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Abstract

We present a simple and accessible method which uses contour integration methods to de-
rive formulae for functional determinants. To make the presentation as clear as possible, the
general idea is first illustrated on the simplest case: a second order differential operator with
Dirichlet boundary conditions. The method is applicable to more general situations, and we
discuss the way in which the formalism has to be developed to cover these cases. In particular,
we also show that simple and elegant formulae exist for the physically important case of de-
terminants where zero modes exist, but have been excluded.
© 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

The need to calculate functional determinants, usually of second order differential
operators, arises in many different fields. For example, the leading order contribution
to path-integrals often involves the integration of the exponential of a quadratic
form, which can be carried out exactly, and yields a functional determinant [1,2].
The explicit formulae for one-dimensional functional determinants of this kind are
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not simply of interest because of their utility, but also because rather general results
may be obtained. For instance, the functional determinant of an operator L can of-
ten be given explicitly in terms of the solutions of the homogeneous equation Ly = 0.
The elegance and generality of the results that can be obtained has attracted math-
ematicians, especially in the last decade or so. However, many researchers who are
simply searching for an explicit form for a particular differential operator may find
these treatments rather abstract, and, in addition, some will be interested in the value
of these determinants with the zero modes extracted. These zero modes will usually
exist whenever a quadratic form in a path-integral is the result of performing a lin-
earisation about a solution with non-trivial spatial or temporal dependence. By
Goldstone’s theorem, this symmetry breaking will give rise to zero modes, which
must be excluded from the quadratic form if this is to be a consistent leading order
approximation [3]. Thus the functional determinant obtained by evaluating the path-
integral is as before, but with these modes absent.

This paper is designed to give a simple, and easily accessible, derivation of the
main formulae for functional determinants, and also to show how these results
may be modified to give analogous expressions for determinants with the zero mode
(or modes) extracted. We will avoid unnecessary mathematical abstraction, concen-
trate on the most straightforward results and give examples to illustrate the methods;
a forthcoming paper will discuss some of the technical points in more detail [4]. Spe-
cifically, we will use only contour integration methods and elementary facts concern-
ing the solutions of differential equations and concentrate on second order
differential operators. An earlier study of determinants with the zero modes ex-
tracted [5] obtained results by invoking a regularisation procedure in which the zero
modes became non-zero, extracting them, and then removing the regularisation. The
problem with this approach is that it is not clear that the result is independent of the
regularisation. Within the contour integration adopted here, the zero modes are not
included from the beginning, and there is no need to introduce any regularisation
procedure for them.

An early review of functional integrals and their evaluation [6] gives a prescription
for finding the functional determinant of a second order differential operator with no
first order derivative and with Dirichlet boundary conditions. The method consists
of discretising the functional integral, explicitly carrying out the resulting multidi-
mensional Gaussian integral, and showing that, on return to the continuum, the de-
terminant satisfies the homogeneous equation with given boundary conditions. This
method is also clearly presented in Schulman’s book on path-integrals [2]. During the
1970s quantum field theory in general, and functional integral techniques in partic-
ular, became very popular and many studies of non-trivial field configurations such
as solitons and instantons appeared. In some cases [7] the calculation of the determi-
nants involved in these studies were carried out by explicitly determining the eigen-
values of the Sturm-Liouville problem and calculating their product. This had the
advantage that the omission of the zero mode required in these cases could be carried
out explicitly. On the other hand, Coleman, in an appendix to his 1977 lectures on
instantons at Erice [8], gives the outline of a rather straightforward demonstration
of the result for Dirichlet boundary conditions mentioned above. The method, which
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depends on the result being known a priori, consists of shifting the eigenvalues by a
parameter z, and arguing that both sides of the result to be proved are analytic in z
and have the same zeros. Standard results from the theory of complex variables then
allows the result to be proved.

The first published studies devoted to obtaining formulae for functional determi-
nants of this kind were by Levit and Smilansky [9] and Dreyfus and Dym [10]. They
extended the known results to more general kinds of operators, for example those of
higher order, but continued to assume Dirichlet boundary conditions. While Dreyfus
and Dym used a method of proof similar to Coleman’s, Levit, and Smilansky proved
the result by showing that the logarithmic derivatives of both sides of the required re-
sult were equal. This was also the approach adopted by Forman [11], who extended the
known results to situations with more general boundary conditions. These results were
rederived by yet another method a few years later [12]. Burghelea et al. investigated
these and closely related questions using more abstract language [13,14] (see also
[15]); [16] contains an accessible discussion of some of their results. In particular un-
known prefactors are determined in these articles. Other authors [17-20] were con-
cerned with defining generalised forms of determinants (the “p-determinant™ or the
“A-determinant’) which act as regularised versions of the conventional determinant,
and may be useful in cases where the usual determinant does not exist. Recent work
has extended some of this rigorous work to regular singular potentials [21] and to more
general kinds of boundary conditions [22]. Also explicit formulae that relate quotients
of determinants with the corresponding Green function have been given [23].

In contrast to the many different techniques devised to prove these rather math-
ematically attractive results, the task of obtaining analogs for functional determi-
nants with the zero mode extracted has been neglected. Apart from the paper by
McKane and Tarlie already mentioned [5], the only published articles to address this
point have been by Kleinert and Chervyakov [24,25]. They base their approach on
the Wronski method for constructing Green functions, but they do not discuss cases
where there is more than one variable, and again introduce an explicit regularisation
as an intermediate step in the calculation. In this paper, we will use the contour in-
tegration methods developed in [26,27] to avoid introducing ad hoc regularisation
procedures for the zero modes. For a recent review of these methods see Kirsten
[28]. This will allow us to easily obtain the formulae for functional determinants
we seek in terms of solutions of the associated homogeneous equation and the
boundary data of the problem. The results generalise known answers where the ab-
sence of zero modes was assumed.

The outline of the paper is as follows. In Section 2 we describe the method in the
most straightforward case: obtaining the functional determinant of a second order
differential operator with Dirichlet boundary conditions. Having illustrated the
method, in Section 3 we discuss how the formalism has to be modified to give results
when any zero mode which exists has been omitted. In Sections 4 and 5 we extend the
treatment of Sections 2 and 3 respectively, to general boundary conditions. The ex-
tension to systems of differential equations will be briefly discussed in Section 6 but,
for simplicity, we will limit ourselves to an outline and give results which for the most
part apply to a specific example. We conclude in Section 7. Two appendices contain
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technical results pertaining to the development of some aspects of the formalism de-
scribed in Sections 5 and 6.

2. Dirichlet boundary conditions

We begin by considering the simplest class of differential operators:

FE

L=-13
on the interval I = [0, 1]. Since the determinant of any such operator will diverge, it is
usual to calculate ratios of determinants both of which involve operators having
similar structure, for instance, defined on the same interval and having the same
leading order term. The index j = 1,2 labels these two determinants. We will adopt
the convention that the j = 1 operator is the one for which we wish to calculate the
determinant and the other, j = 2 one, will be some standard reference operator, in
terms of which our result can be given. As long as the interval in the problem of
interest is finite, we can shift and scale x so that x € [0, 1]. The operators in this
section will have no first derivative term and no non-trivial function of x multiplying
the second derivative term. We will factor out any constant terms from the Z; so that
the coefficients of the second derivatives is —1. The functions R;(x) will be assumed
to be continuous and all the eigenvalues will be assumed to be positive.

In applications which involve the evaluation of functional integrals, ratios of de-
terminants frequently arise, as do Dirichlet boundary conditions. So it is natural that
the first results which were obtained should have been for this case. As we have
already mentioned in Section 1, the result involves the solutions of the associated ho-
mogeneous equation. In fact it is given in terms of the solution which satisfies given
initial conditions:

det L] - N (1 )
detL2 o yg(l) ’
where y;(x) is the unique solution of

Liyi(x) =0, y(0) =0, ¥(0)=1.

The main purpose of this section is to rederive this result by a direct contour inte-
gration method.
To do this let u;,(x) be the unique solution of

(L — K )ujp(x) = 0
satisfying
uik(0) =0, u},(0) =1, 3)

J

+R;(x) (1)

(2)

k being a complex parameter. The eigenvalues are then fixed by imposing

u;x(1) =0. 4)
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The second condition in (3) is simply a choice of normalisation for the eigen-
function u;,(x); we will indicate at the end of this section what happens if we make
a more general choice. In what follows we will assume that u;,(1) is analytic in k
for Mk > 0. The definition of this eigenvalue problem allows the {-function of L; to
be written as

1 » d
0,(0) =5 l/dkk 5 (D).

The contour v is counterclockwise and encloses all eigenvalues on the positive (by
assumption) real axis. As given, the representation is valid for Rs > 1/2. Clearly

C(s) = G (s) = 211 /dkk_k%l Z;igli 7

The next step is to deform the contour to the imaginary axis. In the case being
considered here there are no negative or zero modes, this means u;¢(1) # 0, and so
no contribution arises from the origin. The leading |k| — oo behaviour is indepen-
dent of R;(x) and is governed by [29]

w;(x) ~ sin(kx)(1 + O(k™)), (6)
j=1,2, so that for |k| — oo we have

d ul‘k(l) o )

@ n ure(1) O™).

With € > 0 a small real number introduced to indicate that the contour approaches
the imaginary axis from the right, this allows us to write

B 1 - s d u (1)
ng(s)fCLz(s)—z—ni/ dk(ik +¢) = 5 In ur (1)’

o0

()

which is valid for Rs > —1/2.

The next relevant observation is that u;(x) and u; _(x) satisfy the same differen-
tial equation, and since they are the unique solution one has u;(x) = u; _i(x). The
integral in (7) may be broken up into two contributions, £ > 0 and £ < 0. The two
contributions combine to give

sin(ms 5 d (1)
6= o) = [Tk S T
which is valid for —1/2 < Rs < 1/2. The upper restriction comes from the lower
integration bound k& = 0, whereas the lower restriction is from the upper integration
limit as discussed.
From here it is immediate that

ullk(l) _ M1A0(1)__ n(1)
CLl CLZ /dk u21k(1) lnuz,o(l)_ ln}’z(l)7

which reproduces Eq. (2) using the definition
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det (LiL;") = exp— (L}, (0) — £}, (0)). 8)

If we do not normalise ], (0) = 1 but instead ask that «;,(0) = c;, the above integral
will give a contribution at infinity:

0G0 =0~ )= o)
because now
U1 ioo(1) _a
(1)
This is consistent with the answer expected:
det (Lngl) _ on(l) - )’1(1)J’§(0) (9)

(1) 1 (0)a(1)

The strength of the method is that, as discussed later, it can be applied with very little
modification to more complicated operators and boundary conditions. However,
just as important, we can use it to determine the analogous result to (9) for the
situation where a zero mode is present and has been extracted.

3. Omitting the zero mode

To explain how the procedure discussed in the last section can be modified to deal
with a situation in which a zero mode is present, but has been omitted from the eval-
uation of the determinant, we stay with the simple operator (1) and Dirichlet bound-
ary conditions. However, as before, we will see that the method generalises to more
complicated situations. In addition to (3) we now also suppose that u; (1) = 0, that
is, L; has an eigenfunction with zero eigenvalue, and all the other eigenvalues are as-
sumed to be positive. The integrand in (5) will now have a pole at £ = 0 and therefore
the contour y can no longer be deformed along the imaginary axis. Our approach
will be to consider a modified form of the integrand which has no pole, and which
still gives us the determinant of L,, but now with the zero eigenvalue extracted.

We first need to determine the behaviour of (1) for small £ in order to elimi-
nate the pole. To do this, we note that integrating the left-hand side of

1 1
/ dxul,o(x)*Llul,k(x) :kz/ dxul,o(x)*ulik(x),
0 0
by parts gives

[uﬁ,o(x)*ul,k(x) - uﬁ,k(x)*ul,o(x)}; + /01 doxuy 4 (x) (Liwr o(x))" = k2<u1‘o|u1.,k>~

Here * denotes complex conjugation and we have introduced the Hilbert space
product { | ) on £*(I) by
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<wwlllmu@rmm.

Although we will be mostly concerned with real functions in this paper, the gener-
alisation to complex functions will be required in Section 6, and so it is useful to
allow for this possibility in the development of the formalism.

Using the boundary conditions this gives

k> (0w 1) >
e R = X 1
a1y - 1o

Since fi, is finite and non-zero as k — 0, we have the desired behaviour of u;(1).
The minus sign has been included in the definition of f;, for later convenience. It is
important to note that (10) is true for any k—no small £ assumption was made to
derive it.

We can now modify the discussion of Section 2 to cover the case when a zero
mode is present, by using the following two observations:

(i) The function f;, defined by (10), vanishes at all values of k for which ? is a po-
sitive eigenvalue, as u; (1) does. Only in the case of the zero eigenvalue do we
have the situation where f1 # 0, but u; o(1) = 0. Therefore if we use f; ; instead
of u; 4(1) in (5), and choose the contour so as to surround the positive eigenvalues,
the formalism developed in Section 2 can be used to obtain the required result.

(if) The notion that u; (1) may be straightforwardly substituted by f;, has to be
amended slightly, since these functions have different behaviours as & — oo. This
is because the method of proof we used in the last section relies on u; (1) and
ur (1) having the same behaviour in this limit. This difference in behaviour is
accounted for if we replace u;4(1) not by fi, but by (1 —k?)f,, since then
urix(1) ~ K*fi4 as k — oo, while (1 — k?)f,, remains non-zero at k = 0.

These remarks lead us to consider the contour integral

1 —2s d 2

ulvk(l) =

where the contour surrounds all of the eigenvalues on the positive & axis. This
integral equals

1 725‘1 _ 12
Z_le(s)Jr%/ydkk 3 (1= &), (12)

where it is understood that the zero mode has been omitted from the definition of the
{-function. The second term in (12) is equal to 1 if the contour surrounds k£ = 1, and
zero if it does not. Our final result does not depend on this choice so, for definiteness,
we choose the contour to surround this point.

The results (11) and (12) can now be combined with the conventional result for
the zeta function of L, (the eigenvalues of L, are assumed to be all positive). The con-
tour can safely be deformed to the imaginary axis and the contribution from infinity
in the right-half plane shown to vanish. Using fi i = f1 —i and proceeding as before
we find



K. Kirsten, A.J. McKane | Annals of Physics 308 (2003) 502-527 509

sin(ms) [ d 1+ ) fiie

CL[ (S) - CLZ (S) = 7('5 ) /O dkkizsa lni( uz.ik(i‘ghl

The conditions on s for this representation to be valid are the same as those given in

Section 2, and therefore we may differentiate with respect to s and set s = 0. If we

impose the condition «],(0) = 1, then the argument of the logarithm in (13) equals

Ulioo(1)/t2i(1) = 1 in the limit £ — oco. Therefore the contribution from the upper

limit of integration is zero. So only the contribution from the lower limit remains and
we obtain

~1. (13)

! ! _ fl.,O
CLI <0> - CLZ (O) =—In Hon(l) :
Using (8) and (10) this gives
det'Ly  fio Wily1)

detly (D) A 1
where we have denoted the determinant of L, with the zero mode extracted by det’ ;.

This result should be compared to (2), rather than (9), since we have imposed the
normalisation condition y/(0) = 1. If we had not imposed normalisation conditions,
an extra factor of ¢; /¢, would be present as in (9). We see that the modification re-
quired when a zero mode is extracted gives a final result which is still very simple, in-
volving only the derivative of the zero mode at an end-point (both end-points if the
function is not normalised) and its norm. It agrees with the result derived in [5], once
typographical errors in Egs. (2.7) and (2.14) of that paper have been corrected. How-
ever, when making the comparison it should be borne in mind that the operators used
in that paper are minus those used here, and so the extraction of a mode gives a result
which differs from ours by a sign. We can check that our result has the correct sign by
noting that the lowest eigenfunction should have no nodes, so y;(0) and y;(1) should
have opposite signs. In particular, if we impose the condition y;(0) = 1, then y; (1) < 0.
Therefore, (14) should be positive, which is correct, since all eigenvalues are positive.

In applications it may not even be necessary to calculate (y|y;). This is because, if
the zero mode has been extracted using the method of collective coordinates [3], a
Jacobian appears due to the transformation to new coordinates which, to lowest or-
der, is proportional to the norm of the zero mode, and cancels it out. A little care is
required with this cancellation, since the zero mode appearing in the Jacobian func-
tion will have a definite normalisation associated with it, which it inherited from the
classical solution (for instance, the zero mode will be the spatial derivative of the
classical solution if translational invariance has been broken). Therefore an overall
constant may have to be factored out of the zero mode to get y;, and similarly from
the Jacobian to get (y]y1), but these are purely algebraic procedures—no integration
will be required.

To illustrate the ideas presented so far in this paper, let us give an example. A rich
source of operators of the type (1) are Hamiltonian operators in one-dimensional
quantum mechanics. The functions R;(x) will be the potentials; we will take as our
example the linear potential [30] R;(x) = x — xp and normalise it with respect to
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the case R,(x) = 0. This potential has been chosen purely on grounds of simplicity; it
has not to our knowledge occurred in a calculation of fluctuations about a non-triv-
ial solution as described in the Introduction. As a consequence, if we wish the lowest
eigenvalue to be zero, the constant x, has to be appropriately tuned.

The general solution of the equation u] = (x — xo — k*)u; which satisfies u;,(0) =
0 is, up to normalisation,

up(x) = Ai(—2)Bi(x — z) — Bi(—2)Ai(x —2), z=xo+k, (15)

where Ai and Bi are Airy functions [31]. Implementation of the second boundary
condition, u; (1) = 0, fixes the condition for k* to be an eigenvalue. This condition
takes the form of a transcendental equation involving Airy functions, however a
good approximation to the allowed values of k> may be obtained by using the as-
ymptotic form for Airy functions, valid when the argument of the function is large
[31]. One finds 22 = (z—1)*>+3nn/2, n=1,2,..., which implies that z~
n’n> + 1/2. Although this result has been formally derived under the assumption
that z is large, it turns out to be an excellent approximation even for quite small 7:
correct to 0.01%. For the n = 1 case, which is the least accurate, the true result is
10.3685. .. and the above approximation gives 7*> + 0.5 = 10.3696. .. Note that for
large n the eigenvalue condition becomes z ~ n*n?, which is the result which would be
found in the case R,(x) = 0. Thus it is at least plausible that the ratio of the product
of eigenvalues converges. However, the whole point of the formalism we have been
developing is to bypass the determination of the eigenvalues, and simply work with
the solutions of the corresponding homogeneous equation.

The relevant solution of the homogeneous equation for this particular example is
1 () = limy_o u; 4 (x), where u; 4(x) is given by (15), but subject to the normalisation
condition u},(0) = 1, as in (3). Thus

(x) = Ai(—x¢)Bi(x — xp) — Bi(—x0)Ai(x — xo)
I = AT (—x0) BT (—x0) — Bi(—x0)Ai (—x0)
= m[Ai(—x)Bi(x — xo) — Bi(—x0)Ai(x — xp)], (16)

where we used the result for the Wronskian determinant [31]

W{Ai(z), Bi(z)} = %

Similarly,

»n(x) =x. (17)
Therefore using (5),

detL . . . .

detL; = nt[Ai(—x0)Bi(1 — xo) — Bi(—xo)Ai(1 — xo)]- (18)

If xo = 0, the result simplifies considerably [31]:

SZ:Z - Fz(;,l//? [Bi(1) — V3Ai(1)] = 1.085. 19)
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Now suppose that we artificially fix xy to be x; = 10.3685 .. —the smallest value of z
for which u;(x) given by (15) satisfies u;;(1) = 0. Then k> = 0 is an eigenvalue,
(1) = 0 and the expression in (18) is identically zero. To find the ratio of functional
determinants with the zero mode extracted from the determinant in the numerator,
we use (14) and (16) to find

det' L] <y1 |y1 >

=— = 0.050666. 20
det L, m(Ai(—x})Bi' (1 — x5) — Bi(—x})Ai' (1 — x})) (20)

Let us mention that (y,|y;) can be expressed as a combination of Airy functions and
their derivatives. However, no simplifications occur and we do not display the
resulting answer.

4. General boundary conditions

In the last two sections we have illustrated how an expression for the ratio of func-
tional determinants can be derived in the simple case of a single differential equation
of the type (1) and Dirichlet boundary conditions. In the remainder of the paper we
will extend this treatment to more general situations. Those parts of the proof in-
volving {-functions and contour integration will remain essentially unchanged; the
novel aspects arise from setting up the problem so that the method naturally gener-
alises. Since the main aim of this paper is to provide a transparent discussion avail-
able to a wide readership, we will limit our discussion to more general boundary
discussions, leaving the topic of more complicated second order operators to a future
paper [4]. We will, however, briefly discuss a system of two coupled operators of type
(1) in Section 6, in order to provide some indication of how the procedure generalises
in that direction.

The boundary conditions on the functions on which L; operates fall into two clas-
ses: separated and non-separated. Separated boundary conditions are defined as
those which do not mix conditions on u;(x) and u},(x) at the boundary x = 0 with
conditions at the boundary x = 1. Robin boundary conditions 4u;(0) + Bu/(0) =
0, Cu;x(1) + Du}yk(l) = 0, where 4, B, C,D are given real constants, are the generic
case. Non-separated conditions can involve u;;(x) and its derivative at different
boundaries in the same equation. Periodic boundary conditions u;;(0) = u;,(1),
u;;(0) = u), (1) are a common example. In previous sections, where Dirichlet bound-
ary conditions were imposed, initial conditions were specified at x = 0 which guaran-
teed a unique u;,(x) on which to impose boundary conditions. The imposition of
more complicated types of boundary conditions, and in particular those of the
non-separated type, does not permit us to proceed in the same way, and we need
to set up a more systematic approach.

The first modification consists of no longer working with the second order differ-
ential equation

du;
W’Qk = (R;(x) — k) us, (21)
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but going over to the first order formalism where we define v;4(x) =}, (x), and view
the column vector

_ [ wa(x)
wit) = (40 22)
as the basic element of the theory. Then (21) may be written as
d (up(x)\ 0 1 u; i (x)
m@ﬂ@“RﬁH 0 )\ vulx) ) (23)

The general form for the boundary conditions can then be expressed in terms of
u,,(x), using the notation of [11], as

M 7 + N J = , 24
(%mﬁ (wﬂ) 0 (24)
where M and N are 2 x 2 matrices. For example, in the case of Dirichlet boundary
conditions

w=(39) = (1 0)

Now let u, )( ) and u ( ) be two independent solutions of the differential equation
(23). We w111 not 1mpose the boundary condition (24) on these solutions, instead they
will be uniquely specified by the imposition of initial conditions. They may then be
thought of as basis functions from which a general solution can be constructed:

wp(x)\ _ (o )+ Bud @)\ _ (il () w0 (o
() @) ) ) : (26)
0j(x) Uji (%) + By (x) vl () o) )\ P
In the special case when & is an eigenvalue, the constants o and f§ can then be chosen

so that u;,(x) satisfies the boundary conditions (24).
Now

1 2
() = ”,k() /k() 27
“”)<m>§u> 7
is a fundamental solution to (23). Since det H;(x) # 0,
L\ _ e 1;(0)
<ﬁ> - I—Ij,k (0) < Uj,k(o) ) .
So, in summary,
win(x)\ _ (OVH ! u;+(0)
< Uj‘,k(x) ) - H/k( )ij (0) ( Uj,k(o) )

is the unique solution of (23) with initial value (u;,(0), v;,(0)) at x = 0. This allows us
to rewrite the boundary condition (24) as

(es o) () =o &
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Non-trivial solutions only exist if
det (M + NH, 4 ( 1)11;;(0)) —0, (29)

and this gives the condition for k> to be an eigenvalue.
Although we could in principle work with any set of {uj(lk) (x), ujz,()
larly suitable choice is

O] 2
mao = (50 B0 = (5 1) 2
Uik (0) Uik (0) 01

This has a number of simplifying features. For instance, detH,;(x) = 1 for all x,
o =u;;(0), p=v;,(0) and the eigenvalue condition becomes det(M + NH, (1)) = 0.
A simple example of a set of functions satisfying (30) are those for the equation with

R; = 0. They are given by ujlk) (x) = coskx and uj(z}{) (x) = k~!'sin kx.
The solution u;,(x), by contrast, depends on the nature of the boundary condi-

tions. For Robin boundary conditions, for example, 4o« + Bff = 0, and we may take
o= —B and ff =4, u;;(x) being only defined up to a constant as usual. Thus

wx(x) = —Bull) (x) + Au) (x). (31)

(x)}, a particu-

It is now straightforward to calculate det(M + NH,,(1)) using the matrices appro-
priate for Robin conditions:

w(i8) v-(28)

to find that
det(M +NH]‘/((1)) = Cl/ljﬁk(l) +Dl)j$k(1),

so that imposing the boundary conditions at the “final” point gives the eigenvalue
condition (29).

For non-separated boundary conditions, initial and final conditions are mixed to-
gether and the appropriate linear combination (26) is determined by imposing either
one of the boundary conditions. For example in the case of periodic boundary con-
ditions, u;;(0) = u;;(1) implies that o(1 — u;?,g(l)) = ﬁufk)(l), so that we may take

i) = ) (D) )+ (1= (D) (). (33)

The other boundary condition then gives the eigenvalue condition. Explicitly cal-
culating det(M + NH,,(1)) using (33) and M = —N = L, where I, is the 2 x 2 unit
matrix, one finds

det(M + NH; (1)) = v;,(0) — v;,(1).

It is now possible to see how the approach adopted to investigate the case of Di-
richlet boundary conditions fits into this more general structure. The solution u;(x)
which satisfies (23) is simply equal to uEZk) (x) introduced in this section, that is,
a=0,B=1. Using (25), det(M + NH; (1)) = uj(z,()(l), so that the eigenvalues are

fixed by imposing u;;(1) =0, just as in (4). For Neumann boundary conditions
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a=1, f=0; for other cases both of the fundamental solutions uj(',() (x) and uﬁ) (x)
will be required to construct a solution u;,(x) which has the correct properties.
The discussion presented in this section so far indicates how our earlier proof can
be extended to more general types of boundary conditions. Assuming suitable ana-
lyticity properties in k, the eigenvalue condition (4) is now replaced by the more gen-

eral condition (29), and so the analogue of (5) becomes

R o d . det(M + NH, (1))
G, (s) = L (s) = i / dkk dk In det(M + NHy (1))

. (34)

We next perform the same steps as in Section 2. The leading |k| — oo behaviour of

uﬁzk) (x) is governed by Eq. (6), whereas for uﬁl,() (x) we have [29]

ull) (x) ~ cos(kx)(1 + O(k™)).

j.k
This shows
d | det(M + NHiy(1))
dk  det(M + NH (1))

= Ok

and all goes through as before. Thus, with the definition
) (2)
Yo )y ) .
Yix)=|( "/ / =1limH,;(x
]( ) (y;l)/(x) y}(_z)/(x) =0 ch( )
the formalism immediately provides the answer for the quotient of determinants

detZ; det(M + NYi(1))
detL, det(M + NY5(1))

(35)

From a practical point of view, in order to calculate (35) only the matrices M and N,
which specify the boundary conditions, and the two independent solutions
{yj(-w(x)7 yj@ (x)} of the homogeneous equation L;y; =0 are needed. These funda-
mental solutions also satisfy the initial conditions (30) inherited from the solutions

{ul) (x), ul) (x) }:

(1) 2)
v (0)  y7(0 1 0
no= (i hio )= (6 1) (36)
¥ 7(0) 37(0)
For instance, in the example introduced in Section 3 where R;(x) = x, the funda-
mental solutions are

3-13n
(1) _
) r/3) .. .
W) = 3176 Bil¥) — V3Ai(x)).

For Dirichlet boundary conditions y; (x? is simply yf) (x) (compare with (19)), and for
Neumann boundary conditions it is y; ' (x).

Let us end this section by giving an alternative, slightly simpler, form for (35)
which will be useful in the next section. We have seen in the case of Robin and

[Bi(x) + V3Ai(x)],
(37)
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periodic boundary conditions, that if we implement one of the boundary conditions,
then det(M + NH;,(1)) is proportional (equal, with the correct choice of normalisa-
tion) to the other condition. This will be true in general. To explicitly show this, let us
write the condition (24) out in full:

(m“uj_rk(O) + mi20;4(0) + niyup (1) + nlzv./nk(l)> - (0> (38)

mo1U (0) + mpv;y (O) + nz]ujvk(l) + I’lzzlij‘k(l) 0

We ask that u;,(x) satisfy only one boundary condition. This could be either one, but
one choice gives

mllu_,-,k(O) + mlzl]j‘k<0) + n11M./7k<1) + I’llzvj;k(l) =0. (39)
We now want to construct a u;,(x) which explicitly satisfies the condition (39). To do

so we expand u;(x) as in (26) and implement (39). This gives (with an appropriate
choice of normalisation)

wia) = = [z (1) + mae (1)) (6
+ [m“ + nnu/(.},f(l) + nlzv](.},()(l)} uﬁz,f(x) (40)

Using the expression (40) to calculate an explicit expression for the second row of the
left-hand side of (38) gives

det M + det N + uslk)(l)(l’l“n’lzz — n21m12) + uﬁ?,ﬁ(l)(mllnzl — m21n11) + U](]k)(l)

X (niamy — nypmua) + Uj(-i{)(l)(mnnzz — myn),

which is simply det(M + NH; (1)) expanded out and simplified using det H; (1) = 1.
Therefore we have shown that

det(M + N[‘]]k(l)) = M21Mj7k(0) + mZzl)j.k(O) + }’lzluj‘k(l) + }’lzzl)j,k(l). (41)

The fact that the constant of proportionality between the two sides of this equation is
1 is a consequence of the judicious choice of normalisation of (40). If we had chosen
to implement the second row of (38) instead of (39), we would simply have obtained
a different u;,(x), which, when substituted into the first row of (38), would have
again given det(M + NH;.(1)).

As a result of (41) we find for the quotient of functional determinants

det L, _ My (0) 4+ moy; (0) + nayyi (1) + naoyi (1)
detZy  myys(0) 4 mpys(0) + nyya(1) 4 npys (1)’

(42)

which is the alternative form to (35) mentioned above. It is now possible to imme-

diately write down the required formulae for any boundary condition. For instance,

in the case of Robin boundary conditions defined by (32),
detL, Cw(1) +Dyy(1)’

and for periodic boundary conditions defined by M = —N =1,

(43)
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detLi _y(0) ~ yi(1)
detLy  14(0) — y5(1)

. (44)

5. Omitting the zero mode: general case

In this section we will derive the result for the ratio of functional determinants
when a zero mode has been extracted, in the case when general boundary conditions
of the type (24) have been imposed on operators of the type (1). As before, we will
assume that the operator L; with the boundary conditions imposed defines a self-ad-
joint operator. This requires that the elements of the matrices M and N satisfy certain
conditions, as described in Appendix A. The main result which we will require will be
the nature of the generalisation of (10), where u; (1) will presumably be replaced by
det(M + NH;(1)). As in Section 3, the starting point of the analysis is

[01.0(x) w14 (x) — 014 ()1 0(x) Ty = K> (ur o 1) (45)

We implement both boundary conditions on the & = 0 solution, but only one of the
boundary conditions on the solution for general £, since we wish to keep k arbitrary,
and not restrict it so that k% is an eigenvalue.

To gain some insight, we first look at particular boundary conditions before we
outline the procedure for general boundary conditions. For Robin boundary condi-
tions we have Au;o(0)+ Bvip(0) =0, Cuio(l) +Duvig(l) =0 and Auy,(0)+
Bv14(0) = 0. The left-hand side of (45) then gives zero for the contribution at
x = 0 (both functions satisfy the boundary conditions there) and at x = 1 gives

—%ulyo(l)*ul‘k(l) — Ul,k(l)ul,o(l)* = — (%) [Cul,k(l) +D01k(1)]
Therefore
Culfk(l) —+ DUlvk(l) = — (%(1)*>18<u1,0|u1‘k>- (46)

For periodic boundary conditions we have u;(0) = u10(1), v10(0) = v10(1), and
u14(0) = u4(1). The left-hand side of (45) then gives

—01(1)u10(0)" + 01 £(0)u1 0(0)",

which leads to

ULk(O) - Ul,k(l) = k2<u170|u1,k>' (47)

o
14170(0)*

For all special examples considered, the result takes the form (see Egs. (10),
(46), (47))

det(M+NH1k(l)) = Bk2<u1A0|u1,k>, (48)

where B depends on the zero mode data at the boundary and on the boundary
condition imposed.
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In fact, the procedure described above can be extended to the case of general
boundary conditions and the analogous results will always have the form (48). To
see this recall from the last section that implementing one boundary condition only
leads, in the case of general boundary conditions, to (see (39) and (41))

mllul,k(o) + leUl,k(O) + nlluLk(l) + n12U1.k(1) =0,
I’)’lglul’k(O) -+ I11221)17k(0) -+ nzlul‘k(l) + nzzvl’k(l) = det(M +NH17/{(1))

When k = 0, u; 4(x) is the zero mode and so (49) holds, but with det(M + NH, (1))
replaced by 0.

We wish to obtain expressions for u;(x), u1o(x), and their derivatives, at the
boundaries in order to substitute them into the left-hand side of (45), and ultimately
obtain an expression for det(M + NH,4(1)). To do this we have to proceed by cases,
which depend on the particular boundary conditions prescribed. Suppose that, for
instance, the boundary conditions are such that mn, — njymy # 0. Then in this
case we rewrite (49) as

(e me) (oest) = Caercor + vy
() () )

The condition on the elements of M and N that we have imposed implies that the
matrix on the extreme left of (50) is invertible and so we may solve for v;4(0) and
v14(1). These intermediate results are of no intrinsic interest and are given in the
Appendix A. Obviously the equations for v, 4(0) and v; ¢(1) are identical to those for
general k, except that det(M + NH, (1)) is replaced by det(M + NH (1)) = 0. We
may now eliminate v;4(0), v14(1), v10(0), and v;¢(1) from (45) using these equa-
tions. The basic steps are outlined in Appendix A. We obtain

(49)

nyomyy — My2np

M + NH, (1)) =
det(M + NH, (1)) myauy o(1)" + npauy o(0)"

(uiolur i), miamp —miny # 0.

(51)
Expressing {v4(0),v14(1)} in terms of {u;+(0),u; (1)} is just one possibility; there
are five more ways to express two boundary data by the complementary ones.
Proceeding as described gives the list of results presented in Appendix A. It is seen
that the precise form that 5 takes depends on which combination of elements of M
and N are non-zero. The formulae in Appendix A, together with (51), cover all
possible cases. If more than one of the results is appropriate, then they are, of course,
equivalent.

Having established that (48) holds in general, we may simply replace (10) by

det(M + NH, (1)) = =k fix,  fix = —Blurolurs), (52)
and repeat the steps in Section 3. One finds
Sio

6,(0) = 8, (0) = = In o )
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which using (8) gives
det'Ll - B(yl |y1>

= — 53
deth det(M-i—NYz(l))’ ( )
where 5 takes on the following values:
Ny — Mphp) .
- - if nyamy — myon 0,
m1zy1(1) —|—n12y1(0) 12M22 12h #
myny — mpny .
f — 0
mny{(l)* +n11y{(0)* if myiny — myiny # 0,
m1,1m25 — Tl 5 1 mymyy — mppmy # 0,
m121(0)" + my1y1(0) (54)

mianp — Myhyy

m12yi(1)* — (0)*
1211 — N2sNp
noy ()" + oy (1)
mynyy — My Ny

nyi(0)" — myyi (1)
As an example, for periodic boundary conditions when M = I, the third of the
above results is applicable, and therefore B = 1/y,(0)*. Equivalently the fifth result
may be used, since N = —1,, to give B = 1/y(1)". Furthermore det(M + NY»(1)) =
15(0) — »5(1) (see (44)), so that

det'Ll _ <y1|y1> (55)

detZy  31(0)"5(0) —y5(1)]
Let us end this section by showing that (55) is in agreement with the result obtained
by a different method [5]. In order to show that the two results are identical, we need
to establish a correspondence between the solutions utilised in the two approaches.
In this paper we have taken uﬁlk) (x) and uﬁz,g (x)—which in the £ — 0 limit become
y(x) and y® (x)—as the two independent solutions (to facilitate comparisons with
the formulae given in [5], we will drop the j subscript for the rest of this section). In
[5] the two independent solutions were denoted by y;(x) and y,(x), but we will denote
them here by y(x) and y""(x). The solution y(x) is simply what we have called
y(x) in this paper, that is, the solution which is the zero mode if one exists, and which
satisfies only one of the boundary conditions, if a zero mode does not exist. Thus
from (26), when k — 0,

B GO € I W 5 e CO IR S COR Y I (56)
W)y )\ W) yP'x) J\B 6)

where Y1 (x) = yyV(x) 4 5y? (x) is any solution which is independent of y (x). Since

det Y(x) = 1 in our formalism, the Wronskian of the two solutions y\" (x) and y™(x) is

VM () =y )V (x) = 26 — By (57)

All of this holds whatever the nature of the boundary conditions—they will corre-
spond to particular choices for « and f. Specifically, for periodic boundary

if miany — mony # 0,

if nipny — npny # 0,

if myny —myngy # 0.
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conditions, (33) shows that « = y?(1) and =1 —y!)(1), so that the Wronskian,
W, is given by W = 5y (1) — y(1 — y(1)). It is straightforward to show that y(1)
—yI(0) is also equal to this quantity. So, for periodic boundary conditions, and
yD(x) given by the k — 0 version of (33), W = y(1) — y(0). This verifies that Eq.
(5.2) of [5] reduces to (55) above, up to a minus sign which originates from an overall
sign difference in the definition of the operators L;.

6. Systems of differential operators

As we have stressed several times already, our main aim in this paper is to present
results and proofs in such a way as to be as free of technical details as possible. So,
while the results for a second order differential operator of the type (1) presented in
the earlier sections of the paper generalise to systems of differential operators, we will
only give a brief outline of the formalism here, leaving the details to a forthcoming
publication [4]. In particular, we will, for definiteness, discuss most of the results in
the context of a specific example, encountered in the study of transition rates be-
tween metastable states in superconducting rings [32,33]. The differential operator
in this problem is defined on the interval [—/2, /2] and has the form

d? 2 2\ 20 2
et =2p) (I—pi)er o d7
Ll( (I-@e?  —Hr(-20)) hgat k). 58)

In the actual problem this example is taken from, u is a wavevector, which is small
(so that > < 1), and [ is the circumference of the ring divided by the temperature-
dependent correlation length. The solutions of (L; — k*)u;x(x) = 0 will be denoted
explicitly by

w(x) = (”«fv“(x) ) (59)

U g2 (X)

The sole purpose of the operator L, is to render the ratio det L,/ det L, finite, and it is
chosen on grounds of simplicity and convenience.

In the completely general case u;,(x) will have » components u;;,(x); a =1,...,r,
and L; will take the form of an » x » matrix containing second order derivatives
along the diagonal. It is again convenient to go over to the equivalent problem con-
taining only first order derivatives, which will have the form (23), but with the col-
umn vectors having entries u;;,(x) and v;;,(x); a=1,...,r, and with the square
matrix having the structure
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where I, is the 7 x r unit matrix and Q;(x) contains the non-derivative terms in L;, as
in our specific example (58). The boundary conditions can again be expressed as (24),
but now with M and N being 2r x 2r matrices. The advantage of defining the
structure in this way is that much of the formalism described in Section 4 goes
through unchanged. For instance, the fundamental solution consists of 27 inde-
pendent solutions of L; and their derivatives:

1 2r
uﬁ,()] (x) ... ... uﬁ‘k7)1 (x)
(n) (2r)
Jikeor Jkr
Uik (x) ... ... Uik (x)

and the eigenvalue condition is again (29). We again choose the solutions so that
H;x(—1/2) = L, just as we did in the one-component case (30). When no zero modes
are present, the representation (34) then leads to the final result (35) as before. To
calculate the right-hand side of (35) we only need solutions of the homogeneous
equations L;y; = 0 and the matrices M and N.

In the particular example we are considering here, we will impose “twisted bound-
ary conditions™ [32,33] M = —diag{e!" e " e'W e~} and N = I,. It is easy to check
that

e

ne=( ) (62)

is an eigenfunction of the problem with zero eigenvalue and so det(M+
NH, 0(1/2)) = 0.

Since a zero mode is present we have to proceed in the general way indicated in
Section 5, but suitably generalised to this particular two-component case. The analog
of (45) is

12

2

D [th0ax)nc00) = 01aa 0 5)] = ol (63)
a=1 -

Now we assume that u; o(x) satisfies all of the boundary conditions, so it is a zero

mode, but u, ;(x) satisfies only 3 of the 4—for instance, those used in Appendix B, see

(B.1). This means that k is not restricted to values for which k* is an eigenvalue.

Substituting in these conditions, (63) becomes

—[v1k2(1/2) = e vra( = 1/2)]u5} 1 (1/2) = K (wy oluy i) (64)

Only the component of u,; ;(x) that does not satisfy the boundary condition survives
on the left-hand side of the equation. If u; 4(x) is appropriately normalised, the term
in square brackets on the left-hand side of (64) is det(M + NH,4(//2)), and we find

k2

det(M + Nt (1/2)) = =y

(wiolurg) = =k fix, (65)
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where f1, = —B(ujglu,) and B = —{yi2(1/2)}_1. The only remaining task is the
calculation of the appropriately normalised function y,(x). The method used to
obtain it is outlined in Appendix B. Using this procedure we find

41(1 — %) sinh® (&)ew/2 [ qinx
YI(x) = 2 (2 ) ( —iux>7 (66)
v e
which should be contrasted with the unnormalised result (62). Therefore
8/2(1 — yi?) sinh® (&
fio = MM _ ( 1) (2)’ (67)

Via(1/2) v

which agrees with the result calculated in [33] using a different method. This result
gives det’ L, provided that we divide by det L,. The most convenient choice for L, is
to take it to be of the form L, = —I,(d?/dx?). The calculation of detL, then de-
couples into the calculation of the determinant of two identical operators of the kind
studied in the earlier sections of this paper.

7. Conclusion

The two main objectives of this paper have been firstly to present a simple, yet
rigorous, way of determining the now well-established formulae for ratios of func-
tional determinants, and secondly to extend the results to the situation where a zero
mode exists, but is omitted, in one of the determinants. We have stressed clarity, pre-
ferring to study the simplest types of operators, and leaving the most general case to
a later publication [4].

The main idea behind the method of proof which we have adopted involved
defining two solutions of the eigenvalue equation Lju;(x) = k*u;4(x), denoted by
uj“k) (x) and ufk) (x). Here L, is the second order differential operator of interest,
and L, is a similar, typically simpler, operator used for normalisation. Although
uﬁlk) (x) and uiz,() (x) satisfy the eigenvalue equation, they are not, in general, eigen-
functions since they do not satisfy the boundary conditions (simple boundary
conditions such as Dirichlet and Neumann are exceptions). Instead we impose
“initial” conditions on these two solutions—conditions on the functions and
their first derivatives at x = 0—so that they are uniquely defined. The particular
choice we made in this paper was (30), but obviously other choices are
permissible.

Once two unique and independent solutions of the eigenvalue equation have
been defined, any other solution may be expressed as a linear combination of these
by specifying the two constants o and f, as in (26). In particular, if we wish to
determine eigenfunctions we would first apply one of the boundary conditions
to find the ratio of o to f. Since the overall normalisation of eigenfunctions is ir-
relevant, this application of only one of the boundary conditions determines the
functional form of the eigenfunction u;;(x). The imposition of the second
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boundary condition has the effect of restricting values of &% to those which are ei-
genvalues—which are real, since the operators considered here are all taken to be
self-adjoint.

The proof of the results begins from the observation that the quantity
det(M + NH; (1)) is zero only when & is an eigenvalue. It follows that its logarith-
mic derivative has poles with unit residue at values of k such that k2 is an eigenvalue.
Therefore a {-function can be defined through a contour integration, where the con-
tour is chosen to surround these values of k. Since these poles are restricted to the
non-negative real axis, the contour may be deformed to lie on the imaginary k& axis,
and then evaluated to give the required result (35). The only other information which
is required during this process relates to the nature of the solutions of the differential
equation for large |k| [29].

An alternative result, which is slightly more explicit than (35), can be obtained by
using the solution y;(x) = limy_ou;4(x) rather than y/(.l)(x) = limy_ uﬁlk) (x) and

2) — 1 @) ' o

¥, (x) = limy_o ;7 (x), to express the result. Here one has to be careful with ques-
tions of normalisation. The solution u;,(x) satisfies only one of the boundary condi-
tions, but is unnormalised. However if its normalisation is chosen appropriately,
then det(M + NH; (1)) can be made to exactly equal the second boundary condition
(that is, with a constant of proportionality equal to 1). The effect of this, after the
k — 0 limit has been taken, is to allow det(M + NH;((1)) in (35) to be replaced by
the second boundary condition, where the function appearing in this boundary con-
dition is simply y;(x), appropriately normalised. In the case of the generalised bound-
ary conditions considered in Section 4, the appropriately normalised u;(x) satisfying
the first part of the boundary conditions is given by (40), the expression of
det(M + NH;,(1)) in terms of the second boundary condition is given by (41), and
the final result, in which the ratios of functional determinants are expressed in terms
of y;(x), is (42).

One of the advantages of the above method of proof is that it can be relatively
simply adapted to the case when £ = 0 is an eigenvalue of L; which is excluded from
the determinant. This is achieved by noting that in these cases
det(M + NH, 4(1)) = —k*fix, where fio # 0. Since f, will, like det(M + NH; (1)),
vanish at all the non-zero eigenvalues, the proof we have described can be repeated
but with det(M + NH; (1)) replaced by fi,—or rather, by (1 — k*)fi,, so that the
large |k| behaviour remains unchanged. The result will be a formula for the ratio
of functional determinants, but with the zero mode omitted in the determinant in
the numerator. It is given by (53), and although it depends on a constant /5 whose
form depends on the nature of the boundary conditions, it is nonetheless simple,
in the sense that it only depends on (i) the zero mode y;(x), and (ii) the matrices
M and N which define the boundary conditions. Furthermore, we expect that in
many applications the norm (y;|y;) will cancel with a similar factor resulting from
the transformation to a set of coordinates which allows easy extraction of the zero
mode. So, once again, only the values of solutions of the homogeneous equation
at the boundary are required.

In the examples given in this paper, we have been able to obtain the solutions of
the homogeneous equations analytically, and so determine their values, and/or those
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of their derivatives, at the boundaries. In most cases of interest this will not be pos-
sible, but this does not create any real difficulty: it is straightforward enough to de-
termine the solutions y_f-l)(x) and y_/(-z) (x) numerically and so calculate the required
result from either (35) or (42). Since functional determinants of this sort are often
perceived as being the most difficult quantities to evaluate in calculations of fluctu-
ations about classical field configurations, we hope that the results presented in this
paper will prove useful in this context.
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Appendix A. Determinants in the presence of zero modes for general boundary
conditions

In this section we give details of some of the algebraic manipulations used in Sec-
tion 5 and collect together the results for the different cases.

Let us first consider the case discussed in the main part of the text, that is, bound-
ary conditions which are such that mn,, — mayni, # 0. This condition allows us to
rewrite (50) as

() = () (e vcry)

_ (mlz n12)1<m11 nll)(”l,k(0)>
mpy Ny myp Ny ul‘k(l) '

Multiplying this out yields
1

014(0) = m{ —nppdet(M + NH, (1)) — [myinan — niama Juy 4 (0)
- [nllnzz - nlznzl]ul,k(l)}
and
1
l)l_k(l) = {mlz det(M + NH]k(l)) — [m12m21 — m“mgz}ul,k(())

[m12n22 - n12m22}
- [mlznzl - nllmzz]ul,k(l)}-

Two similar equations hold for v,(0) and v0(1), but with det(M + NH, (1))
replaced by 0. Using these four equations we find
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(1.0 (x) 114 (x) — w1 (s o (x) Ty
_ [mlzt[t};o(i) jslzil,o](o) L det(a + N4 (1)

+ ul,k(l)ulyo(O)*{ _ detN L (det M) - }

MmNy — N12My)y (m12n22 — R12myy
) detM detN)"
+ur(0)uro(1)"q — + ( ) 5
mianyy — Ny (m12n22 - nlzmzz)

4 ulﬁk(l)ul,o(l)*{ mishn — Ny _ (mlznzl - n11m22)i }
mishny — Ny (mlznzz - nlzmzz)

My — iy ) (myhy — nppm
+u1ﬁk(0)u1‘0(0)*{( 11122 12 21)* _( 11122 12 21) }
(m12n22 - n12m22) (m12n22 - nlzmzz)

If k is an eigenvalue, the first term in the above expression vanishes. Therefore, in
the case that £ is an eigenvalue, in order to have a self-adjoint problem the sum of the
last four terms must vanish. But this can only happen for general u;, if each of the
four terms in curly brackets is separately zero. This gives conditions on the entries of
the matrices M and N for the problem to be self-adjoint. We will leave the discussion
of these to a subsequent paper [4], although let us note that in the case where M and
N are real, these reduce to det M = detN.
Therefore, for general k, we have using (45),

mauy o(1)" + npaup o(0)°]

k2 = [
(w1 0lur ) [n12my — mipna|

det(M +NH1/C(1)),

which yields (51).

If, for the particular boundary conditions under consideration, myynyy — niamy =
0, then (49) should be expressed not as (50), but in an alternative way that allows the
above derivation to be repeated. For example, if mny — nyymy; #£ 0,

() () = (aerar vy )~ () (4,

and we can solve for u;,(0) and u; 4(1). Proceeding in this way we obtain the fol-

lowing results:
miihp1 — myngy 2
det(M + NH, (1)) = = — k™ (uy oluy i),
( 14(1)) mnroro(L) F m1o1o(0) (u0lur x)

mynyy — mMyny 7’5 0,

myymyy — MMy B
det(M + NH, (1)) = = sk ,
etM -+ NH14(1)) mip010(0)" + myju;(0) {wrolu)

myymyy — mjpmy 7’é 0,

miphy — MmNy B
det(M + NH, 4(1)) = : _k ,
(M + NH, (1)) PSS G — ) (101 1)

miahp — Myphyg 3"é 0,
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_ nyanp) — Nk
nipv1o(1)" + nyqug (1)

nyonp — Npphyy 79 07

det(M + NH, (1)) - K (uo|un i),

miihy — mpingn
’11201‘0(0)* - mllul‘()(l)

mihyy — myihng; 7’5 0.

det(M + NH, (1)) = =K (uyolu i),

Together with (51) these equations cover all possible cases.

Appendix B. Explicit calculations for the two-component problem

In this appendix we will give details of the calculation required to calculate the
functional determinant of the problem defined by (58) on the interval [—1/2,1/2]
with boundary conditions given by the matrices M = —diag{e'" e= " el e~}
and N = I,.

The evaluation of the functional determinant det’ L, is based on the evaluation of
suitably normalised solutions. In particular we need to find w(x) = (uy 4 (x),
U1 ;2(x), vig1(x),v142(x)) such that all but one boundary condition are satisfied.
We choose a normalisation such that

ure1(—1/2) 0
(M + NH, (1/2)) ;’i]’ﬁ: %; - g . (B.1)
Ulk:2(_l/2> det(M +NH1k(l/2))

This should be compared with the analogous choices (39) and (41) in Section 4. For
the twisted boundary condition under consideration, this implies

det(M +NH1k(1/2)) = Ul,kyz(l/Z) — e*i"lvlﬁk,z(—l/2), (BZ)

which is used in the main text to derive (64). In order to derive a solution satisfying
the condition (B.1) we first note that when £ is not an eigenvalue (so that, in par-
ticular, £ # 0), we can invert this equation to find

w1 (—1/2) 0
Z’i’k‘fggg = (M + NH,4(1/2)) " X (B3)
via(—1/2) det(M + NH, +(1/2))

Given the fundamental matrix H,,(1/2), (B.3) can be used to find the initial con-
ditions that have to be imposed on u; 4 (x) for (B.2) to hold. However, what actually
enters into the final answer is f}, the £ — 0 value of f; defined by (65). Therefore
we only need to evaluate (B.3) in the limit k — 0. Although (M + NH, ¢(1/2))"" does
not exist (because £ = 0 is an eigenvalue) the right-hand side does exist in the limit,
because the determinant cancels between the inverse and the entry in the column
vector leaving only the cofactors of the matrix which are perfectly well defined in the
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k — 0 limit. To calculate these cofactors we only need the entries of the fundamental
matrix H,,(1/2) at k = 0. Thus we only need to construct the normalised funda-
mental matrix for £ = 0. Defining, as in Section 4, Y;(x) = limy_.o H;(x), this means
we have to construct

1 2 3 4
W) e e k)
1 2 3 4
v = | Y@ yEE) phe) ph)
1(x) = (1yr 2y () (4)1 )
Vi (x) i (x) Y1 (x) Vi (x)
2 3 4
W) WY@ e Y k)

where the four fundamental solutions are chosen to satisfy Y;(—//2) =1;. The
explicit form of these solutions is
(), en? [% +ip(l — i)z +% coshvz — % (3 — 74%) sinh vz} el

v (1 —2)[ =1 —ipz + coshvz + % sinh vz]e ’

v

v

I:% - llu(l - :uz)z"i—% COSh VZ+1‘—IVI(3 — 7#2) Sinh VZ:| efi/tx

i) ( (1 —1?) [ — 1 +1iuz + coshvz — i sinh vz] elr )

@, "7 ([2ip+ (1 — p?)z — 2ipcoshvz + 1 (1 — 542) sinh vz]e
(1 —p?)[—z+1sinhvz]e ™ ’

%) (1 — )| —z+1sinhvz]e
T2 \[=2ip+ (1 — p?)z+ 2ipcoshvz +1(1 — 54%) sinhvz|e ¥ )

where v = 2(1 — 34?) and z =x + 1/2.
Due to the condition ¥,(—1/2) = I, it is easy to see that the solution with initial
conditions (B.3) reads

¥i(x) = uoa (=1/2)y1" () +ur02(=1/2)yy” (%) + 0101 (=1/2)y” (x)
+v102(=1/2)y1" ().

Therefore by finding the relevant initial conditions from (B.3) in the £ — 0 limit, we
can determine the correct normalisation for y,(x). The result is given by (66).
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