Math 308 Solutions of Homework # 8 Texas A & M University

1 (a) Substituting y = Yol 5 cpx™ into the differential equation we have

(s o] s ] (s o]
yn + :rzyr + Ty = Z n(n _ l)cnmn—2+ E _nonxn+1 + E Cn$n+1
n=2 n=1 n=>0

k=n—-2 k=n+1 k=n+1

00
Z k—l—? k—l— )C_:;+2I —|—Z —lck 1T +ch 1:1?

k=2 k=1
(s o)
= 2cg + (6c3 + o)z Z [(k +2)(k + 1)cry2 + kex_1)z* = 0.
Thus
o =10
beg +cp =0
[:k + 2)“&, + l)C;H_g +kep_1 =0
and
co=10
1
3 = _EQJ
c = k c k=234
Choosing cp = 1 and ¢; = 0 we find
B 1
=g
ca=0c5=0
_ 1
AT
and so on. For ¢g = 0 and ¢; = 1 we obtain
C3 =0
1
Cq = —E
s =c6=0
5
T~ 252
and so on. Thus, two solutions are
1 1 4 1y 5 -
-1_- — 6 d — P
w=1-Go'+ o e T
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1 (b) Substituting y = Y02, cpx™ into the differential equation we have

oo

(.’{.‘2 + 1) y' —6y=>_ n(n—1)cpz" + i n(n —1)cpz" 2 — 6 i cnz"
;)

Thus

and

n=2 n=2 mn
" . S—  —"
k=n k=n—2 k=n
o0 4] 4]
=3 k(k — Degz® + 3" (k+2)(k + L)epgoz® -6 cpz®
k=2 k=0 k=0

o0
= 20y — 6cg + (6c3 — 6ey)a + 3 [(K2 =k — 6) e + (k+ 2)(k + 1)exy2| 2% = 0.

k=2
2cog —beg =10
683 — 681 =0

(k—=3)(k+2)cp + (k+2)(k +1)cpy2 =0

Choosing cg = 1 and ¢; = 0 we find

Thus, two solutions are

co = 3¢g
C3 = (1
E—3
= — , k=2,3,4,....
Ck+2 k+10k.
oo =23
cg=c5=cy=---=10
C4=1
1
“=7F
and so on. For c¢g = 0 and ¢; = 1 we obtain
cp=cy=cg=---=0
(:3=1
cr=cr=cg=---=10
2,.4 Llg 3
n=1+32"+2" — -z’ +--- and Yo = T+ 2°.

5
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Math 308 Solutions of Homework # 8 Texas A & M University

2 (a) Regular singular points: z =0, —3
(b) Regular singular points: = = 0, 42i
(c) Regular singular points: z = —3, 2
3 (a) Substituting y = 352 cpz"*" into the differential equation and collecting terms, we obtain

2 2 o 2 .
2y — (:c — E)y = (-r2 —r4+ 5) cpxr’ + E {(k +r)ifk+r—1)c + gCk — Ck-1 htH
k=1

which implies
2 2 1
re—r+ 9 (r 3) (r 3) 0

2
(k+r)(k+r_1)+§}ck_ck_1=0.

and

The indicial roots are r = 2/3 and r = 1/3. For r = 2/3 the recurrence relation is

3cg_q

=gz, F=123..,
and
3 9 9
€1 = zﬂoa 2= %Cﬂ’ = ﬁcﬂ*
and so on. For r = 1/3 the recurrence relation is
e = Sig“jk L k=1,2,3.. .
and
3 9 9
€1 = 500, Cc2 = ﬁcﬂ, €3 = ﬁcﬂy

and so on. The general solution on (0, o) is

3 9 9 3 9 9
_c 2;3(1 S 9 9 9 3 ) C 1;3(1 3 09 9 9 3 )
y=tr Tt Tt o) TR Tttt Tt T
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Math 308 Solutions of Homework # 8 Texas A & M University

3 (b) Substituting y = 3% c,z™*" into the differential equation and collecting terms, we obtain

s ]
2ry" — (3+22)y +y= (2-:-*2 — Sr) coz" 1 + S R(k+r)(k+r—1)ck
k=1

—3(k+7)cp —2(k 4+ — 1)ep_1 + cp_q]at" 1

= U!
which implies
o2 _ Bp = r(2r —5) =0
and
(k+r)(2k +2r — B)eg — (2k + 2r — B)ex_1 = 0.

The indicial roots are r = 0 and r = 5/2. For r = 0 the recurrence relation is
(Qk — 3)6_;;_1

Cp = Rk —5) k=123 ...,
and
1 1 1
0= 500, 2= _ECO’ c3 = _ECD"
and so on. For r = 5/2 the recurrence relation is
2(k + 1)cg_q
%= rE s E=1,2,3,...,
and
4 4 32
€1 = ?Cﬂ‘r g = ﬁcﬂ-‘ €3 = @C‘Dv
and so on. The general solution on (0, o) is
y=0C (l—i-%x—%:c?—%xs'—i----) + Coz5/? (1+;m+%r2+%x3+---).
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Math 308 Solutions of Homework # 8 Texas A & M University

3 (c) Substituting y =352 cpx™*" into the differential equation and collecting terms, we obtain

922" 4+ 922y + 2y = (9-:-*2 —9r + 2) cox”

oo
+ S0k + ) (k + 1 — 1)e + 205+ 9(k +7 — 1)cg_yg]2t*"
k=1

which implies
92 —9r+2=(3r—1)(3r—2)=0
and
O(k+r)(k+r—1)+2lck +9(k+r—1)cp_1 = 0.

The indicial roots are r = 1/3 and r = 2/3. For r = 1/3 the recurrence relation is

(3k — 2)c
=——————= k=1,23,...,
o k(3k — 1) e
and
o] 1 e T
and so on. For r = 2/3 the recurrence relation is
(3k — 1)ck—
=———— k=1,23...,
* k(3k+ 1) s
and
o] _ 5 1

and so on. The general solution on (0, o0) is

11 7 1 5 1
—C 1f3( rpa g2 L 3 ) C. 2f3(1__ i B )
y=tz st Tt to) TR 5Tt "ot T
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Math 308 Solutions of Homework # 8 Texas A & M University

4.  Solving
1-A -4

det(A—AI)=' P

|=A2—2)\+1?’=U

we obtain eigenvalues Ay = 1 4+ 4i and Ay = 1 — 4i. Corresponding eigenvectors are

() w0 ()

Thus
0 -1y . " -1 0y "
Xe=0 cos 4t + sindt| e + ey cosdt — sindt| e
1 0 0 1
—sin 4t ty —cosdty
=c e €.
: cos 4t 2\ sin 4t
Substituting

. s a9 (15} 6t
%= (o) () + ()

as — dby = —4 as — 4bo = aj —5a1 —4b; = -9

into the system yields

dag+ b3 =1 das + bo = by day — by = -1

from which we obtain ag =0, b3 =1, a3 =4/17, bo = 1/17, a; = 1, and by = 1. Then

—sin 4t —cos 4t 0 4/17 1
X(t)=c e’ e t .
(®) 1( cos4t) +02(—sin4t) +(1) +(1/17)+(1)

5. From
2 -1 sin 2t
X' = X +
4 2 2cos 2t
we obtain
— sin 2¢ cos 2t
Xe=c¢c ey e
‘ 1(2005%) C2(28‘11121‘.)
Then
—e?t gin 2t €2t cos 2t 1 —%8_23 sin 2t ‘—16’_21" cos 2t
? = 2t 2 _: and @77 = 1 1
2e“ cos2t  2e* sin2t Ee—?f- cos 2t 19—2?- sin 2t
so that . .
=cos 4t = sin 4t
U=[e'Fa=[(1 " Ja=( I
5 sin 4t —3 COs 4t
and

—% sin 2t cos 4f — % cos 2t cos 4t or
Xp =®dU = . ‘ L e,
T CO8 2tsin 4t — 7 8in 2t cos 4t
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