Proof that Cosmological redshift is equivalent to Doppler red
shift

This proof is based on that presented by Jayant N Narlikar in 'Spectral shifts in General Relativity'
in the American Journal of Physics October 1994. It corrects the invalidity of Narlikar's proof
arising from his use of bases that do not exist. Equation numbers are chosen to match Narlikar's
where applicable.

The FLRW metric centred at S gives the following formula for the line element:
ds® = dt* — a(t)’ [dr*/(1-kr?) + r*(d6* + sin’0 d¢*)]  [7]

t, 1, 8 and o are the 'comoving coordinates'. r is often denoted by x, but here we use r.

Where we do not explicitly indicate a coordinate system, the co-moving coordinate system will be
assumed.

a(t) is the cosmic scale parameter at cosmic time t.

The values of the metric components in this coordinate system are:

goo = 1; g = -a(t)/(1-kr®); g, = -a(t)’r’; g = -a(t)’r’sin®0 [7a]

All other components (the off-diagonal ones) are zero. We will only need to use the first two of the
four nonzero components.

Since the metric is diagonal in the comoving coordinates, we also have the following inverse
components:

g” = 1; g" =-(1-kr*)/a(t)*; g** and g* are not used. [7b]

Let S denote the spacetime event of emitting the signal that is seen by the observer at the spacetime
event denoted by O.

Let Wo and W5 be the four-velocities of the observer and source at O and S respectively, both of
which are stationary with respect to the CMBR. By definition |Wo|| = 1 = ||Wjg|| [9a].

We will be using three different reference frames in what follows:

* the FLRW frame centred on S (the “FS frame”)

* the FLRW frame centred on O (the “FO frame™)

* the inertial (Lorentz) frame of the observer at O (the “MO frame”)
For coordinate-dependent items the applicable coordinate system will be denoted by a pre-subscript
such as in roWs, except that we will omit the pre-subscript for items expressed in the FS frame, as
that is the one we will use the most.

Parameterise the null geodesic A from S to O by A:[0,1] - A.

Let W be the result of parallel transporting Ws along the null geodesic A from S to O, and let
W’(u) be the intermediate transported vector at A(u).

Along A we have, from [7], since 8 and ¢ do not change, and ds=0:
dr/V1-kr? = dt/a(t) [10]
The sign is positive because r increases with t (recall that r is radial distance from S).

First we need to write the equation for the geodesic A in terms of an affine parameter u. So that the
geodesic is A:[0,1]->A. To do this we write the following geodesic equation. But first, note that in
what follows we do not specify the centre for our FLRW coordinates. Hence equations 11-16a are
valid for any FLRW system, provided the value of r appropriate to the given system is used.



d’x'/du® + Iy (dx'/du) (dx*/du) =0 [11 — see Schutz 6.51]
We calculate the Christoffel symbol's value for i=0 as follows:

O = 8% (81 + Spik — Suip) [11a — see Schutz 6.32]
= 158" (o1 + ok — Skio) [since g” =0 unless B = 0]
= 1/2g00 (2800, — 8x10)
= Yhgo [since g” = gy = 1, which is constant]
Hence [11] for i=0 becomes:
0 = d*t/du? — Ygyo(dx"/du) (dx'/du)
= d’t/du® — Yagooo(dt/du)* — 11 0(dr/du)? [since d8/du and d¢/du must be zero]
= d’t/du® — Y4(0(a(t)*/(1-kr?))/0t)(dr/du)? [since gy is constant at 1]
= d’t/du® — (dr/du)® a(t)a'(t)/(1-kr*) [12]
= d*t/du® — (dr/dt)* (dt/du)? a(t)a'(t)/(1-kr?)
= Pr/du? — ((1-kr2)Ya(0?)(dvduy a@®a'()/(1-ki)  [by 10]
= d*v/du® — (dt/du)® a'(t)/a(t)
= a(t) d((dvduy/a(t))/du
Hence, as a(t)#Z0 we have
0 = d((dt/du)/a(t))/du, whence:

(dt/du)/a(t) = A for some constant A. [13]

Hence dr/du = (dr/dt)(dt/du) = Aa(t) x (V1-kr?)/a(t) [by 10]
= AV1-kr*

So (dr/du)/V1-kr* = A [14]

This enables u to be determined as a function of r (as the light moves from S to O) and hence of t. It
is convenient and permissible to set u=0 at S and u=1 at O.

Integrating [13] we obtain:

A= IolA du= It(o)t(s)dt/a(t) [15]

Let the tangent vector to the geodesic A at A(u) be U(u). In the comoving coordinates this has
components

[dt/du, dr/du, d6/du, de/du]. The last two are zero and the first two are given by [13] and [14], hence
the components are:

U(u) = [Aa(t), AV1-kr? 0, 0] [16a]

and U(1) = [Aao, AV1-kro?, 0, 0] [16b]

where 17 is the radial comoving coordinate of O. This is the first equation that assumes a specific
centre (S) for the FLRW system.

Let the vector Wy parallel transported from S to A(u) be W*(u). Hence W*(1) = Ws. Then, as
parallel transport preserves magnitude and direction, both ||[W*(u)|| = g(W"(u),W"(u)) and
g(W™(u),U(u)) must be constant over u [17].

Now we must have W™(u) = W>(u) = 0 because otherwise the parallel transportation establishes a

referred direction in space, circumferential to S, which contradicts the isotropy assumption. [-
*]

Hence [[Ws|| = [[W(1)]| = [[W"(0)|| = [Ws|| = 1 [by 9a].  [18a]
And g(Ws, U(1)) = g(W'(1),U(1)) = g(W'(0),U(0)) = g(Ws,U(0)) [18b]
From [18a] we get 1 = [[Ws|| = go(Ws, Ws) = gi(0) W's W¥s
= go(0) (W) + gu(0) (W's)’ o
[as off-diagonal elements of g are zero everywhere in spacetime [from 7] and W% = W3s = W?(1) =



W(1)=0.] )
= (W%)” - (a0"/(1-kro?)) (W's)*
Hence (W'%)’ — (ap”/(1-kro?)) (W's)* = 1 [19]

From [18b] we get go(Ws, U(1)) = gs(Ws,U(0)), hence

gi(0) W's U(1)* = g(S) W's U(0)*

The left-hand side is:

= goo(O)W’U(1)° + g1:(0)W'sU(1)" [since W25 = W’ = 0]

= WU(1)" - (a0¥/(1-kro?)) W'sU(1)!

= W% Aao - (Aao?/(V1-kro?)) W's  [by 16a]

= A(ao Wos - (aoz/(\/l-kroz)) Wls)

The right-hand side is (note that, since we are operating in TsM here, we have to switch to FO, the
FLRW basis centred at O, in order for the components to be well-defined):

= Fogoo(S) FoWOS roU(0 0+ ro811(S Fowls FoU(O)1 [Sil’lCE U(O)ZZU(O)3:O because the llght
ray is radial. ]

= rogoo(S) FOU(O)O

[since the FLRW spatial coordinates of S are constant, so Ws =[1,0,0,0] in the FO frame]
= FoU(O)O [by 78]

= Aas [by 16a]

Hence ao W' - (a0®/(V1-kro?)) Wis = as [20]

Next we note that the four-velocity of the observer has components [1,0,0,0] in any FLRW frame
(because the observer has zero spatial coordinate velocity in that frame) and also in the observer's
inertial frame at O. Hence the time basis vectors of the MO and FS frames must be identical: e,(O)
= mo€p.

Now Ws = MoWis Mo€@i = Wis ei(O) = Wos E()(O) + Wls 61(0) = Wos Mo@o T+ Wls 81(0)

Hence, since both bases are orthogonal, we have oW’ = W% and, by rotating the Lorentz frame
appropriately around O, we can without loss of generality choose our basis vector voe; so that it
aligns with e;(O). Then, since Ws = [W%, W', 0, 0] in the FS basis, we can write Ws = v, YV, 0, 0]
in the MO basis, where yoW’% =y = 1/(V1-V?) = W’% and V has the same sign as W's (because y is
positive and the corresponding basis vectors, woe; and e;(O), point in the same direction).

Hence |[Ws|| = g(Ws, Ws) = y* - (YV)’ = Y’ - (a0/(1-kro?)) W's’

where we calculate the magnitude in the MO and FS bases and equate the results.

Hence (YV)? = (ao¥/(1-kro?)) (W's)?

and so YV = +ao/(V1-kro?)) W's [21]

where the sign is positive because y is positive and V and W's have the same sign.

Now the red shift is given by:
1+z = ap/as [8]

= ao/(ao Wos - (ao2/(\/1-kr02)) Wls) [by 20]

= 1/(y - (ao/(V1-kro?)) W) = 1/(y—yV)  [by 21]

= (I)/(1-V) = V1-VH/(1-V) = V((1-V)(1+V)/(1-V)?) = V((1 + V)/(1-V)) [22]
This is the same formula as for a Doppler shift within a Lorentz frame.
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