
The commutator I want to calculate is

[Ψ(r), H0] =
1

2m

ˆ
dr′
[
Ψ†(r′)∇2

r′Ψ(r′),Ψ(r)
]

So I need the operators

Ψ†(r′) =
∑
k

e−ikr
′
a†k

Ψ(r) =
∑
k

eikrak

∇2
r′Ψ(r′) =

∑
k

∇2
r′e

ikr′ak

I calculate the commutator using the anti-commutators[
Ψ†(r′)∇2

r′Ψ(r′),Ψ(r)
]

= Ψ†(r′)
{
∇2

r′Ψ(r′),Ψ(r)
}
−
{

Ψ†(r′),Ψ(r)
}
∇2

r′Ψ(r′)

= −δ(r − r′)∇2
r′Ψ(r′)

[Ψ(r), H0] = − 1

2m

ˆ
dr′δ(r − r′)∇2

r′Ψ(r′) = − 1

2m
∇2

rΨ(r)

The other commutator is[
Ψ†(r), H0

]
=

1

2m

ˆ
dr′
[
Ψ†(r′)∇2

r′Ψ(r′),Ψ†(r)
]

Same procedure[
Ψ†(r′)∇2

r′Ψ(r′),Ψ†(r)
]

= Ψ†(r′)
{
∇2

r′Ψ(r′),Ψ†(r)
}
−
{

Ψ†(r′),Ψ†(r)
}
∇2

r′Ψ(r′)

= Ψ†(r′)
{
∇2

r′Ψ(r′),Ψ†(r)
}

= Ψ†(r′)∇2
r′δ(r − r′)

[
Ψ†(r), H0

]
=

1

2m

ˆ
dr′Ψ†(r′)∇2

r′δ(r − r′)

=
1

2m

ˆ
dr′Ψ†(r′)

(
−∇2

r

)
δ(r − r′)

= −∇2
r

1

2m

ˆ
dr′Ψ†(r′)δ(r − r′)

= − 1

2m
∇2

rΨ†(r)

I wonder if this is correct?

1


