
ssia

ollec-
ed out

-
es.
as is
roglie

gases
n

fore the
were
n
e

ized
egral.

ann
tude. It
ssical

tum’’

g-
lose to

JETP LETTERS VOLUME 67, NUMBER 10 25 MAY 1998
Spin waves in classical gases
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A criterion for the propagation of weakly-damped spin waves is ob-
tained on the basis of a detailed analysis of the quantum collision
integral for particles in a paramagnetic polarized Boltzmann gas. It is
shown that according to this criterion spin waves can propagate in
classical~nonquantum! gases at temperatures close to room tempera-
ture. © 1998 American Institute of Physics.
@S0021-3640~98!01210-9#

PACS numbers: 51.60.1a, 34.90.1q

In the absence of external electric and magnetic fields, the only propagating c
tive mode in gases that have Boltzmann statistics is a sound wave. Silin has point
the possibility of collective spin oscillations in a paramagnetic gas,1 Aronov has exam-
ined spin-wave oscillations of an electron gas in semiconductors,2 and Bashkin has pre
dicted the existence of weakly damped spin waves in spin-polarized Boltzmann gas3 In
Ref. 3 the criterion for the existence of a new collective mode in a spin-polarized g
reduced to the requirement that the gas be a ‘‘quantum’’ gas: The average de B
wavelength must be much greater than the size of an atom~scattering amplitude!. Despite
the large number of works devoted to the dynamics and kinetics of spin-polarized
~see, for example, Ref. 4 and the references cited therein!, this criterion has never bee
questioned, even though it was based on purely qualitative considerations.5 It imposes a
quite strict constraint on the gas temperature, since most gases condense long be
indicated criterion is first satisfied. For this reason the only appropriate objects
considered to spin-polarized hydrogen H↑ and 3He↑. The existence of spin waves i
these two gases has been confirmed experimentally.6,7 We underscore that in this case th
spin is nuclear spin.

In the present letter a criterion for the propagation of spin waves in a polar
Boltzmann gas is obtained on the basis of a detailed investigation of the collision int
It is shown that the main quantity governing the propagation of spin waves in Boltzm
paramagnetic gases is the real part of the zero-angle exchange-scattering ampli
happens that in ordinary gases, where the scattering of atoms is of a quasicla
character and sharply anisotropic, the situation is more favorable than in ‘‘quan
gases, where scattering is essentially isotropic~s scattering!.8 The criterion obtained is
different from that adopted in the literature.3–6 It greatly expands the group of parama
netic gases where weakly damped spin waves can propagate at temperatures c
room temperature. An example are alkali-metal vapors~Na, Cs, Rb!, where a high degree
of polarization of the electron spin can be obtained.9
8200021-3640/98/67(10)/6/$15.00 © 1998 American Institute of Physics
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Let us consider a paramagnetic gas with externally induced spin polarization~whose
vectorM is directed along thez axis!. In this case the Wigner matrix has the form

f aa8~p!5 f ~0!~p!@~daa81Msaa8!1faa8~p!#.

Here f (0)(p) is the equilibrium Maxwell momentum distribution function~as is the con-
vention in the kinetic theory of gases, the function is normalized to the particle de
n5*dp f(0)(p)), saa8 is a vector of Pauli matrices, andfaa8(p) is a small perturbation
of the Wigner function. It is convenient to decompose the functionfaa8(p) into scalar
(w) and vector (m) components:

faa8~p!5w~p!daa81m~p!saa8 . ~1!

The present work is concern with the dynamics of the transverse~with respect to the
z axis! component of the magnetic polarization of a gas. It is convenient to combin
quantitiesmx andmy as follows:m65mx6 imy . The kinetic equation for the space–tim
Fourier components ofm6 has the form

@2 ivm6~v,k,p!1 ikvm6~v,k,p!#5J6~m6!. ~2!

Herev is the frequency,k is the wave vector, andJ6 is the collision integral.

The explicit form of the collision integral can be obtained with the aid of Refs.
and 11. In view of its complexity, we present an abbreviated form and describe in d
only the termLI that plays the main role in what follows:

J65QR6 i uM uQI7 i uM uLI . ~3!

Here QR and QI are integral operators which are quadratic in theT matrix ~scattering
amplitude! and whose structure has the same character as in the conventional Boltz
equation. The eigenvalues of the operatorsQR andQI are of the same order of magnitud
as ns.nv̄s, where s is the gas kinetic collision cross section andv̄ is the average
thermal velocity of the atoms.

The structure of the operatorLI is substantially different:

LI~m6!516p3\2E dp1f ~0!~p1!

3ReH TexS p2p1

2
,
p2p1

2 D @m6~p!2m6~p1!#J . ~4!

HereTex is theT matrix of spin-exchange scattering (↑↓→↓↑):

Tex~P,P8!52u~P,P8!1u~2P,P8!2t~2P,P8!,

P andP8 are the relative momenta of the colliding particles, scaled to the reduced
of the atoms (m/2), while t andu are related with the total scattering matrix~for identical
fermions! as follows:

Tabmn~P,P8!5Â@ t~P,P8!damdbn1u~P,P8!samsbn#

5t~P,P8!damdbn2t~2P,P8!dandbm1u~P,P8!samsbn2u

3~2P,P8!sansbm . ~5!
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Here Â denotes antisymmetrization with respect to an interchange of the particles~inci-
dent and scattered!. The product of Pauli matrices is a scalar product:( jsam

( j ) sbn
( j ) . It is

easy to show that formula~5! describes collisions which conserve the total spin. This
a good approximation not only in the case of nuclear spin~H, 3He! but also for atoms
with electronic spin~alkali-metal vapors!.9

All three operatorsQR , QI , andLI are Hermitian in the spaceL of the functions
m(p) with the scalar product conventionally used in the kinetic theory of gases,12 so that
the operatorsJ1 and J2 are Hermitian conjugates of each other. The functionu1&
5m6[1 is an eigenfunction of the operatorsJ6 with zero eigenvalue, which is a con
sequence of the conservation of the total spin in collisions~see Eq.~5!!. Moreover, the
zero eigenvalue ofJ6 is nondegenerate, since there are no other conservation laws
‘‘ m6 subspace.’’ The conservation laws for momentum, energy, and particle nu
refer to the diagonal elements of the Wigner matrix.

Mathematically, Eq.~2! is an eigenvalue problem for the operatorsJ62 ik v̂ ( v̂
denotes multiplication by the velocity treated as an operator!. For small k (ukvu!n,
wheren is the absolute magnitude of the characteristic eigenvalue of the operatorJ6),
this problem can be solved by perturbation theory with respect to the operatorik v̂, i.e., in
the hydrodynamic approximation.12 The first-order perturbation theory correction equ
zero because of the isotropy of the equilibrium velocity distribution function.

In the present case the second-order correction can be written as12

2 iv65k2^1uv̂J6
21v̂u1&. ~6!

HereJ6
21 is the inverse of the operatorJ6 on the subspace (12 P̂)L ( P̂5u1&^1u): The

operatorJ6 is noninvertible in the initial spaceL, since it has a zero eigenvalue.

Let us consider first an unpolarized gas (M50). In this caseJ15J25QR . The
eigenvalues ofQR ~andQR

21) are real, and thereforev is purely imaginary. Therefore in
this case we have simply spin diffusion. As usual,12 in this situation it is possible only to
estimate the corresponding diffusion coefficient:

Ds5^1uv̂JR
21v̂u1&. ~7!

In order of magnitudeDs; v̄2/3ns, where 1/ns is the characteristic eigenvalue of th
operatorQR

21 . The spin diffusion coefficientDs in the general case is different from oth
transport coefficients, since the corresponding effective collision frequencies are d
ent.

The situation is substantially different in a polarized gas. LetuM u;1 ~the require-
ment that the density matrix be positive-definite gives the condition 0<uM u<1, and for
optical polarization of a paramagnetic gas a value ofuM uclose to 1 can be achived in
straightforward way!. Now, the operatorsJ6 essentially reduce to the third term on th
right-hand side of Eq.~5!, while the first two operators can be treated as a small cor
tion.

To show this we shall estimate the real part Re@Tex(0)# of the zero-angle exchange
scattering amplitude. It follows from the general formula for theT matrix13 that the Born
term makes the main contribution to the zero-angle scattering matrix for fast atoms,
the oscillations of the factor exp(ikx), which describes the incident wave (k5p/\ is the
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wave vector of the atom!, are completely cancelled out in it. At room temperature~and
actually at lower temperatures also! the relation ukua0@1, wherea0 is the effective
interaction radius, holds by a large margin for electron spin exchange. This last ineq
means that the atoms are fast. Thus the operatorLI , or, more accurately, its characterist
eigenvaluenex, is proportional to the Born amplitude for scattering by zero angle:

A~0!52
m

4p\2E Ud3x.2
m

4p\2
uUua0

3

(U is the exchange interaction potential!.

The rationex/ns can now be easily estimated. It equals in order of magnitude

nex

ns
;uM u

uUua0

\ v̄
. ~8!

We note that the right-hand side of this relation is, to within the factoruM u, the so-called
‘‘Born parameter,’’8 which is usually large in classical~nonquantum! gases. A numerica
estimate of the Born parameter for cesium atoms will be presented below as an ex

So, to a first approximation in the~inverse! Born parameter Eq.~2! can be repre-
sented in the form

~kv2v!m6~p!5716uM up3\2E dp1f ~0!~p1!Re Tex~0!@m6~p!2m6~p1!#. ~9!

This equation can once again be studied in perturbation theory, just as we did e
Here, however, a different method will be used for estimates. To simplify the proble
Tex5 const, i.e.,Tex is independent of energy. Then

~kv2v!m6~p!57nexFm6~p!2
1

nE dp1f ~0!~p1!m6~p1!G
~but nownex516uM up3\2nReTex).

The following dispersion relation is obtained in the hydrodynamic approxima
(ukv̄/nexu!1, uv/nexu!1):

v56
k2v̄2

3nex
. ~10!

This equation describes an undamped spin-polarization wave. The diffusion dampG
of the wave is an effect of the next order in the inverse Born parameterns/nex. The
quantityG can be estimated as

G;
k2v̄2

nex

ns

nex
!v. ~11!

Therefore weakly damped spin waves, whose frequency and damping are est
by Eqs.~10! and ~11!, can propagate in a paramagnetic polarized Boltzmann gas.
note that the diffusion dampingG ~11! of spin waves in a polarized gas is (ns/nex)

2 times
smaller than the corresponding quantity in an unpolarized gas~7!.
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As an example, let us consider the parameters of spin waves in vapor of pola
cesium, for which the required experimental data are available. According to Re
electronic spin polarization in cesium vapors is conserved to a high degree of acc
The ratio of the cross sections for collisions with spin nonconservation and spin exch
is of the order of 1%. The quantitya0;1027 cm.14,15 We take as an estimate ofuUu a
values of twice the binding energy of the Cs2 molecule:uUu;1 eV.16 Then the Born
parameter at an average thermal velocity of cesium atomsv̄523104 cm/s is of the order
of 103. This large value of the Born parameter is intimately connected with the
nounced anisotropy of the scattering indicatrix of fast particles.8 We note that the tem-
perature dependence of this parameter derives mainly from the dependencev̄;AT.
Therefore the Born parameter approaches 1 only at temperatures less than 1024–1023 K.

According to Eqs.~10! and ~11!, the frequency-to-damping ratio of a spin wave

v

G
;103uM u.

It follows hence that narrowing increases withuM u. It should be kept in mind that
generally speaking, this estimate may need to be refined by taking into account the
weak spin nonconservation.

In summary, the condition for spin-wave propagation in a polarized Boltzmann
is determined by two factors: spin conservation, i.e., the slowness of spin destruct
collisions, and a sharp anisotropy of the scattering phase function for atoms at
temperature. As is well known, in this case the scattering occurs mainly by small a
near (ukua0)21 (uku5mv̄/\). For cesium at room temperature the corresponding rang
angles is.1023.

To observe spin waves in alkali-metal vapors, besides the conventional mag
resonance method,17 it is of interest to employ the method of scattering of light near
resonanceD lines of the atoms. As was shown in Ref. 18, the polarizability of an a
near resonance lines has a large antisymmetric component, which makes it poss
observe the kinetics of spin fluctuations. In the presence of spin waves the spectr
electron spin polarization fluctuations should consist of a well-resolved doublet
narrow components.

This work was supported by the Russian Fund for Fundamental Research
Grant 96-02-17312-a.
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