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Spin waves in classical gases
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A criterion for the propagation of weakly-damped spin waves is ob-
tained on the basis of a detailed analysis of the quantum collision
integral for particles in a paramagnetic polarized Boltzmann gas. It is
shown that according to this criterion spin waves can propagate in
classical(nonquantum gases at temperatures close to room tempera-
ture. © 1998 American Institute of Physics.
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In the absence of external electric and magnetic fields, the only propagating collec-
tive mode in gases that have Boltzmann statistics is a sound wave. Silin has pointed out
the possibility of collective spin oscillations in a paramagnetic 'gaAsynov has exam-
ined spin-wave oscillations of an electron gas in semiconduétans| Bashkin has pre-
dicted the existence of weakly damped spin waves in spin-polarized Boltzmanr?gases.
Ref. 3 the criterion for the existence of a new collective mode in a spin-polarized gas is
reduced to the requirement that the gas be a “quantum” gas: The average de Broglie
wavelength must be much greater than the size of an &oattering amplitude Despite
the large number of works devoted to the dynamics and kinetics of spin-polarized gases
(see, for example, Ref. 4 and the references cited therbiis criterion has never been
questioned, even though it was based on purely qualitative considerationgposes a
quite strict constraint on the gas temperature, since most gases condense long before the
indicated criterion is first satisfied. For this reason the only appropriate objects were
considered to spin-polarized hydroger tnd 3Hel. The existence of spin waves in
these two gases has been confirmed experimeritalye underscore that in this case the
spin is nuclear spin.

In the present letter a criterion for the propagation of spin waves in a polarized
Boltzmann gas is obtained on the basis of a detailed investigation of the collision integral.
It is shown that the main quantity governing the propagation of spin waves in Boltzmann
paramagnetic gases is the real part of the zero-angle exchange-scattering amplitude. It
happens that in ordinary gases, where the scattering of atoms is of a quasiclassical
character and sharply anisotropic, the situation is more favorable than in “quantum”
gases, where scattering is essentially isotrdpiscattering.® The criterion obtained is
different from that adopted in the literatute® It greatly expands the group of paramag-
netic gases where weakly damped spin waves can propagate at temperatures close to
room temperature. An example are alkali-metal vaghicg Cs, Rb, where a high degree
of polarization of the electron spin can be obtaifed.
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Let us consider a paramagnetic gas with externally induced spin polarizatimse
vectorM is directed along the axis). In this case the Wigner matrix has the form

faa’(p):f(O)(p)[(5aa’+ Ma-aa')+ ¢aa’(p)]'

Here f(©)(p) is the equilibrium Maxwell momentum distribution functiéas is the con-
vention in the kinetic theory of gases, the function is normalized to the particle density
n=[dpf®(p)), o,,. is a vector of Pauli matrices, anl,,(p) is a small perturbation

of the Wigner function. It is convenient to decompose the functign.(p) into scalar

(¢) and vector &) components:

¢aa’(p)=(P(p)aaa'+#(p)o-aa’ . (1)

The present work is concern with the dynamics of the transv@rile respect to the
z axis) component of the magnetic polarization of a gas. It is convenient to combine the
quantitiesu, and u, as follows: u .. = u,*iu, . The kinetic equation for the space—time
Fourier components g&.. has the form

[iops(oKp)+tikouw:(w,Kp)]=d(u). (2

Here w is the frequencyk is the wave vector, and.. is the collision integral.

The explicit form of the collision integral can be obtained with the aid of Refs. 10
and 11. In view of its complexity, we present an abbreviated form and describe in detail
only the termL, that plays the main role in what follows:

J.=Qr*i[M[Q,Fi[MIL,. )

Here Qg and Q, are integral operators which are quadratic in Thenatrix (scattering
amplitudg and whose structure has the same character as in the conventional Boltzmann
equation. The eigenvalues of the operat@gsandQ, are of the same order of magnitude

as vsznv_a, where o is the gas kinetic collision cross section ands the average
thermal velocity of the atoms.

The structure of the operatdy is substantially different:

Ll(M:):leﬂTsﬁzj dp:f©(py)

XRE[TGX( P—pP1 P—P1

5 [m+(P)—p+(P)]- (4)

HereT,, is the T matrix of spin-exchange scattering |(— | 1):
TeP,P")=26(P,P")+6(-P,P")—t(=P,P"),

P andP’ are the relative momenta of the colliding particles, scaled to the reduced mass
of the atoms {n/2), whilet and 6 are related with the total scattering matigr identical
fermiong as follows:

TopuP.P)=A[t(P,P")8,,85,+ 0(P,P')0,,04,]
=t(P,P") 80,85, t(—P,P")8,,85,+ 6(P,P')0o,05,— 0
X(=P,P")a,,0p4,. 5)
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HereA denotes antisymmetrization with respect to an interchange of the pafiiotes
dent and scatter¢dThe product of Pauli matrices is a scalar prodtiq-tcrgiagl. It is
easy to show that formulés) describes collisions which conserve the total spin. This is
a good approximation not only in the case of nuclear $pin®He) but also for atoms
with electronic spin(alkali-metal vapors®

All three operatorQg, Q,, andL, are Hermitian in the spade of the functions
w(p) with the scalar product conventionally used in the kinetic theory of gdsesthat
the operators), and J_ are Hermitian conjugates of each other. The functibh
=u~=1 is an eigenfunction of the operatals with zero eigenvalue, which is a con-
sequence of the conservation of the total spin in collisi@e® Eq.5)). Moreover, the
zero eigenvalue ai.. is nondegenerate, since there are no other conservation laws in the
“ u+ subspace.” The conservation laws for momentum, energy, and particle number
refer to the diagonal elements of the Wigner matrix.

Mathematically, Eq.(2) is an eigenvalue problem for the operatdn_s—ikz} ({)
denotes multiplication by the velocity treated as an operateor smallk (|kv|<v,
wherev is the absolute magnitude of the characteristic eigenvalue of the opédrator
this problem can be solved by perturbation theory with respect to the opétatdre., in
the hydrodynamic approximatidA.The first-order perturbation theory correction equals
zero because of the isotropy of the equilibrium velocity distribution function.

In the present case the second-order correction can be writtén as
—iw.=k3(1|0d:0|1). (6)

HereJ; is the inverse of the operatdr. on the subspace (1P)L (P=|1)(1|): The
operatorJ.. is noninvertible in the initial spack, since it has a zero eigenvalue.

Let us consider first an unpolarized gad €0). In this casel, =J_=Qg. The
eigenvalues 0Qg (and Q,;l) are real, and therefore is purely imaginary. Therefore in
this case we have simply spin diffusion. As ustfah this situation it is possible only to
estimate the corresponding diffusion coefficient:

De=(1|odx0|1). 7

In order of magnitudeDs~v_2/3vS, where 114 is the characteristic eigenvalue of the
operatongl. The spin diffusion coefficierD in the general case is different from other
transport coefficients, since the corresponding effective collision frequencies are differ-
ent.

The situation is substantially different in a polarized gas. M}~ 1 (the require-
ment that the density matrix be positive-definite gives the conditisn\d|<1, and for
optical polarization of a paramagnetic gas a valug¢hdfclose to 1 can be achived in a
straightforward way. Now, the operatord.. essentially reduce to the third term on the
right-hand side of Eq(5), while the first two operators can be treated as a small correc-
tion.

To show this we shall estimate the real parf Rg(0)] of the zero-angle exchange-
scattering amplitude. It follows from the general formula for Theatrix'® that the Born
term makes the main contribution to the zero-angle scattering matrix for fast atoms, since
the oscillations of the factor exg§), which describes the incident wavk= p/# is the
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wave vector of the atojpnare completely cancelled out in it. At room temperat(aed
actually at lower temperatures alsthe relation|k|ayg>1, wherea, is the effective
interaction radius, holds by a large margin for electron spin exchange. This last inequality
means that the atoms are fast. Thus the opetatoor, more accurately, its characteristic
eigenvaluev,, is proportional to the Born amplitude for scattering by zero angle:

A(0) m fua3 m |U|a3
4mh? 4h? 0

(U is the exchange interaction potential
The ratiov,,/ v can now be easily estimated. It equals in order of magnitude
Vex |U|a0

—~|M —. 8
v IMI—= ®

We note that the right-hand side of this relation is, to within the fajdt;, the so-called
“Born parameter,”® which is usually large in classicahonquantumgases. A numerical
estimate of the Born parameter for cesium atoms will be presented below as an example.

So, to a first approximation in th@nverse Born parameter Eq.2) can be repre-
sented in the form

(kv —w) u-(p)= I16l|\/||773ﬁ2J dp:f @ (p)Re Ted O)[ s+ (P) — = (PD)]. (9

This equation can once again be studied in perturbation theory, just as we did earlier.
Here, however, a different method will be used for estimates. To simplify the problem let
Tex= CONSt, i.e.,T, is independent of energy. Then

1
(kv —w) - (p)==+ Vex{;ut(p)_ ﬁf dp:f¥(py) s (pa)

(but NoW v, =16|M| 734 2nReT ).
The following dispersion relation is obtained in the hydrodynamic approximation
(|kvlved <1, |0/ ved <1):
k%2
w==*

3vex

(10

This equation describes an undamped spin-polarization wave. The diffusion dahping
of the wave is an effect of the next order in the inverse Born parameter,,. The
quantityI" can be estimated as

k%2 Vs
—<w. (11

Vex Vex

T~

Therefore weakly damped spin waves, whose frequency and damping are estimated
by Egs.(10) and (11), can propagate in a paramagnetic polarized Boltzmann gas. We
note that the diffusion dampinig (11) of spin waves in a polarized gas i8{ ve,)? times
smaller than the corresponding quantity in an unpolarized@as
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As an example, let us consider the parameters of spin waves in vapor of polarized
cesium, for which the required experimental data are available. According to Ref. 14,
electronic spin polarization in cesium vapors is conserved to a high degree of accuracy:
The ratio of the cross sections for collisions with spin nonconservation and spin exchange
is of the order of 1%. The quantig,~10"’ cm*®We take as an estimate fifi| a
values of twice the binding energy of the Omolecule:|U|~1 eV1® Then the Born

parameter at an average thermal velocity of cesium atos®x 10* cm/s is of the order
of 10°. This large value of the Born parameter is intimately connected with the pro-
nounced anisotropy of the scattering indicatrix of fast partitige note that the tem-

perature dependence of this parameter derives mainly from the deperﬁenﬁ.
Therefore the Born parameter approaches 1 only at temperatures less thanlac K.

According to Eqs(10) and(11), the frequency-to-damping ratio of a spin wave is
w
T~ 163 M].

It follows hence that narrowing increases withl|. It should be kept in mind that,
generally speaking, this estimate may need to be refined by taking into account the actual
weak spin nonconservation.

In summary, the condition for spin-wave propagation in a polarized Boltzmann gas
is determined by two factors: spin conservation, i.e., the slowness of spin destruction in
collisions, and a sharp anisotropy of the scattering phase function for atoms at room
temperature. As is well known, in this case the scattering occurs mainly by small angles

near (k|ap) ~* (|k| =muv/#). For cesium at room temperature the corresponding range of
angles is=103.

To observe spin waves in alkali-metal vapors, besides the conventional magnetic-
resonance methad,it is of interest to employ the method of scattering of light near the
resonancd® lines of the atoms. As was shown in Ref. 18, the polarizability of an atom
near resonance lines has a large antisymmetric component, which makes it possible to
observe the kinetics of spin fluctuations. In the presence of spin waves the spectrum of
electron spin polarization fluctuations should consist of a well-resolved doublet with
narrow components.

This work was supported by the Russian Fund for Fundamental Research under
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