(i)

DEFINITION:

[a, b]

[c, d]

N

Q)

& closed interval in x-axis

& closed interval in y-axis

& [a, b] X [c,d]
& any partition of [a, b] = {a = xy, X1, ..., Xp—1, X, = b} [n € N]
& any partition of [c,d] = {c = vy, Y1, «» Ym-1, Ym = d} [m € N]
= P X B, = {(x0,¥0), (x0,¥1), (x0,¥2), -, (X0, Y,

(x1, ¥0), (1, ¥1), (1, ¥2), -0 (1, Vi),

(s ¥0)s (s 1), (s ¥2)5 o0y (K, Y )}

& (-1, %) X (-1, Y;) [(m=i>1)€eN,(m=>j>1)€N]

& set of all possible

def

is refinementof P < P <

def

B:Q > R=SF & 373VvQ;,(B:Q; — R)=0©; " B:partition boundary — R



(i) DEFINITION:
fij=fQ; —R

Lemma1:

[f = SFy 1= [c; f = SF,]

Proof:

f =Sk
{given}
= 3 /" (choose /) 3V Q;; ,f = ©; " f:partition boundary — R
{definition of SF}
= For ",V Q; ,¢1 [ = ¢; ©; " ¢ f:partition boundary — R
{Fig 1}
=3/ 3VQ,c [ =¢ © "¢ frpartition boundary — R
{there exist}
= ¢, [ =SF,

{definition of SF}






Theorem 1:

[f =SF1 g =SF;]= [c; f +c; g =SF3]

Proof:

f =SF " g=SF,
{given}
= c¢; f =SF3 "¢, g =SF,

{Theorem 1}

= For ¥ Qy ,(61 ftcg:Qy — R) = ©; "¢ [ + ¢, g : partition boundary — R
{Fig 1}

= 3 SV Q; ,(61 fteg:Q; — ]R) =©; "¢ [ + ¢, g : partition boundary — R
{there exist}

:>C1f+ng :SF3

{definition of SF}



(iv) DEFINITION:

P.*  *arefinement of [a, b] = {a = xg, X1, .. Xg—1, X", X g, e X1, X, = b} [n € N]
B “arefinement of [c,d] = {c = ¥0, Y1, ) Yim—1,Ym = d} [m € N]J
= = {(Xo, yO)’ (XOJ yl)’ (xO' yZ)' 0o (Xo, ym)'
(x1,Y0), (1, ¥1), (1, ¥2), s (X1, Vi),
(xn» yO)' (xn' yl)» (xn» yZ)' 200 (xnl ym)}
Lemma 2:
def
B:Q — R=SF; & 3 5V Q;,(B:Q; — R) = ©; " B: partition boundary — R
def
q: @ — R = SFq & 3 3V Q. (c[: Qj — R) = ©;; " d: partition boundary — R
—
lg= g
Q Q
Proof
B:Q — R = SFy
m n
=>]j]3 d:efzz(@ij (xi — xi-1) (yj_Yj—l)
Q j=1 i=1
m a—1
= 2 ©y (i —xi—1) (v —yj-1)
j=1 li=1

m
+z ©oj (Ka =Xa-1) () —¥j-1)
Jj=1

+§: Zn: ©y (xi —xi-1) O —¥j-1)

j=1i=a+1




m a—1

=) Z Z ©ij (x; — xi-1) (y] — y]'—l)
j=1 i=1
£ g O -y
=1
+Z ©gj (g —x7) O = ¥-1)
=1
+Z Z ©y (x; — x;-1) (yj _yf—l) M

j=1i=a+1

ﬁ’UQC[ défi . ©ij (x; —xi-1) (y] _yj—l)

+Z O (X =x9) (O —¥j-1)
j=1

+Z Z @y (% —Xi1) (O — Y1)
j=1i=a+1

{by (1)}






& set of all “intersecting points in A" fo/ b & fo B using partition

& set of all “intersecting points in B" fo/ b &f fo B using partition

& set of all “intersecting points in C" fo/ b & fo B using partition

& set of all “intersecting points in D" fo/ b & fo B using partition

& set of all “intersecting points in E" fo/ b & fo B using partition
Theorem 2:

B:Q > R=SF =V (Pe), fo B remains unaltered

b, 2= 0, 2= 0, 2= 0, =,

{Lemma 2}

By exact same logic, V (I’ € 1), fo B remains unaltered.



(vi) DEFINITION:



(vii) DEFINITION:












