
(i) DEFINITION: 

 𝑎, 𝑏 ≝  closed interval in 𝑥-axis 

 𝑐, 𝑑 ≝ closed interval in 𝑦-axis 

𝑄       ≝  𝑎, 𝑏 ×  𝑐, 𝑑  

𝑃𝑥       ≝ any partition of  𝑎, 𝑏 =  𝑎 = 𝑥0 , 𝑥1, … , 𝑥𝑛−1, 𝑥𝑛 = 𝑏                                                [𝑛 ∈ ℕ] 

𝑃𝑦       ≝ any partition of  𝑐, 𝑑 =  𝑐 = 𝑦0, 𝑦1, … , 𝑦𝑚−1, 𝑦𝑚 = 𝑑                                             [𝑚 ∈ ℕ] 

𝑃        ≝  𝑃𝑥 × 𝑃𝑦 ≝ { 𝑥0, 𝑦0 ,  𝑥0, 𝑦1 ,  𝑥0, 𝑦2 , … ,  𝑥0, 𝑦𝑚  , 

              𝑥1, 𝑦0 ,  𝑥1, 𝑦1 ,  𝑥1, 𝑦2 , … ,  𝑥1, 𝑦𝑚  , 

              ……. 

              𝑥𝑛 , 𝑦0 ,  𝑥𝑛 , 𝑦1 ,  𝑥𝑛 , 𝑦2 , … ,  𝑥𝑛 , 𝑦𝑚  } 

𝑄𝑖𝑗      ≝  𝑥𝑖−1, 𝑥𝑖 ×  𝑦𝑗−1, 𝑦𝑗                                                     [ 𝑛 ≥ 𝑖 ≥ 1 ∈ ℕ,  𝑚 ≥ 𝑗 ≥ 1 ∈ ℕ] 

¶        ≝ set of all possible 𝑃 

𝑃∗ is refinement of 𝑃
def
  𝑃 ⊆ 𝑃∗ 

Ƃ: 𝑄 ⟶ ℝ = SF        
def
   ∃ 𝑃 ∋  ∀ 𝑄𝑖𝑗  ,  Ƃ: 𝑄𝑖𝑗 ⟶ ℝ = ©𝑖𝑗

  ^ Ƃ: partition boundary ⟶ ℝ 

  



(ii) DEFINITION: 

𝑓𝑖𝑗 = 𝑓: 𝑄𝑖𝑗 ⟶ ℝ 

Lemma 1: 

 𝑓 = SF1  ⟹  𝑐1 𝑓 = SF2  

Proof: 

      𝑓 = SF1 

{given} 

⟹ ∃ 𝑃 (choose 𝑃𝑎) ∋  ∀ 𝑄𝑖𝑗  , 𝑓 = ©𝑖𝑗
   ^ 𝑓: partition boundary ⟶ ℝ 

{definition of SF} 

⟹ For 𝑃𝑎 , ∀ 𝑄𝑖𝑗  , 𝑐1 𝑓 = 𝑐1 ©𝑖𝑗  ^ 𝑐1 𝑓: partition boundary ⟶ ℝ 

{Fig 1} 

⟹ ∃ 𝑃 ∋ ∀ 𝑄𝑖𝑗  , 𝑐1 𝑓 = 𝑐1 ©𝑖𝑗  ^ 𝑐1 𝑓: partition boundary ⟶ ℝ 

{there exist} 

⟹ 𝑐1 𝑓 = SF2 

{definition of SF} 

 

  



(iii) DEFINITION: 

𝑃𝑓 𝑥 ≝ any partition of  𝑎, 𝑏 =  𝑎 = 𝑥0
𝑓 , 𝑥1

𝑓 , … , 𝑥𝛼−1
𝑓 , 𝑥𝛼

𝑓 = 𝑏                                       [𝛼 ∈ ℕ] 

𝑃𝑓 𝑦 ≝ any partition of  𝑐, 𝑑 =  𝑐 = 𝑦0
𝑓 , 𝑦1

𝑓 , … , 𝑦𝛽−1
𝑓 , 𝑦𝛽

𝑓 = 𝑑                                        [𝛽 ∈ ℕ] 

𝑃𝑔 𝑥 ≝ any partition of  𝑎, 𝑏 =  𝑎 = 𝑥0
𝑔 , 𝑥1

𝑔 , … , 𝑥𝜉−1
𝑔 , 𝑥𝜉

𝑔 = 𝑏                                       [𝜉 ∈ ℕ] 

𝑃𝑔 𝑦 ≝ any partition of  𝑐, 𝑑 =  𝑐 = 𝑦0
𝑔 , 𝑦1

𝑔 , … , 𝑦𝜂−1
𝑔 , 𝑦𝜂

𝑔 = 𝑑                                        [𝜂 ∈ ℕ] 

𝑃𝑥   ≝ 𝑃𝑓 𝑥 ∪ 𝑃𝑔 𝑥 =  𝑎 = 𝑥0
∗, 𝑥1

∗, … , 𝑥ख−1
∗, 𝑥ख

∗ = 𝑏                                                              [ख ∈ ℕ] 

𝑃𝑦   ≝ 𝑃𝑓 𝑦 ∪ 𝑃𝑔 𝑦 =  𝑐 = 𝑦0
∗, 𝑦1

∗, … , 𝑦ग−1
∗, 𝑦ग

∗ = 𝑑                                                                 [ग ∈ ℕ] 

𝑃𝑥 × 𝑃𝑦 = { 𝑥0
∗, 𝑦0

∗ ,  𝑥0
∗, 𝑦1

∗ ,  𝑥0
∗, 𝑦2

∗ , … ,  𝑥0
∗, 𝑦ग

∗ , 

        𝑥1
∗, 𝑦0

∗ ,  𝑥1
∗, 𝑦1

∗ ,  𝑥1
∗, 𝑦2

∗ , … ,  𝑥1
∗, 𝑦ग

∗ , 

        ……. 

       𝑥ख
∗, 𝑦0

∗ ,  𝑥ख
∗, 𝑦1

∗ ,  𝑥ख
∗, 𝑦2

∗ , … ,  𝑥ख
∗, 𝑦ग

∗ } 

𝑄𝑖𝑗  ≝  𝑥𝑖−1, 𝑥𝑖 ×  𝑦𝑗−1, 𝑦𝑗                                                         [ ख ≥ 𝑖 ≥ 1 ∈ ℕ,  ग ≥ 𝑗 ≥ 1 ∈ ℕ] 

 

 

 

 

 

 

 

 

FIG 1  



Theorem 1: 

 𝑓 = SF1 ^ 𝑔 = SF2  ⟹   𝑐1 𝑓 + 𝑐2 𝑔 = SF3  

Proof: 

       𝑓 = SF1 ^ 𝑔 = SF2 

{given} 

⟹ 𝑐1 𝑓 = SF3 ^ 𝑐2 𝑔 = SF4 

{Theorem 1} 

⟹ For  𝑃𝑥 × 𝑃𝑦 ∈ ¶ , ∀ 𝑄𝑖𝑗  ,  𝑐1 𝑓 + 𝑐2 𝑔 ∶ 𝑄𝑖𝑗 ⟶ ℝ = ©𝑖𝑗  ^ 𝑐1 𝑓 + 𝑐2 𝑔 ∶ partition boundary ⟶ ℝ 

{Fig 1} 

⟹ ∃  𝑃𝑥 × 𝑃𝑦 ∈ ¶ ∋ ∀ 𝑄𝑖𝑗  ,  𝑐1 𝑓 + 𝑐2 𝑔 ∶ 𝑄𝑖𝑗 ⟶ ℝ = ©𝑖𝑗  ^ 𝑐1 𝑓 + 𝑐2 𝑔 ∶ partition boundary ⟶ ℝ 

{there exist} 

⟹ 𝑐1 𝑓 + 𝑐2 𝑔 = SF3 

{definition of SF} 

  



(iv) DEFINITION: 

𝑃𝑥
∗       ≝ a refinement of  𝑎, 𝑏 =  𝑎 = 𝑥0, 𝑥1, … 𝑥𝑎−1, 𝑥∗, 𝑥𝑎 , … 𝑥𝑛−1, 𝑥𝑛 = 𝑏                    [𝑛 ∈ ℕ] 

𝑃𝑦
∗       ≝ a refinement of  𝑐, 𝑑 =  𝑐 = 𝑦0, 𝑦1, … , 𝑦𝑚−1, 𝑦𝑚 = 𝑑                                            [𝑚 ∈ ℕ] 

𝑃∗        ≝  𝑃𝑥
∗ × 𝑃𝑦

∗ ≝ { 𝑥0, 𝑦0 ,  𝑥0, 𝑦1 ,  𝑥0, 𝑦2 , … ,  𝑥0, 𝑦𝑚  , 

                  𝑥1, 𝑦0 ,  𝑥1, 𝑦1 ,  𝑥1, 𝑦2 , … ,  𝑥1, 𝑦𝑚  , 

                  ……. 

                  𝑥𝑛 , 𝑦0 ,  𝑥𝑛 , 𝑦1 ,  𝑥𝑛 , 𝑦2 , … ,  𝑥𝑛 , 𝑦𝑚  } 

Lemma 2: 

Ƃ: 𝑄 ⟶ ℝ = SFƂ  
def
    ∃ 𝑃 ∈ ¶              ∋  ∀ 𝑄𝑖𝑗  ,  Ƃ: 𝑄𝑖𝑗 ⟶ ℝ = ©𝑖𝑗

  ^ Ƃ: partition boundary ⟶ ℝ              

ʠ: 𝑄 ⟶ ℝ = SFʠ   
def
   ∃  𝑃∗ ⊇ 𝑃 ∈ ¶ ∋  ∀ 𝑄𝑘𝑙  ,  ʠ: 𝑄𝑖𝑗 ⟶ ℝ = ©𝑖𝑗

  ^ ʠ: partition boundary ⟶ ℝ 

⟹ 

 Ƃ
𝑄

=  ʠ
𝑄

 

 

Proof: 

        Ƃ: 𝑄 ⟶ ℝ = SFƂ 

⟹  Ƃ
𝑄

           ≝    ©𝑖𝑗  (𝑥𝑖 − 𝑥𝑖−1)

𝒏

𝒊=𝟏

𝒎

𝒋=𝟏

 (𝑦𝑗 − 𝑦𝑗−1) 

                             =    ©𝑖𝑗  (𝑥𝑖 − 𝑥𝑖−1)

𝒂−𝟏

𝒊=𝟏

𝒎

𝒋=𝟏

 (𝑦𝑗 − 𝑦𝑗−1) 

                             +       ©𝑎𝑗  (𝑥𝑎 − 𝑥𝑎−1)

𝒎

𝒋=𝟏

  (𝑦𝑗 − 𝑦𝑗−1) 

                             +   ©𝑖𝑗  (𝑥𝑖 − 𝑥𝑖−1)

𝒏

𝒊=𝒂+𝟏

𝒎

𝒋=𝟏

(𝑦𝑗 − 𝑦𝑗−1) 



                             =    ©𝑖𝑗  (𝑥𝑖 − 𝑥𝑖−1)

𝒂−𝟏

𝒊=𝟏

𝒎

𝒋=𝟏

  (𝑦𝑗 − 𝑦𝑗−1) 

                             +         ©𝑎𝑗  (𝑥∗ − 𝑥𝑎−1)

𝒎

𝒋=𝟏

  (𝑦𝑗 − 𝑦𝑗−1) 

                             +         ©𝑎𝑗  (𝑥𝑎 − 𝑥∗)

𝒎

𝒋=𝟏

     (𝑦𝑗 − 𝑦𝑗−1) 

                             +   ©𝑖𝑗  (𝑥𝑖 − 𝑥𝑖−1)

𝒏

𝒊=𝒂+𝟏

𝒎

𝒋=𝟏

  𝑦𝑗 − 𝑦𝑗−1                                                                     (1) 

 

       ʠ: 𝑄 ⟶ ℝ = SFʠ 

⟹  ʠ
𝑄

           ≝    ©𝑖𝑗  (𝑥𝑖 − 𝑥𝑖−1)

𝒂−𝟏

𝒊=𝟏

𝒎

𝒋=𝟏

  (𝑦𝑗 − 𝑦𝑗−1) 

                             +         ©𝑎𝑗  (𝑥∗ − 𝑥𝑎−1)

𝒎

𝒋=𝟏

  (𝑦𝑗 − 𝑦𝑗−1) 

                             +         ©𝑎𝑗  (𝑥𝑎 − 𝑥∗)

𝒎

𝒋=𝟏

     (𝑦𝑗 − 𝑦𝑗−1) 

                             +   ©𝑖𝑗  (𝑥𝑖 − 𝑥𝑖−1)

𝒏

𝒊=𝒂+𝟏

𝒎

𝒋=𝟏

 (𝑦𝑗 − 𝑦𝑗−1) 

                            =  Ƃ
𝑄

 

{by (1)} 

  



(v) DEFINITION: 
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  C            D 

 

 

 

 

 

 

 

        E 

  



𝑃𝐴   ≝ set of all “intersecting points in 𝐴"                         Ƃ
𝑄/𝑃𝐴

≝  Ƃ
𝑄

 using partition 𝑃𝐴  

𝑃𝐵  ≝ set of all “intersecting points in 𝐵"                         Ƃ
𝑄/𝑃𝐵

≝  Ƃ
𝑄

 using partition 𝑃𝐵  

𝑃𝐶   ≝ set of all “intersecting points in 𝐶"                         Ƃ
𝑄/𝑃𝐶

 ≝  Ƃ
𝑄

 using partition 𝑃𝐶  

𝑃𝐷   ≝ set of all “intersecting points in 𝐷"                         Ƃ
𝑄/𝑃𝐷

≝  Ƃ
𝑄

 using partition 𝑃𝐷  

𝑃𝐸   ≝ set of all “intersecting points in 𝐸"                          Ƃ
𝑄/𝑃𝐸

≝  Ƃ
𝑄

 using partition 𝑃𝐸  

Theorem 2: 

Ƃ: 𝑄 ⟶ ℝ = SF ⟹ ∀ (𝑃 ∈ ¶),  Ƃ
𝑄

 remains unaltered 

 

 Ƃ
𝑄/𝑃𝐴

=  Ƃ
𝑄/𝑃𝐵

=  Ƃ
𝑄/𝑃𝐶

=  Ƃ
𝑄/𝑃𝐷

=  Ƃ
𝑄/𝑃𝐸

 

{Lemma 2} 

By exact same logic, ∀ (𝑃 ∈ ¶) ,  Ƃ
𝑄

 remains unaltered. 

  



(vi) DEFINITION: 

  



(vii) DEFINITION: 

  



 

  



 

  



 


