Cubic Spline Tutorial

Cubic splines are a popular choice for curve fitting because of ease of data interpolation, integration,
differentiation, and they are normally very smooth. This tutorial will describe a computationally efficient
method of constructing joined cubic splines through known data points. As background and motivation, we will
begin with a discussion of the basic cubic polynomial:

y=ax’+ bx*+cx+d where X is the independent variable and a, b, ¢, d are real numbers

OK, what’s there to know? It was most likely studied in pre-University education, has three roots (real and/or
imaginary), the 1% derivative is a quadratic function, the 2" derivative is a linear function, and it can be fit to
four points. Let’s dig a little deeper. The general cubic polynomial has four parameters or coefficients that
completely define the shape of the curve. Alternatively, we can consider a cubic polynomial as having four
constraints or degrees of freedom in physical terms (i.e. points and derivatives) that determine the four

3 2 parameters. The constraints can be four points, which means the equation can be

Xls X12 % 1ja % represented in the matrix form on the left. The solution to the matrix equation is

X, X, X, 1|b _[ Y2 | the four polynomial coefficients. However, there are other possibilities. The

X2 x2 x, 1fc y, | four constraints can be three points plus a 1% or 2" derivative at any arbitrary

2 x2 x 1ld y point. Or, the constraints can be two points plus two derivatives, which is

4 4 4 4 . . . . .
actually the basis for cubic spline interpolation.

Let’s say we wish to represent a cubic equation as two points (Xi, Y1), (X, Y2) 3 2x 1 0fa
plus first derivatives at those points (y,', y»). How would that be done? Well, | x> x? x, 1|Ib Y,
let’s first take the derivative of the cubic equation, which is y' = 3ax* + 2bx + B ox2 o 1lel” y
c. Thus, y,' = 3ax,> + 2bx; + c and y,' = 3ax,? + 2bx, + ¢. The matrix equation 22 2 2 :
defining the associated cubic polynomial is on the right. OK. How about two 3, 2x, 1 0jd

6x. 2 0 0Ta @ points plus_Z”d derivativgs at_ the points? In that case, the equation of the 2"

31 ) derivative is needed, which is y" = 6ax + 2b. Thus, y," = 6ax, + 2b and y," =
XX % 1 _| Y| 6ax,+2b. The matrix equation definingthe a2 », 1 g
XS x5 x, 1lfc y, | associated cubic polynomial is on the left. ! !

(ox

2

6x. 2 0 old @ How about two points plus 1* and 2™ Xtox X 1jb| |y,
2 derivatives at the first point? The matrix X; X, X, 1lfc¢ Y,
equation for that is on the right. As can be seen, there are multiple ways to 6X 2> 0 olld
1

formulate a cubic polynomial by specifying points and derivatives.

To illustrate, choose p, = (0, 0) and p, = (1, 1). The plots below indicate the result of using various boundary
conditions at the end points to define the cubic polynomial.

X1|:|:|
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Note the last plot (on the right). It represents the equation y = x*. We know this because for this equation, y" =
6x. Therefore y(0)" =6(0) = 0 and y(1)" = 6(1) = 6, which match the constraints used to generate the plot.

Alternate Cubic Polynomial formulation - before moving on, it is useful to consider the following (more
general) form of the cubic polynomial:

Y = a'(X-%0)® + b'(x-x0)? + ¢'(x-x,) + d

where X, is an arbitrary reference point for the independent variable. The superscript (i.e. ") on a, b, ¢, d is used
to distinguish the coefficients from the previous case where x" is used instead of (x-X,)". This form of a cubic
polynomial is just as valid as the previous version and is convenient in cubic spline interpolation because if X, is
chosen as the value of the independent variable at the beginning of the spline segment, the quantity (x-X,)
begins at zero for each segment and the result is a consistent mathematical treatment for all segments. Also, if
the above expression for y is expanded and terms collected, it is easy to show that:

a=a' b=Db"-3a'%, c=c"+ 3a'%? - 2b'%, d=d"-c'% + b'x,> —a'x,®

Clearly, if x, is chosen as 0, the coefficients (and equations) are identical. As a simple example, consider the
equation 'y = 2x* + 3x* + 4x + 5. If X, is chosen as 1, the following equation produces the exact same result: y =
2(x-1)% + 9(x-1)* + 16(x-1) + 14. Checking the result for consistency:

a=2 a=a=2

b'=9 b=Db-3a%=9-3(2)(1)=3

c'=16 c=c'+3a%’-2b'%, =16 + 3(2)(1)*-2(9)(1) =16 +6-18=4

d=14 d=d' —c'% + b'X?—a'x,®=14-(16)(1) + (9(1)°-(2)(1)°’°=14-16+9-2=5

Now that we can think of cubic polynomials in terms of points and derivatives, let’s
connect two together. Why do that? The main reason is to have a smooth curve that
goes through (i.e. interpolates) a given set of points. Of course, it is possible to
derive a single polynomial of degree (n-1) to fit n points, but the end result is often
not satisfactory. A good example is the function y = x* for x = 0 to 1. Picking four
points x = (0, 0.2, 0.6, 1), the resulting cubic polynomial can be seen to wiggle too
much to represent the desired function very well. This is often the case. Wait - can’t
the 1% or 2" derivative be specified to force a better fit? Unfortunately, the answer
is no. The reason is that all four constraints were used up by requiring the curve to
interpolate four points. Remember, only four things (points, derivatives) can be specified.

—

cubic spline

Continuity — the concept of continuity is important in spline interpolation. If two polynomials are connected
together (end point of the 1% is the beginning point of the 2"®) but no other conditions are specified, the two
equations (or splines) are said to have CO continuity, or zero derivative continuity. Though that can make some
interesting plots, it doesn’t result in a very smooth curve through the points. Additionally, if the 1% derivatives
at the connection points are forced to be equal, the curve is said to have C1 (i.e. 1* derivative) continuity. That
makes a smoother curve, but
L Co.cl CD’C_I’CE - an even smoother one can be
Continuity Continuity Continuity obtained if C2 continuity (i.e.
2" derivative) is also
enforced. The traditional

\ implementation of cubic

. \ 2 _ splines for the purpose of
! Splne #2 jnternolating points uses CO,

C1, and C2 continuity.

Spline #1
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Development of Spline Equations

Consider the problem of constructing two cubic splines to fit three data points p; = (X1, Y1), P2 = (X2, Y2), Pz = (X,
ys). Refer to the last plot on the right, above. This is the simplest case of cubic spline interpolation that will
illustrate the methods used in more normal cases where several points are present. The key characteristics of
cubic spline interpolation are:

1. Curve passes through all specified data points (CO continuity)
2. 1% derivative continuity (C1) at interior points

3. 2" derivative continuity (C2) at interior points

4. Boundary conditions are specified at the free ends

Begin with the equations of the two splines (using the spline starting point for X,):

spline #1 (x; £ x S xy) spline #2 (x, S x S x3)

Y = aiX-X1)* + bi(X-X,)* + ¢1(X-x,) + d, Y = @(X-Xz)® + by(X-X,)* + Cy(X-X;) + d,
y' = 3a,(X-X,)? + 2by(X-Xy) + ¢, y' = 38,(X-X;)? + 2b,(X-X,) + C,

y" = 6a,(x-x,) + 2b, y" = 6ay(X-X,) + 2b,

For now, the focus will be on spline #1. Starting with the 2" derivative, impose the compatibility constraints
thaty" =y," at x = x; and y" = y," at X = X,. Defining X,-x; as h;:

ylu = 6a1(X1'X1) + 2b1 = 0 + 2b1 = 2b1 b]_ = yl"/2
y2" = 6ay(Xo-x;) + 2b, = 6ash, + y," a, = (y2"-y1")/6h,

This results in the following equation for the 2" derivative:

Y = (XX) (Y2 -y )Y (Xo%e) + Y

which can be verified to be correct (i.e. y" =y,"at x = x; and y" = y," at X = X,). Next, apply the conditions that
the spline must pass though the points, in other words y; = f(x;) and y, = f(x,):

yl = al(Xl-X1)3 + bl(Xl'Xl)z + Cl(Xl-Xl) + d1 = O + 0 + O + dl dl = yl

Yo = (Xo-X1)*(Y2"-y1")/6Ny + Y1 (Xo-X1)?/2 + Co(Xo-Xy) + Y

Y, = h3(y2"-y1")/6h; + y,"h,?/12 + ¢,h; + y,

Y. = hlz(YZ"'Y1")/6 + yl"h12/2 +ch+y,

VorY: = Y26 - y1"h?16 + y,"h,%2 + ¢ .h,

(Y2-y)/hy = y2"hy/6 - y1"hy/6 + y,"h,/2 + ¢,

(Y2-y)/hy = y2"hi/6 - y1"h/6 + 3y,"hy/6 + ¢,

(Y2-y)/hy = y2"hi/6 + y,"hy/3 + ¢, C: = (VoY )/hy —y2"hi/6 - yi"hy/3

Finally, impose the compatibility condition that y," in spline #1 must equal y,' in spline #2:

32, (Xo-X1)* + 201 (Xo-X1) + €1 = 3a,(X2-X2)? + 2b,(Xo-Xy) + €,

3a;h® + 2bh, + ¢, =¢,

hi(y2"-y.")/2 + y,"h; + (Y-y1)/hy - y2"hi/6 - y:"hi/3 = (Ys-y2)/h, — y3'hy/6 — y,"h,/3
hi(y2"-y:")/2 + y."h; - ¥2"ha/6 - y,"hi/3 + y3"h/6 + y,"h,/3 = (Ys-y.)/h; - (Y2-y.)/hy
3hi(y2"-y:") + 6y:"h; - y2"hy - 2y,"h; + y3"h, + 2y,"h, = 6(Ys-Y2)/h; - 6(Y,-y:)/h:
3hyy," = 3hyy,™" + 6y,"h; - y2"hy - 2y,"h; + y3"h, + 2y,"h, = 6(ys-Y,)/h, - 6(Y2-y1)/hy
y."(6h; — 3h; — 2h,) + y,"(2h; + 2h,) + y3"h, = 6(ys-y,)/h; - 6(y,-y1)/h;

hyy," + 2(hy + hy)y," + hoys" = 6[(Ys-Y2)/h, - (Yo-y1)/hi] governing equation for cubic splines.
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Generalizing, this equation results in a tri-diagonal set of linear equations (Ax = b), where X represents the
unknowns (2" derivatives of the points), and b is the right hand side. Tri-diagonal sets of linear equations are
efficiently solved with specialized algorithms.

© o) [%] ] @ |
h, 2(h,+h,) h, Y5 (Vs = ¥2) I, =(y, —y) /Iy
h, 2(h, +h,) h, : :

. h,., : :
hn—2 2(hn—2 + hn—l) hn—l yr,1’—1 (yn - yn—l)/hn—l - (yn—l - yn—2)/hn—2

0 ) Lwel L (? |

If equal point spacing is used (i.e. h, = h, = ...h,, = h), even more simplification can be made:

? N IO
1 4 Y5 Y3 —2Y, +Y,
1 ' : Yi—2Y;+Y,

1
4 1
' =6/(h*h)

o1 : :
1 4 Yo Yo =2Yn1t Yoo

1
0 2} L] O

The first and last equations (shown as ?) represent the boundary conditions of the free ends of the spline that
must be chosen. Often, so called ‘natural’ boundary conditions are used, where the 2™ derivative is set to zero.
Natural boundary conditions result in total minimum curvature. Other boundary conditions can be used. Some
examples are:

1. Natural boundary conditions y," = V" =0

2. Parabolic runout y." =y, Yoi" =V

3. Zero slope see problem #2 see problem #2
4. Specified 1% derivative see problem #2 see problem #2
5. Specified 2" derivative v, =5, VAEES

It is interesting to note that the equations for the spline segment coefficients can be represented in the following
matrix form (example for spline segment #1):

1 1
2, 7 eh 6h | [y, C -1 1] Ty
by _ . . % . Y| _ 1 3h, - Y2
(o 1 1 h, h, Yy 6h,|-6 6 —2h’ —h’ y,
o] |'nmn "3 el Ly oh, ... |y
1 .
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Example Problem #1 (function interpolation):

Let’s illustrate with a specific problem: fit two cubic splines to the functiony = x*forx =0to 1. Thus, x; =0, y;
=0,% =1, y,=1. We’ll pick x,= 0.5 (thus y, = 0.125) and use natural boundary conditions. Because the only
unknowns are the 2™ derivative at each point, we have a 3 x 3 matrix to solve. Also, since (X,-X,) = h; = (Xa-Xs)
= h, = 0.5, we can used the simplified version (Note: . means zero):

1.0 [y (0) 0 0 0

1 4 1| |yl = 6/(0.25)|y,—2y,+Y, |=24|1-2(0.125)+0|=24|0.75 | =| 18

1] |ys (0) 0 0o |o

The solution is [y,", y.", ¥s"]" = [0, 4.5, 0]". Note: in this case the solution is trivial, y," = 18/4. From this we
can calculate the coefficients of the cubic spline segments:

a = (y2"-y1")/6h, by = vy,"/2 C = (VoY )/hy —y2"hi/6 —y,"h,/3 d=vy,
a, = (ys"-y2")/6h, b, = y,"12 C = (Ya-Y2)/h, — y3"h,/6 — y,"h,/3 d, =y,
a,=15 bi=0 c, = -0.125 d,=0
a,=-1.5 b,= 2.25 c,= 1.0 d; =0.125
1.1 As can be seen in the plot, the cubic spline
1. interpolation doesn’t fit the function very
well. Wait a minute. How can two cubic
091 splines not fit a cubic polynomial very well?
03 - It should be a perfect fit, especially since it
07 only takes one cubic spline to represent the
cubic spline cubic polynomial functiony = x*. The
081 answer is that the 2" derivative of the spline
03 4 was forced to be zero at each free end. This
04 works fine at x = 0 for y = x* because the nd
03 | derivative of this function is indeed 0 at x =
' 0. However, itisn’t a good choice atx =1
02 1 _ 2 because the 2" derivative of y =x*atx = 1
01 - Y is 6x = 6. Ify," is set to 6 instead of 0, the
o fit is perfect. This illustrates the importance
of choosing appropriate boundary

01 T T T T conditions for the problem at hand.
-0 ] o1 02 03 04 05 06 O0F 08 049 1 11

Example Problem #2 (specify slope at end points):

As a final illustration, we will show how to enforce a slope at either end. Recall the equation of the 1%
derivative:

At X =X,:

y,' = 3a(X-X1)? + 2b,(X;-X,) + ¢, = 0+ 0 + ¢, = ¢, = (Yo-yo)/hy — y2"ho/6 — y,"hy/3
(2hy)y," + (hy)y2" = 6[(y.-y:)/h: - yi]
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At X = X3!

Y5 = 38,(Xs-X2)? + 2b,(X5-X;) + €, = 3ah,? + 2bh, + ¢,

ys' = 3h2(ys"-y2")/6h, + 2hyy," 12 + (ys-Y2)/h, — y3"ha/6 — y,"h,/3
ys' = 3hy(ys"-y2")/6 + hyy," + (Ys-Y2)/h, — y3"'hy/6 — y,"'hy/3
hoy3"12 - hyyo"12 + hyy," — y3'hy/6 — v, /3 = y5' - (Ys-Y,)/h,
3hyy3" - 3hyyo" + 6hyy," — y3"h, — 2y,"h, = 6(Ys' - (Ys-Y2)/hy)
y3"(3h; = h,) - y2"(6h, — 3h, — 2h;) = 6(ys" - (ys-y2)/h2)

(ho)y2" + (2ho)ys" = 6[ys' - (Ya-y2)/h:]

The resulting matrix equation is:

2h,  h, S v (Yo = y2) Iy ~(31)
hl 2(h1+h2) hz yg = 6 (Y3_y2)/h2 _(yz_yl)/hl
hz 2hz yg @_ (Y3 - Y2)/h2

Using the simplified version (since h, = h, = h = 0.5), and setting the 1st derivatives to zero at both ends (i.e.
horizontal slope), the result is:

2 1 y! Y, =¥, €0) 0.125-0 0.125 3
1 4 1| |y| = 6/(0.25)|y,—2y,+y, |=24|1-2(0.125)+ 0 |=24| 075 |=| 18
12| |yl (Vs —V,) 0—(1-0.125) ~0875| |-21

The solution is [y,", y.", ¥s"1" =[-3, 9, -15]", from
which we can calculate the spline segment coefficients
and plot the result.

Conclusion:

We have demonstrated a computationally efficient
method of formulating cubic splines to interpolate a
given set of points and have shown how to implement
various free end boundary conditions.

Discussion:

The formulation described here is by no means the

only one - there are other formulations of cubic

splines. One possibility is to set up the matrix
equations to directly calculate the spline segment coefficients, but it requires a matrix of dimension 4*(n-1),
which is much more computationally intensive than the method shown here. If it is desired to not choose the
free end boundary conditions, the splines on either end can be fit to the three points instead of two, or the
method illustrated here can be used with the boundary conditions determined by fitting splines to four points on
either end. These are just a few of the possible techniques for cubic spline interpolation. Lastly, it is worth
noting that by defining t = x-X,, the spline equations for example problems #1 and #2 can be expressed as:

Spline#1:  y=at®+byt? +cit+d; 0 <t<(Xo-X1) or 0<t<h
Spline#2:  y=a,t> + bot’ + cot + dy 0 <t < (X3-Xo) or 0<t<h,
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