.

(¢) Solve the simultaneous system of congruences

ler_nodS, x=2mod?25, and x=3modS8]

and the simultaneous system

y=5mod8, y=12mod 25, and y = 47 mod 81.

Let fi(x), fa(x), ..., fu(x) be polynomials with integer coefficients of the same degree
d. Letny, na, ..., n be integers which are relatively prime in pairs (i.., (1;, n;) = 1for
all i # j). Use the Chinese Remainder Theorem to prove there exists a polynomial f(x)
with integer coefficients and of degree d with

f&) = filx) mod ny , f@) = L modny, ..., [f&) = filx)modng
i.e., the coefficients of f(x) agree with the coefficients of f; (x) mod »;. Show that if all
the f; (x) are monic, then f (x) may also be chosen monic. [Apply the Chinese Remainder
Theorem in Z to each of the coefficients separately.]

Let m and n be positive integers with n dividing . Prove that the natural surjective ring
projection Z/mZ — Z/nZ is also surjective on the units: (Z/mZ)* — (Z/ nZ)*.

The next four exercises develop the concept of direct limits and the “dual” notion of inverse
limits. In these exercises I is a nonempty index set with a partial order < (cf. Appendix I). For
each i e I let A; be an additive abelian group. In Exercise 8 assume also that I is a directed

set: for every i, j € I there is some kel withi <kandj <k

8. Suppose for every pair of indices Z, j with i < j there is a map p;;j

A — Aj such that

the following hold:
i. pjk o pij = pik wheneveri < j <k, and
if. oy = 1foralli e l.
Let B be the disjoint union of all the A;. Define a relation ~ on B by

a ~ b if and only if there exists k with i, j < k and pi(a) = pjr(D),

fora € Ajand b € A;.
(a) Show that ~ is an equivalence relation on B. (The set of equivalence classes is called

the direct or inductive limit of the directed system {A;}, and is denoted lim A;. In the
remaining parts of this exercise let A = lim A

(b) Let ¥ denote the class of x in A and define p; : A; — A by pi(a) = a, Show that
if each p;; is injective, then so is p; for all i (so we may then identify each A; as a

subset of A).

(¢) Assume all p;; are group homomorphisms. Fora € A;,b € A;j show that the operation

@+b = pix(a) + pjx®)

where k is any index with i, j <k, is well defined and makes A into an abelian group.
Deduce that the maps p; in (b) are group homomorphisms from A; to A.

(d) Show thatif all A; are commutative rings with 1 and all p;; are ring homomorphisms
that send 1 to 1, then A may likewise be given the structure of a commutative ring
with 1 such that all p; are ring homomorphisms.

(e) Under the hypotheses in (c) prove that the direct limit has the following universal
property: if C is any abelian group such that for each i € I there is a homomorphism
@; 1 Aj - Cwithe; = gjop;j wheneveri < j, then thereis aunique homomorphism
¢:A—> Csuchthatgopi = ¢ for all i.
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9. Let I be the collection of open intervals U = (a, b) on the real line containing a fixed real
number p. Order these by reverse inclusion: U < Vif V C U (note that [ is a directed set).
For each U let Ay be the ring of continuous real valued functions on U. For V' C U define
the restriction maps pyv : Ay — Ay by f — fly, the usual restriction of a function on
U to a function on the subset V (which is easily seen to be a ring homomorphism). Let
A = lim Ay be the direct limit. In the notation of the preceding exercise, show that the
maps py : Ay — A are not injective but are all surjective (A is called the ring of germs

of continuous functions at p).

2 degree

=1 for . , - . . .

dal f(x) We now develop the notion of inverse limits. Continue to assume 7 is a partially ordered set
(but not necessarily directed), and A; is a group for alli € I.

1od ng 10. Suppose for every pair of 1ndlces i, j withi < j there is amap u;; : A; —> A; such that

the following hold:

that if all i. wji o pkj = wr wheneveri < j <k, and

emainder ii. pi; = 1foralli el.

L. Let P be the subset of elements (a;); ¢/ in the direct product [ |;o; A; suchthat p4;; (a;) = a;
C)EIVG g whenever i < j (here a; and a; are the i and j™ components respectively of the element
" in the direct product). The set P is called the inverse or projective limit of the system {A4;},
of inverse and is denoted im 4;.)

dix 1). For (a) Assume all uj; are group homomorphisms. Show that P is a subgroup of the direct
a directed product group (cf. Exercise 15, Section 5.1).
(b) Assume the hypotheses in (a), and let I = Z* (usual ordering). For eachi ¢ I let
i © P> A; be the projection of P onto its i th component. Show that if each i is
 such that surjective, then so is u; for all i (so each A; is a quotient group of P).

(c) Show that if all A; are commutative rings with 1 and all uj; are ring homomorphlsms
that send 1 to 1, then P may likewise be given the structure of a commutative ring
with 1 such that all x; are ring homomorphisms.

(d) Under the hypotheses in (a) prove that the inverse limit has the following universal
property: if D is any group such that for each i € [ there is a homomorphism
7i + D — A; withw; = pj;om; wheneveri < j, then there is aunique homomorphism
7w : D —> P suchthat yu; o = n; foralli.

ses is called 11. Let p be a prime let I = Z*, let A; = Z/p'Z and let f+ji be the natural projection maps

pA;. Inthe wji + a (mod p’) +—> a (mod p').-

. Show that The inverse limit ljm Z/ P'Z is called the ring of p-adic integers, and is denoted by Z.

sach A; as a (a) Show that every element of Z, may be written uniquely as an infinite formal sum

) ’ bo+bip+byp*+b3p> +--- witheach b; € {0, 1, ..., p— 1}. Describe the rules for

he operation adding and multiplying such formal sums corresponding to addition and multiplication

) in the ring Zp. [Write a least residue in each Z/ p'Z in its base p expansion and then
describe the maps u;;.] (Note in particular that Z, is uncountable.)
selian group (b) Prove that Z, is an integral domain that contains a copy of the integers.

(c) Prove that by + b1 p + bzp2 + b3p3 +.--asin(a)is aunitin Z, if and only if by # O.
(@) Prove that pZ, is the unique maximal ideal of Z, and Z,/pZ, = Z/pZ (where
p=0+1p+ 0p2 +0p3 + - - -). Prove that every nonzero ideal of Zp is of the form

P*Z, for some integer n > 0.
(e) Show thatif a; 2 0 (mod p) then there is an element a = (a;) in the inverse limit Zyp

satisfying aj? 1o (mod p/) and wj1(a;) = ap for all j. Deduce that Z, contains
p — ldistinct (p — 1)* roots of 1.

yomorphisms

7.6 - The Chinese Remainder Theorem




