a control law that stabilizes a part of the variables
describing a rotating rigid body endowed with a number of elastic beams. Results of numerical simulations are presented.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction described by a set of coupled nonlinear ordinary and partial
differential equations, that gives rise to a series of mathemat-
In recent years, the problems of modeling and control jca| control theory problems concerning the evolution equa-
for mechanical systems consisting of coupled absolutely tions in infinite-dimensional spaceBdrbu, 1992 Curtain
rigid and elastic parts have become an important researchg, zwart, 1995 Fattorini, 1999.
area. In particular, stability and stabilizability issues have |t is a well-known fact Rumyantsev & Oziraner, 1987;
been intensively studied for a rigid body endowed with the \orotnikov, 1998 that many important classes of finite-
Euler-Bernoulli elastic beam iB@las, 1978Bloch & Titi, dimensional mechanical systems cannot be stabilized in the
1991, Coron & d’Andrea Novel, 1998Krishnaprasad &  sense of Lyapunov, while the concept of partial stability
Marsden, 1987Laousy, Xu, & Sallet, 1996Li, Chen, & naturally appears. The goal of this paper is to characterize
Huang, 2000Luo, Guo, & Morgul, 1999 Nabiullin, 1990;  the partial stability and stabilizability of nonlinear infinite-

Xu & Baillieul, 1993). dimensional differential equations describing the evolution
The above class of hybrid systems is widely used in the en- of hybrid systems.

gineering practice as controlled flexible manipulators, space-  The paper is organized as follows. In Section 2, we

crafts endowed with elastic antennae, solar panels, teth-consider the abstract Cauchy problem in a Banach space

ers, etc. Furthermore, motion of such systems is generally gnd prove the basic result on partial asymptotic stabil-
ity. Our proof exploits an infinite-dimensional version of
the Barbashin—Krasovskii and LaSalle invariance princi-

* A brief version of this paper was presented at the 15th IFAC World ple (Ball, 1978 Henry, 1981 LaSalle, 1975 Section 3 is

Congress in Barcelona, 2002. This paper was recommended for publicationdevoted to mathematical modeling of the hybrid system

in revised form by Associate Editor George Weiss under the direction Consisting ofa I’igid body and several elastic beams. Within

of Editor Roberto Tempo. The final text was written during the author’s . . .

L . . ) ; the framework of Lagrangian formalism, we obtain equa-

visit to the Technical University of llmenau, Institute for Automation and . . s . . .

Systems Engineering, P.O.B. 100565, D-98684, limenau, Germany. tions of_ motion for such an mﬁmftg—@mensmnal system.

E-mail addressal_zv@mail.ru(A. Zuyev). In Section 4, we construct a stabilizing feedback law for

0005-1098/$ - see front matt& 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.automatica.2004.08.009


http://www.elsevier.com/locate/automatica
mailto:alprotect LY1	extunderscore zv@mail.ru

2

A. Zuyev / Automatica 41 (2005) 1-10

the model considered. Some simulation results are presented! projects X onto some linear subspacé; C X, then

in Section 5.

2. Partial strong asymptotic stability of infinite
dimensional systems

Let X be a Banach space equipped with the ndrm
II. Assume thatD C X is a closed set containing some
ball B = {x € X||x||<R} of radiusR>0. LetF be a
(nonlinear) operator fron¥(F) C D into X, F is supposed
to be closed and densely defined Bbn Given xg € D,
consider the abstract Cauchy problem @€ttorini, 1999,
Chap. 5.2

dx (1)
dr

We assume that the operatogenerates a nonlinear contin-
uous semigroup ob.

t >0,

= F(x®), x(0) = xg € D. (1)

Definition 1 (Lakshmikantham and Leela, 1981,
Chap. 2.8. A nonlinear semigroupf operators orD is a
one parameter family of mappings() |t € Ry} from D
into D such that

(i) S(O)x = x, for eachx € D, St + s)x = S(t)S(s)x,
for t,s>0 andx € D, the functiont — S(t)x is
continuous irt >0 for eachx € D.

A nonlinear semigroudS(z)} is calledjointly continu-
ous(or simplycontinuougLadyzhenskaya, 1991, Chap) 1
if the mapping(z,x) — S@)x from Ry x D — D is
continuous.

As F is the infinitesimal generator of a continuous semi-
group{S(z)}, the Cauchy problem (1) is well posed, and any
mild solution of (1) is given by
x(t)=S{t)xo, t€Ry, xo€D.

Now we introduce the notion of partial stability for the in-
finite dimensional system (1). Consider a bounded linear
operator

m:X — X. )
Definition 2. The semigrouisis said to bestrongly asymp-
totically stable with respect tél if

(i) givene > 0, there exist8(¢) > 0 such that xg|| < dim-
plies |[I1S(t)xo| <&, for all 1 >0, there exists al >0
such thatf|xgl| < 4 implies

HIS(t)xoll = 0. ®)

lim |
t——+0o0

In particular, ifIT is the identity operator, the above def-
inition is equivalent to that of strong asymptotic stability. If

Definition 2 states asymptotic stability with respect to a part
of the state variables parametrizixg.

We shall use the direct Lyapunov method in order to find
out an effective condition ensuring partial stability of the
infinite-dimensional autonomous system (1). ket X —

R be a differentiable functional in the sense of Frechét. The
time derivative ofV along trajectories of (1) at € D is
defined as

V(St)x) — V(x)

V(x)= lim
(X) t—-40 t

The above expression can also be written in terms of vector
fields forx € & (F):

V(x) =[VV(x), F(x)], 4

where[-, -] : X*x X — Risthe duality pairing oK andX*,
i.e.[VV(x), y] is the value of a linear functionalVv € X*

aty € X. In particular, wherX is a Hilbert space (or a finite
dimensional Euclidean space), (4) takes the following form:

V(x) = (VV(x), Fx). (5)

Here (-, -) is the scalar product iX.

To formulate a sufficient condition for partial stability, we
introduce the standard clasg consisting of all continuous
strictly increasing functions : [0, +o00) — [0, +00) such
thato(0) = 0.

Theorem 1. Let F be the infinitesimal generator of a non-
linear continuous semigrouf®(¢)} on D, F(0) =0, and let

Il : X — X be a continuous linear operator. Assume that
there exists a differentiable function&l : X — R, satis-
fying the following conditions

(1) There existx1(-), a2(-) € 2 such that

(| Ix|)<Vx)<aa(|x|) forall xeX.  (6)
V(x)<0 for all x € D(F). 7)
There exists > 0 such that

WENGEY

t>0

is precompact (relatively compagt provided that
llxo|l < 4. The set

M={xeZ(F)|V(x)=0}\Kerll

does not contain any semitrajectory (@) defined for
t € R4. The kernel oflI is a forward and backward
invariant for (1), i.e. I1S(t)xp = 0 for somexp € X
andt>0 impliesI1S(t)xo = 0 for all t>0.
Then systerl) is strongly asymptotically stable with re-
spect toll.
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The proof is divided into two parts. First, we prove stabil-
ity with respect tall by extending the Rumyantsev theorem
(Rumyantsev & Oziraner, 1987, Theorem 5.1; Vorotnikov,

If I1S(t)x # O for all ¢t € [0, +o00) then (10) contra-
dicts condition (4). Otherwise, there exigts> 0 such that
I1S(T)x =0, I15(0)x # 0. But the above contradicts con-

1999; for the case of a Banach space. Then we apply andition (5). Therefore,

infinite-dimensional modification of the invariance principle
due to Barbashin—Krasovskii and LaSalle.

Let us show that inequality (7) impligg(x(¢)) is nonin-
creasing on any mild solution of (1) witth € D, t € Ry.
If xo € Z (F),thenx(t)=S(t)xg is a classical solution, and
V (x(1)) given by formula (4) exists for all>0. As V (x(¢))
is continuous and (x (1)) <0 onR,., V (x()) is nonincreas-
ing onR.. For arbitraryxg € D\Z (F) andT > 0, the mild
solutionS(r)xo (0<r < T) can be approximated by classical
ones in theL* ([0, T']; X) norm due to continuity of(z).
Therefore, a¥ is nonincreasing along any classical solution
andV is continuousy (S(¢)xp) is nonincreasing o, so
we have

V(S(t)x0)<V(xg), Vxpoe€ D, t=0.
By combining the above inequality with (6), we get
LIS (t)xoll éocfl(ofz(llxoll)), (8)

where the functiom[l(p) exists and increases at least for
small enouglp > 0, sincex (+) is strictly increasing. There-
fore, the function

7(0) = a7 H(22(0))

t>0,

lim_[[IIS(#)xoll =0,
t—+00

provided thatlxgl| < 4. O

Remark. For the finite-dimensional case, where X =R"
and

II: (x1,x2,...,x) = (x1,...,xn,0,...,0), (m<n),

the above theorem is analogous to the result by C. Risito
and V.V. Rumyantsev Rumyantsev & Oziraner, 1987,
p. 99. For this finite-dimensional framework, a
Co-controller design scheme has been proposed by
Zuyev (2000)

3. Modeling of a rigid body with elastic attachments

In this chapter, we consider a mechanical system on
the plane consisting of a rigid body amdelastic beams
(Fig. 1. This system is a rough model of a controlled satel-
lite with flexible antennae performing planar maneuvers;
seeNabiullin (1990)for more complicated models.

is continuous, nonnegative, and strictly increasing on some  The rigid body can rotate around a fixed pofdtunder

interval [0, §%), 0 < 6* < + oo. It means that for any >0
there exist$ € (0, 6*) such that(d) <e. Hence, if|| xo|| <

then (8) implies
IS (#)xoll <y(llxoll) <7(d) <e, t=0.

In order to finish the proof, it is sufficient to establish the
limit existence for (3). Lef|xg|| < 4. Condition 3 implies
that the corresponding semitrajectory

't (x0) = {S()x0}; >0

has a nonempty and compaci-limit set, say Q2(xp).
LaSalle’s TheoremL@Salle, 197Himplies

Q(xo) € O,

where@® is the largest invariant subset of

Z={xeZ(F)|V(x)=0}.

(The closure is taken i because (4) define& on Z (F)
only, which is dense iD.) Since the operatdll is contin-
uous, it suffices to show that

O C KerlI. )

To prove (9), let us suppose the contrary. Assume that there

exists somer € O such thatllx # 0. As @ is an invariant
subset oZ andx € ©, then

St)x € Zz forall t>0 (IIx # 0). (20)

the action of a control torqué We suppose that each beam
is attached at distanakfrom the pointO, and thatl is the
length of the beams. Lab; (x, t) be the deflection of the
ith beam from the axi®;¢&; at the locationx € [0, /] and
time r >0. Thus, the evolution of the system is defined by
the following functions:

0t), wi(x,1), x€[0,1], t20, i =1k,

gV

Fig. 1. The body-beams system.
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where0 is the angle between the axéxiy and O¢;. As

each beam is fixed at one end, while the other end is free, we

have the following boundary conditions (see, eRaillieul
& Levi, 1991):

azw,'

- 2
x=0 Ox

N aswl’
T 0x8

aw,'

3

—0. (11)

x=l

Wi|y=0=

x=l

We follow here the Euler—Bernoulli beam theory and assume

w; € H for eachi =1, k,

H={w, ) |w(,t)e L%0,1), w1t e L%0,1),
Wwer (-, 1) € L2(0,1), w(0, ) = wy (0, 1) =0,

vt >0}. (12)

To derive the equations of motion of this mechanical system,
we expand the deflections; (-, r) with respect to a basis

{u, ()} of L2(0,1) as

wi (X, 1) =Y up (X)qin (1),

n=1

(13)

whereg;, (¢) is a generalized elastic coordinate correspond-

ing to thenth mode. We choosé, (-)} by solving the fol-
lowing Sturm-—Liouville problem:

4

Llu]l = Wu(x) = Au(x),

u© =u' ) =u")=u" (1) =0.

x € (0,0),

(14)
It is well-known (see e.gKrylov, 1911; Luo et al., 1999

that the above problem has the sequence of eigenvalues

O<Mi<do< - <Ay<---
with
Jn=0m" asn — oo, (15)

and the corresponding eigenfunctiofis, (-)};°; forming
an orthogonal basis ii.2(0, /). Therefore, eachw; € H

satisfying (11) admits a unique representation (13). Let
{([33, ¢,)}2 ;1 be the eigenvalues and eigenfunctions of (14)

for I =1. Thenf, > 0 are the solutions of

1+ cog,) coshp,) =0,
and ¢, can be expressed as followkup et al., 1999,
p. 179:

1+y 1-p, -
¢n(x) = — Tneﬂnx — Tne ﬁnx

+ 7 SiN(B,x) + cosf,x),
el —sin, +cosp, 0
— <
efr 4 sin B, + cosp,

Y = (16)
For arbitrary/ >0, we havel, = (8,/D* and u,(x) =
kn, (x/1), where the constants, are defined to normalize
un in L2(0, 1):

1
a2z 0., = /0 W20y dx = 1,

This implies
kn = £172(l ¢, 1l 120,1)) ™

The Lagrangian of the system considered is

-2 > X 2J, .
2L = 10 +pzz(q;+7"eq-m
n=1i=1

H2 2 2, 2
+H 9in — € ;mqin) ’

17

where Jo > 0 is the inertia moment of the rigid body, —
the density of the beamp¢? — the flexural rigidity per unit
length,J = Jo + kpl (31? + 1d + d?), and

l
o= ”/o (x + d)uy (x) dx

1 1
= pl%k,, / s, (s)ds + pldk, / ¢, (s)ds. (18)
0 0

Herep andc are assumed to be positive constants. It follows
from Lemma 4.6 ofl(uo et al., 1999, p. 17ahat

1 1

/ s, (s)ds = =22 <0, / ¢, (s)ds =2y, 8,1 <0.
0 0

Therefore,

T =2plkn B, (dy, — 1B,y = 0™ £ 0.

Now we can write the Lagrange equations of motion (see,
e.g.,Goldstein, 1980Nabiullin, 1990for more details):

(19)

oo k
JO + Z 2(0051,2,, + 2p6‘]inq.in + anin) = C,
n=1li=1
. . .2
J,0+ 0qin + ,0(/1;102 -0 )qin = 0
(i=1n n=12..). (20)

To simplify (20), we replace the control torqueapplied
to the rigid body with a new controb by means of the
following feedback transformation:

. -2 N
L S S G = 07) — 2p0in i
_ x ; .
— o it PY 1D nt1df

The denominator of the above transformation is bounded
from below by

(21)

k o0
J—=3"JZ=1Jo>0.
'On:l

(22)

Formula (22) follows from (18) and Parseval's identity
for {u, (1)}

1 — !
—2213=/(x+1)2dx
] 0

1 J—Jo
=1z +1d+d?) = )
(3 e ) kp
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As the deflectionaw; (x, t) are considered in the spatée
defined by (12), it imposes the following constraint @p
andg;,:

k oo koo
DY g <00, YN gin® <oo.

i=1n=1 i=1n=1

To satisfy this requirement, we introduce new variables

6in =cC )vnqm, Nin = q'in (23)
and assume

k oo
Yo (& h) <oo. (24)
i=1n=1

By applying the feedback transformation (21), (23) in (20),
we get the following control system:

X =Ax+ R(x)x +bv, x 662, veR, (25)

where
-
).

and ¢2 is the Hilbert space of all infinite vectors with
real coordinates satisfying (24). Let us recall that for each
x € ¢?2 and

x =0, o, 11,1115 -+ -+ Ek1o M1 €120 M12s - - -

=0, &1, 7111, -+ s E1s Tk Ca2ilnos )T € 62,

the scalar product i is defined as follows
koo
(X, X)2 =00+ 0d+ Y Y Einlin + Ninllin)-
i=1n=1
OperatorsA andR in (25) are given by their matrices
D

R(x) =diag(O2x2, R1(x), ..., R1(x), R2(x), ...),

A =diag(Ag, A1, ..., A1, Ao, ..

J J J T
b:(O,l,O,——l,...,O,——l,O,O,——2,...) c (2

p p p
Here
A (01 o 0 7

°=\o o) T \-cvZ, o0 )’
0
Rn(x)z( ? 0), n e N.
ca/

It is easy to see that

k

YD i, 4 mE) <00

F(A) = {x € 02
i=1n=1

|

so the operatoA is densely defined 2. The feedback
transformation (21) is well defined for all e Z(A) as its

numerator is finite. Indeed, the Cauchy—Schwartz inequality
together with estimates (15) and (19) yields

k oo 5
Z Z Jn ()vncz - 9 )din

i=1n=1
0 12/ k o 4 12
2 2, w 2
. (k 5 J,,) (z > (#+ ) é)
n=1 i=1n=1
< 00,
k oo koo 52 1/2 k oo 1/2
>3 i (L0 58) (L)
i=1n=1 i=1n=1 n i=1n=1
< 00,

provided thatx € Z(A).

4. Attitude stabilization

In this section, we apply Theorem 1 to derive a
feedback control that ensures partial strong asymptotic
stability of (25).

Let us show first that the linear approximation of (25) is
not stabilizable fork > 2. Indeed, consider the diffeomor-
phism¢ : ¢2 — ¢2 such that

¢(x)=(0’w9"'s Qinvpinv"
k k
1 1
an:%Zéjnv Pkn:EZr]jny
j=1 j=1
Qin = éin - Qkﬂa

By applying ¢ into the linear part of (25), we get the fol-
lowing dynamics onQ;,, P;,:

T,

Pn=n;, — Pwn, i=1k—-1

Qin = C\/IPI‘,,,

Pn=—-cvV20in (i=Lk—1, n>1). (26)
We have, for any solution of (26),

k—1 oo

YD (P + Qin(1)®) = const (27)
i=1n=1

It means that subsystem (26) and, therefore, the linear ap-
proximation of (25) cannot be made asymptotically stable if

k>2. To overcome this obstruction, we define the bounded
linear operatodT : £2 — ¢2 as follows:

1I: x
T

k k k k

= (07(0, Zfil’ Z’/’il’ LR Zéirn Znin’ ) .
i=1 i=1 i=1 i=1

(28)

If k=1 thenII is the identity operator oi?, otherwise
I~ . .... Qin. Pin.....) |l does not depend on
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Oin, Pin With i <k — 1, therefore, the value of (27) does not By computing the eigenvalues for the matrix®@f we get
affect || II x(t)|| 2 in the linear case. 5 5 P

As we see, the operatdi projects the state space onto ¢1(@” +b9)<G(a,b)<cz(a” +b%), (31)
the linear subspace parametrized by the angular position and

angular velocity of the rigid body together with all coor- where

dinatesQy, and P,. Hence,Ilx describes the state of an ] 2

“averaged” body-beam system having just one beam, and? 2('0 7 (p+ )7 = 4pJo) >0,

the flexible coordinates of that system are obtained by aver-

aging the coordinates with the same mode nunmifer all =3 (p +J 4+ o+ )P - 4/)10) > 0. (32)

k beams of the original system. Stabilization with respect

to I1 leads, from the physical point of view, to oscillation  Then (29)—(31) yield, for alk € ¢2,

damping for the rigid body and simultaneous damping of

the averaged beams positions and velocities. This does nomin{co, c1, p}||x||§2 <2V (x) < maxX{co, c2, p}||x||fz. (33)

damp a priori the beams offsets from the averaged positions, o i N
i.e. the coordinateg);, and P;, with i <k — 1. Therefore,V satisfies the first condition of Theorem 1 for

any bounded linear operatdf : (2 — ¢2.

Theorem 2. There exists a feedback law ensuring strong Ve use expression (5) to calculate

asymptotic stability of the nonlinear systéd®) with respect L oo 2.2,

to operator (28). In addition, the feedback proposed pre- v _ (.0 + 1 3 Cin (In(@* = ®2) + Pw’?in)> o
serves strongnon-asymptotic stability of the equilibrium c An

x =0 in ¢2, and the Cauchy problem for the closed-loop 00

system on >0 is well posedin the sense of mild solutions + (] — E Z an> . (34)
in a neighborhood ok = 0.

i=1n=1

The rest of this section is devoted to the proof of AS v divides byw, a natural candidate for a stab|I|zmg feed-
Theorem 2. backv(x) is obtained by assuming = —hw? + 0(||x||22)
whereh is a positive constant. This can be done with a linear

4.1. Lyapunov functional design feedback as follows:

k oo
Since the original system (20) is Lagrangian, we shall use v(x) = 1 <C()9 +hw —c Z Z Vol é,-n> . (35)
the following energy-based Lyapunov functional: Jo i=1n=1

koo The time derivative oV along the solution of (25), (35) is
2V(x)=cotP + J? + D)

i=1n=1 gzn(an+p’11n)
=—ho?|1-= . 36
X (p&2, + pn2, + 20, 0m;,). (29) ( 12; ; > (36)
By applying the Cauchy—-Schwartz inequality, we get Then the second condition of Theorem 1 holds provided that
Y21k oo 12 k 5
ZZJ"H”’ <«/_(ZJ ) (ZZ”?n) ZZ ém( w-f—ﬂ”lm) <ch. (37)
i=1n=1 i=1n=1 =1n
The above inequality together with (29) implies By applying the Cauchy-Schwartz inequality in (37) to-

gether with (33), we conclude th&t<0 holds in

1/2
—|ol, (an) <2V —col? —p ) &, vz o\
in D={xel® | Vx)<u (kz ) +
1/2 n=1 #n m
<G | o, (Z n,?n) , (30) (38)

for any positive constant < %ch min{co, c1, p}. The above
definedD is positively invariant for (25), (35) as it is de-
scribed by level sets of the Lyapunov functidnMoreover,

1/2 the equilibriumxg = O of the closed-loop system is (non-
) ab + pb?

where the quadratic forr@ is defined as follows:

asymptotically) stable because of estimate (33) and the in-
equalityV <0 in D.

G(a,b) = Jad% + 2«/%(2 J?

n=1
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In order to justify that the closed-loop system generates 4.2. Precompactness analysis

a continuous semigroup d, let us first consider the linear
approximation of (25), (35):
x(0)=xg € 2,

x(t) = —Ax(1), (39)

where—Ax = Ax + bv(x), 7 (A) = 7 (A) = £2. It is easy
to check that the operater is accretive ire? equipped with
the following scalar product:

k oo
(x. %) =col0+ Jod+ Y > Iy (i, + dny,)
i=1n=1
k o0 B
+ P Z Z (éinéin + 77[;1’7[11) :

i=1n=1

The norm|lx| o = ((x, x))Y? is equivalent to the stan-
dard norm||x||,2 = ((x, x);2)*/? because of estimate (33).
Corollary 4.4 ofPazy (1983, p. 15)mplies that—A is the
infinitesimal generator of th€y semigroup of contractions
{e7'A1>=0} on (£2, (-, -) o), and therefore, oe2, (-, -)z2).

As the right-hand side of (25), (35) is obtained by a
locally Lipschitz perturbation of the infinitesimal genera-
tor —A then, for eachvg € D, there is the mild solution
x(t) of (25), (35) defined on the maximal interv@, 7max)
(Pazy, 1983, Theorem 1.4, p. )8BJoreover,tmax = +00
because otherwise we would have
Jim (o)) = oo,
which contradicts the solutions boundednesB iprovided
by the inequality <0. Thus, the closed-loop system gener-
ates a continuous semigroup Bn(continuity follows from
(Pazy, 1983, Chap.)B We have proved that for eaattO) €

D, the abstract Cauchy problem for the closed-loop system, r

a unique mild solution: (r) was defined om >0.
From (36) and (38) we get

+00
V(0> Vo) — im V) = —fo V() di

—+o0
>h/ (1) dt inf
0

<1 _ = ZZ fém(l w + Pﬂm))

i=1n=1
+00
>C*f w?(t) dt
0

with some positive constant™* provided thatxg € D.
Therefore,

+00
/ @) dt < oo
0

for any closed-loop solution starting .

(40)

We applyDafermos and Slemrod (1973, Theoremt@®)
show the trajectories’ precompactness for (39). It is neces-
sary to prove that/A + I)~! is compact in¢2. For this
purpose we first compute the solutions of linear equation
Ix — AAx — Abv = x with respect tax assumingi, v, and
X to be parameters. Straightforward calculations yield

w=d+, 0=0+ld+ %, (41)
1 e 7
Min 1 + /12 2/L —AC«/Z 1
Ein )
My (42)
(nm - TU

Then by substituting the above expressions into (35), we get
the following relation orw:

2 2 k oo
v=—[Jo+Ah+ 22co+ —
(O 0 ;};HJZ 22”)
X (Co@+(ico+h)d)—czz
i=1n=1
J \/_(éln +ic\/_’/]ln (43)
1+ 2%¢2), .

Formula (43) defines the linear functionalx) on ¢2.
For arbitrary 2> 0, v(x) is bounded as its coefficients
belong to¢?:

o0

ZZ

i=1n=1

An J

O0<Jo+ ih+ )2
1+ 2%c2),

= const< oo,

T2, J2)2

A+ 222

2.0

i=1n=1

D 5) DR

2
i=1n= 1(:|'+/L 62) )

The above series converge due to estimates (15) and (19).
Therefore, for each > 0, there is a positivé/1 (1) such that
[v(X)| < M1(A)||x 2 in (43) for all X € £2.

Formulae (41)—(43) define= (1A + 1)~k for all x € ¢2
provided that’ > 0. It is easy to see that

1A + D715 < (@ + @)% + (0 + 40 + 220())?
> 1 -2
+2 (Y ——— in

+ (i — AJav(8)/p)?) < M2(A|X112

for someM> (1) as

ZZH;Z

i=1n=1

44
27 (44)

andv(x) is bounded.



Therefore, the resolvetA+1)~1 : ¢2 — ¢2is bounded
for eachA > 0. To prove its compactness let us define the
operatorlly : ¢ — (2 that projects eack onto the sub-
space spanned by the elementgdhavingd = w = ¢;, =
n;, = 0 for all n < N. In the coordinate fornfly can be
expressed as

HN)C

=(0,0,...,0, E1n, Mns - > Ekns Mens CLNAL -2 -

Consider the following sequence of bounded linear operators

on ¢2:
Uv=-Ty)AA+ DL

Each Uy is compact because the dimension of its image
is finite. By Theorem 3 of Kantorovich & Akilov, 1982,
p. 246, the operato1A + )"t is compact if

lim (1A 4+ D™t = Uy
N—o0

lim |Iy(A+ D)7t =0. (45)
N—o0
We have
1 o

a3

1
2k Z
k oo _ 5
<D (& + i — 2dv®/p)?)

< 1+ 2%,
i=1n=1

1/2
Z)LM }
1+ l( )( Z‘] )
22 2 o0
P M1(2)%k i}
e ZJf) 12112
n=1

Convergency of (44) implies

-1
) Iy (A + D772

~

(46)

> 1
Z —55——0 asN - oo
oy L+ 2%
Now (45) follows from (46). Hence(A + 1)~ is com-

pact for eachl > 0, and the trajectories of the semigroup

(€74 |r>0} are compact due t®@afermos and Slemrod
(1973, Theorem 3)

To establish precompactness of the trajectories for the
nonlinear closed-loop system (25), (35) we write it in the
following form:

5(t) = —Ax(t) + 0?(t)Bx(t), x(0)=xg € £2, (47)

where

iin(t) )T
B ={0,0,...,0, R
x(t) ( N

To characterize precompact subsets (6fwe need one
preliminary.

A. Zuyev / Automatica 41 (2005) 1-10

Lemma 1. A bounded sef c ¢ is precompact if and only
if, for everye > 0, there is a numbeN = N(g) such that

yxl|lp2<e, VxeC. (48)

The assertion of Lemma follows from the Hausdorff
compactness criterion K@ntorovich & Akilov, 1982,
Theorem 3, p. 26 O

The solutions of (47) satisfy the integral equation
- t .
x(t)=e"xo+ / e w?(t) Bx (1) dr.
0

It follows from Lemma 1 and precompactness{ef’gxo |
1 >0} that, givenxg € ¢2 ande > 0, there is aVo(xo, €) such
that

I nx ()l g2 < ITTve™ A xoll 2

t ~
+ ‘/ ()N (e(f_’)ABx(r)> dc
0

+00
<8+/
0

for all r >0 andN > No(xo, ¢). In accordance with (40), to
show that||IInx(t)|,2 is uniformly small whenN is large
enough, it suffices to establish

02

w?(t)de sup [IIye A Bx(t — 5)|,2
s€[0,1]

lim | sup sup ||HNe_TABx(t — D2 ] =0. (49)
N—00 \ ;>0 1€[0,¢]
We need the following lemma.

Lemma 2. Suppose thaf’ c ¢2 is compact. Then

lim [ sup sup||HNe*”ii||gz =0. (50)
N—=00 \71>0 zeC

Proof. Owing to Lemma 1, assertion (50) is equivalent to
the following:

S={e""%| % e C, 1>0} is precompact irt2.

Consider a sequenclg,}i>; C S. Then there is a pair
of sequencesx,};°, C C and{z,};2; C Ry such that

Vn = x,. As C is compact, there is a subsequence
{xn 124 that converges to some' € C ask — oo. Uni-

form boundedness of the semigro{qf“i | >0} implies

—Tn A

JNim e 04" — 32 = 0. (51)

On the other hand, a$e*”§x*|r>0} i§ precompact,
there is a convergent subsequefiee™«mAx*}>_ . Then

{¥nkomy) }orq 1S @lso convergent because of (51). Therefore,
Sis precompact. [J
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Let us remark that the operatdr: ¢2 — ¢2 is compact It means that the maximal positively invariant subsex ¢

as its matrix norm is finite: contained in

| k k

EZ:l/l_n<oo Zo= x652|9=0)225m=zf’]m=0, VneNr¢.
n= i=1 i=1

The convergency is established here by means of estimat
(15). The solutions boundedness for (47) together with com-
pactness oB implies, for each solution(r), there is a com-
pactC C ¢? such that

eNow it follows from KerIl = Zg that conditions (4) and (5)
of Theorem 1 hold.

According to Theorem 2the feedback controf35) en-
sures asymptotic stability of the control systé2) with

Bx(t) e C, Vt>0. respect to(28). [
Then (49) follows from Lemma 2. Remark. To implement the proposed feedback control, one
We have shown that, for any solution(r) of (47), has to reconstruct the full (infinite dimensional) system state
[Inx(®)ll;2 — 0 asN — oo uniformly ont € R;. from the outputs which can be technically measured. We do
Therefore {x(r) |t >0} is precompact. not consider observer design issues in this paper. Observ-
ability of a finite dimensional model with two elastic beams
4.3. Characterization of the limit set has been studied tgovalev, Zuyev, and Shcherbak (2002)

It has been proved that the finite-dimensional body-beams
To conclude the proof that (35) stabilizes (25) with respect system is observable, provided that one measures the rela-
to I1, one has to check conditions 4 and 5 of Theorem 1. tive displacements of certain points at the beams.
The closed-loop system (25), (35) on

Z={xe€2(A)|V(x) =0} 5. Simulation results

takes the following form: Consider the cask = 2. In this section, we present the

() = Ax(1), o) =0, v(x(t)) =0. results of numerical simulation for the closed-loop system
_ . _ obtained from (25), (35) by discarding the terms withk 5.
By solving the above linear equations, we get We choose the following (dimensionless) values of the pa-
0(t) = 0o, rameters
L - l=p=c=Jo=1 d=1/2, h=3
&) = €D siny/Zyen) + €2 costy/Tner), p=c= /

and the initial conditions

Nin(0) = CY costy/Anet) — C2 sin(y/ Znct), (52)

) 0(0) = m, 0) =0,
where the constant, Cl.(;{) are defined by the initial con- O =n @@

dition;. Since the Ie_ft—hand si(je of (35) vanisheszothen £ =n,,(00=0 (=12 n=15). (55)
substitution of (52) into (35) yields
o & The evolution of state variables is shown Bigs. 2—4 .
cobo @ - These illustrations justify that the feedback law (35) is able
= Ju A (C; n - .
c Z Z \/_( n Sm(\/A_Ct) to stabilize the system even(f0) is not so small.

n=1i=1
+C? cosy/Ayen). (53)

Assume that the closed-loop system has a semitrajectory on
Z defined forr > 0. Then (53) holds for some constaifits 25

Cl.(,{). The system of functions 2
{1, Sin +//n7, COS/ Ayt | 70,1 € N} 15

is linearly independent oRR; because of the estimate (15)
and Theorem 1.2.17 dfrabs (1992)As /, # 0 and also 05
Jy # 0in (19), relation (53) is satisfied only if

07 T = T T 1
k k 5 10 15 20 25

b=y C =Y CP=0 VneN. (54)

i—1 i—1 Fig. 2. The closed-loop respongér).
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