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Write the indices of the matrices in the trace out explicitly

f(X)=Tr(X"TAX)-2Tr(X"BC)
=Xpa Ape Xea =2 Xpo Bpe Ceus

where Einstein summation convention is used (sum over repeated indices).

To take the derivative with respect to X we need to know that

0 Xarp 1 if the indices match

=044 00p =
80Xy, d b { 0 else

¢ is called the Kronecker-6 symbol. So then just use linearity and product rule for the derivative to get

6f(X) axba aXca 6Xba
= Ape Xea + Xpa Ape =™ -2
6Xde aXde axde 8Xde
=6db 6ea Abc Xca +Xba Abc 6dc 5eu _26(1}) 6ea th Cca
=Aisc Xee ¥+ Xpe Apa =2 By Ceo
=(AX),,+(A"X),, -2(BC),,

Bbc Cca

where in the last line we gathered up the indices again and hid the sums.
Finally, rewrite in matrix form
af(X)
0X

=AX+A"X-2BC=(A+A") X -2BC

So f( X) is at a stationary point if

(A+A") X =2BC

Symbolic Checks:

nf1:= (n =2; X =Array[x, {n, n}];
A = Array[a, {n, n}]; B = Array [b, {n, n}]; C = Array[c, {n, n}]);

n2l:= D[X, {X}] == Array [Boole [#1l == #3 && H2 == #4] &, {n, n, n, n}]
out[2]= True

3= D[Tr [XT.A.X], {X}] == Array [D[Tr [X".A.X], x[8##]] &, {n, n}]
out[3]= True

4= D[Tr[XT.A.X]-2Tr[X".B.C], {X}] = (A+AT).X-2B.C // Expand

Qut[4]= True



