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Definition: A topological spac is said to beTl, (or akolmogorov space) if given any two distinct points
x,yO X, there is an open subset ¥fcontaining least one point which does not containcther. A
topological spac« is said to beT, (or aFrechet space) if given any two distinct points, yd X , there is

an open subset of containingx which does not contayand an open subsetXfcontainingy which does
not contairx.

Well-Known Theorems:

. Every T, -space is & ,-space. (proven)

. A topological spac& is T, if and only if given any two distinct poinksandy of X, either xDﬁ
or yO{% . (proven)

. A topological spac« is T, if and only if distinct one-point subsets Xfhave distinct closures.
(proven)

. The property of being &,-space is a topological property. (proven)

. The property of being &, -space is a topological property. (proven)

. A topological space i3, if and only if every single-point set is closed. of@n)

. A topological space is & -space if and only if every subset is the intersecticailadhe open sets
containing it. (proven)

. A subspace of ,-space isl,. (proven)

. A subspace of &, -space isI,. (proven)

. A product of nonemptyf,-spaces isl, if and only if each component spacelis (proven)

. A product of nonemptyl; -spaces isl, if and only if each component spaceljs (proven)

. Every metric space i, (and therefordl;). (proven)

. If Ais a subset of &, -spaceX, thenx is a limit point ofA if and only if every open set containing
x contains infinitely many points &f. (proven)

. If A be a subset of & -spaceX, and xO A with x(O A, then every open subsetXfcontainingx
contains infinitely many points @&. (proven)

. The only topology orX which makes< into a T, -space is the discrete topology. (proven)

. If Xis aT,-space andB, is a local basis ax[J X , then for everyy X distinct fromx, there is
some member of8, that does not contai (proven)

. If X is a first countabl€T, -space, and\ is a subset oK, and p X is a limit point ofA, then
there exists a sequence of distinct term& ihat converges to. (proven)

. A pseudometric spadgX,d) is a metric space if and only if it isT|g-space. (proven)

. A quasimetric space isH-space. (proven)

. A T, -space with a finite basis for its topology is fingtied has the discrete topology. (proven)
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Minor Theorems:

. Given a spac¥, define~ by x~y iff {% = ¥ . Then the resulting quotient spaxd ~ is T,.

(proven)

. A subsetA of a T, -space is countably compact if and only if every countapé cover oA has a
finite subcover. (proven)

. If X has any particular point topology, th¥ns aT,-space. (proven)

. Let X be a topological space and define a relaRoon X by setting ¥ y JJR if and only if

XDW. ThenR is reflexive and transitive, arilis a partial order relation if and onlyXfis a T,-space.
(proven)

Major Theorems:

1. (Conover, p.162) Prove that evefyspace is d,-space.

Let X be aT,-space. Letx,yd X be two distinct points. There is an open subsitaintaining

X which does not contaip and an open subset Xfcontainingy which does not contair In particular,
there is an open subsetXtontaining least one point which does not contain therom

2. (Gemignani, p.92) Give an example of a space thatign@nd an example of § -space that is
not T,.

Let X be any set with more than one points. Giuhe trivial topology, i.e{ X, 0} . Then for any
distinct pointsx, yd X , the only open set containing either poinKiand so there is no way to sepanate
fromyoryfromx. ThusXisnotT,.

Another example of a nof,-space is gseudometric space (where a pseudometric is a function
satisfying the axioms of a metric except two distindhfgomay have zero distance). beandy be two
distinct points of a pseudometric spacé,d) such thatd(a,b)=0. Then since ang-open ball (and
therefore any neighbourhood) afcontainsb and anyd-open ball (and therefore any neighbourhoodp of
containsa. Thusa andb cannot be separated andsis not T, .

Let X ={x y} andX is given the topolog){x,{>§, D} , thenX is a T,-space sincex,y are the
only pair of distinct points iiX and x[{%¥ and{x% does not contaig, butX is not aT,-space since there
iS no open set containingthat does not contain

Another example &,-space that is nof, is a topological space with a particular point topology
(see problem 24)m

3. (Gemignani, p.92) Prove thatdifandy are two distinct points of a topological spXce¢hen every
open set which contains eitheor y contains both if and only if
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By
= Suppose& andy are two distinct points of a topological spacand every open set which contains
eitherx or y contains both. Le2D§. Then every open subddtof X containingz intersects{ % , i.e.
containsx. But XD§ ={7, so thatU containingx means that) intersects{y} . Thus every open set
containingz intersects y} , and thuszO{y} . Thus{% O{ ¥ . By the symmetric roles afandy, we also
have{y} { X . Thus{® { ¥ .
O Suppose® ={ ¥ . SincexO{® < ¥ , then every open subsetXtontainingx intersects y} ,
i.e. containy, and similarly,yDW ={? so that every open subsebtotontainingy containsx. m

4, (Gemignani, p.92) Prove a topological spXde T, if and only if given any two distinct poinks
andy of X, eitherxO{y} or yO{% .

= Supposeis T,. Letx andy be two distinct points of. Assume thaIxD{? and yD§ . Then

A0y £) and{y O{ X £}x , and so{% £ ¥ . By problem 3, every open set which contains
eitherx or y contains bothx andy, contradicting the assumption thétis T,. Thus we must have either
xO{y or yO{% .

O Suppose that given any two distinct pondy of X, either xO{y} or yO{% . SincexO{%

and y[{y} , then we havé® # ¥ . Thus by Proposition 1, there exists an open set thaioentand
noty (or vice versa). ThuXisT,. m

5. (Gemignani, p.94 #8) Prove a topological space T, if and only if distinct one-point subsets of
X have distinct closures.

= SupposeX is T,. Let x andy be two distinct points oK. Suppose{¥ < § . Then by
Proposition 1, every open set which contains either y contains bothx andy, contradicting the
assumption thaX is T,. Thus we must haye} # ¥ .

O Suppose that given any two distinct pointndy of X, we have{? ;t{T . Then by problem 3,
there exists an open set that contaiaad noty, or an open set that contaynand notx. ThusXisT,. =

6. (Schaum'’s, p.143) Prove that a topological spaeeT, if and only if every finite subset of is
closed.
= SupposX is a T, -space. We shall prove that every single-point sebied, or that equivalently

its complement is open, and the result will follow. befl X andletyd X -{% . SinceX is aT,-space,
and x # y, then there exists an open kgt such thaty U, but x0JU, . Consequently,

X-(%= U U,
yoxX—{%
is a union of open sets and hence is open. TRuss closed. Consequently, every finite subset & a

finite union of closed sets and hence is closed.

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



Gemignani proves thdt§ is closed by proving thgt} ={7: Firstly, {% D{? by definition of
closure. LetyD§. Then every open set containp@tersecty % , i.e. containx. Thus we must have
y = X, otherwisex andy could not be separated by open sets, contradicting(tisaT, . Thus§ 0k,

so{% < X , and thug® is closed.
O Suppose every finite subsetXfs closed. Then in particular every single-pointisetosed. Let
x andy be two distinct points ilX. Then X —{% is an open set containirygout notx, andY —{y} is an

open set containingbut noty. ThusXis aT,-space.

Gemignani uses closures again: Suppose every single-poistdosed. Thekix ={7 for all
xO X . Letxandy be two distinct points iXX. If every open set containirxgalso containg, i.e. intersects
{y} , then xDﬁ. But {7 H{ ¥ ,sox=y, acontradiction. Thus there must be an open sé¢hioamg x
but noty. Similarly, there must be an open set contaigibgt notx. ThusXis aT,-space.m

7. (Willard, p.86) Prove thaX is aT,-space if and only if every subsetXfs the intersection of all
the open sets containing it.

= SupposeX is aT,-space. LeA be a subset of. Then X - A= U{® , and so by DeMorgan’s

xOA
Law, we have

A=N(X-{R) .
xOA
which precisely the intersection of all sets containi Furthermore, sinc¥ is a T,-space, then every

single-point set is closed by problem 6, and thus the complsmésingle-point sets are closed. Thus
A= N (X-{x¥) isthe intersection of the open sets containing it.
xOA

O Suppose every subsetXfs the intersection of all the open sets containing.et x(O X . Then
{% is the intersection of all the open sets contaimindgtet y[1 X be any point distinct from. If every

open set containing also containy, then the intersection of all those open sets woutda@o{x y} ,
contradicting the assumption that the intersectionldhalopen sets containings {¥ . Thus there must

be an open set containimgout noty. Similarly, by the symmetric roles gfandy, we conclude that there
must be an open set containygut notx. ThusXis aT,-space.m

8. (Milewski, p.504) Prove that the property of beingTaspace [,-space] is a topological
property, that is, it is invariant under homeomorphisms.

Let X be aT,-space T,-space], and letf X - Y be a homeomorphism. LetyOY be two
distinct points inY. Then there exish,b] X such thatf § Fx and f )Jy. Then there exist open
subsetd) andV of X such thataOU bOU and [or]b0OV ,allV . Sincef is an open map, thef(U) is
an open subset of containing f & =x and [or] f(V) is an open subset &f containing f b Fy.
Furthermore, sincéis bijective, theny = f(b)0 f (U) and [or] x=f(a)0 f(V). ThusY is aT,-space
[T,-space].m

Note that continuity of is not enough (nor needed) to ensure thé a T, -space [I,-space].
Only the surjectivity of and the continuity off * are needed.

Milewski’'s proof that beindr, is a topological invariant:
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Let X be aT,-space, and lef X — Y be a homeomorphism. LetOY . Sincef is bijective,
then f({y) is a one-point set, and therefore a closed subs¢tbyfproblem 6. The surjectivity 6f
means thatf (f *({y})) = ¥ , which is a closed subset ¥fsincef is a homeomorphism and hence a
closed map. Thus all single-point set¥iare closed and sois a T, -space.m

9. (Gemignani, p.94 #6b) Prove that a subspaceTgtspace isl,.

Let X be aT,-space and leY be a subspace &t Leta andb be two distinct points ifY. SinceX
is a T,-space, then there exists an open Wesuch thatallU bOU or an open seV such that
bOV,adlV. Consequently, we have eithaOUNY bOUNY or bOVNY,adOVNY. Since
UNYandVNY are open subsets ¥fin its subspace topology, then consequeYiilya T, -space.m

10. (Schaum'’s, p.143) Prove that a subspaceQfspace isT, .

First solution (by me):
Let X be aT, -space and lef be a subspace &f Leta andb be two distinct points ilY. SinceX

is aT,-space, then there exists open $endV such thataJU bOU andbOV ,aV . Consequently,
we haveaOU NY bOUNY andbOVNY ,a00VNY. SinceU NY andV Y are open subsets ¥fin
its subspace topology, then consequeMiiya T, -space.m

Alternate solution (by Schaum’s):
Let X be aT,-space and leY be a subspace & Let yOY . By problem 6,X -{y} is a closed

subset oK. Then X — {y})NY is a closed subset ¥f(in its subspace topology). But
(X-{yh NY=XNY{yNy=yfl .
ThusY -{y} is a closed subset ¥fand soY is aT,-space.m

11. (Gemignani, p.94 #6¢) Prove that a product of noneriptgpaces T,-spaces] isT, [T,] if and
only if each component spaceTis[T,].

= Suppose];lI X, is T, [T,] (where I;II X, is given either the product topology or box topology).

Givenill, let a andb be two distinct points inX; (possible since eacl; is not empty). Lea andb
be two points in,I;II X, where thei™ component ofa andb are a and b, respectively, and all other

components ok andb are equal. Thea#b and so, sinceElI X, is T, [T,], there exists an open subkkt
of iEII X, containinga but notb, and [or] an open subsetof iEII X, containingb but nota. Furthermore
there exist basis elemenB; and B, (for the topology ofiI;II X,) such thatallB, U andbOB, OV.
Therefore B, containsa but notb, and [or] B, containsb but nota. Now basis elements iilglI X, are of
the form B, :HU‘“ B, :IE;IIVk, where theU, andV, are open subsets oX, (and U, =X, and
V, =X, for all but finitely many values ok if iEII X, is given the product topology, but that's not
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important in this proof). Sinca andb only differ in theiri™ component, therB, and [or] B, can only
separatea andb if U, containsa but notb, and [or]V, containsb but nota. Thus X, is T, [T,]. Since
iO1 was arbitrary, therX; is T, [T,]for all i1l .

O SupposeX; is T, [T,] for all jOI . Let (x;);;, and(y,;),, be two distinct points irEII X,
where iEII X, is given either the product topology or box topologyhefT for some coordinatel | , we

have x Zy,. But X, is T, [T,], and so there exist disjoint open setsand [or]V of X; such thatU
containsx but noty,, and [or]V containsy, but notx . Then7z*(U) and 7z*(V) are open subsets of
I;II X, (in either the product topology or box topology) sucht it (U) containsx but noty, and [or]

717 (V) containgy but notx. Thereforel;lI X, isT, [T,]. =

12. (Milewski, p.501) Prove that every metric spacd,igand thereforel, ).

First solution (by me):

Every metric space is Hausdorff (proven in the Hausdgéc8s chapter), and therefofg and
T,. But we’'ll give a direct proof here. Lrtandy be two distinct points of a metric spag¥,d). Then
d(x,y)=r >0. ConsequentlyB,(x,r) containsx but noty and B,(y,r) containsy but notx. ThusXis
a T -space.m

Of course, using =3d(x,y) would prove tha is Hausdorff. It also turns out thAtis also
normal in addition tdl,, and hence is &, -space.

Second solution (Milewski):
In a metric space, the condition of a 8db be closed is that iim x, = x, wherex, O A for all

nOZ,, thenxOA (i.e. A contains all its limit points). LeaJA. Sincea is the only element ofg ,
and clearlyima=a, and aD{E by definition of closure, thefig is closed. Thus all single-point sets

in A are closed and $bis aT, -space.n

13. (Munkres, p.99) Prove thatéfis a subset of &, -spaceX, thenx is a limit point ofA if and only
if every open subset of containingx contains infinitely many points &t.

If every neighbourhood af contains infinitely many points @&, then it contains at least two
points ofA and so contains at least one poinAdither tharx itself, and sx s a limit point ofA.

Conversely, suppose thatis a limit point ofA. Assume there exists an open suli$edf X
containingx that intersect# in only finitely many points. Theb also intersectA—{% at finitely many
points, say at the points,,....x,. SinceX is a T, -space, then{x,...,x} is closed by problem 6.
Consequently,

U—{x...%}=UNXAx..x}

is the intersection of two open sets and hence igpan set (containing). SinceU intersectsA only at
X, X, or at x,x,....x,, thenU —{x,...,x } is an open subset &f containingx that does not intersest

at any point except (possibly) xat This contradicts the assumption tkas a limit point ofA. Thus every
open set containingintersectA at infinitely many pointsa

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



14. (Milewski, p.503) LetX be a finite set. Prove that the only topologyXowhich makesX into a
T,-space is the discrete topology.

Let X be a finiteT, space. Then every finite subseXak closed by problem 6. Singés a finite

set, then every subset Xfis closed, which means that every subseX of open. ThuX has the discrete
topology. m

15. (Schaum'’s, p.143) Show that a finite subset @f-apaceX has no accumulation points.

First solution (by me):
Let A={a,...,a,} be a finite subset of & -spaceX. We show that every point fis not a limit

point. Leta LJA. SinceXis aT, -space, then for alf #i, there exists an open subsét of X containing
a such thata, OU,. LetU =U,, which is an open set since it is the intersectiomel open sets.

j#i
Now U does containg, butU does not contain any other pointAnsince if a, U for somek #i , then
a, 0NV, OU,, a contradiction. Thusg is not a limit point. Thu# contains no limit pointm

j#i

Second solution (by Schaum’s):
Let A={a,...,a,} be a finite subset of & -spaceX. The subsefa,...,a_,a,,,a,} is a finite

subset o for anyi, and thus is a closed subseXdby problem 6. ConsequentlX —{a,,...,a_,,a.,.a,}
is an open subset &f and since it containg, and no other point ok, then g is not a limit point ofA.
ThusA has no limit point.m

Third solution (by me):

By problem 0, therx is a limit point ofX if and only if every open set containixgcontains
infinitely many points ofX, which is not possible singg has only finitely many points. Thushas no
limit point. =

16. (Schaum’s, p.144) LeX be aT, -space andB, a local basis atx X . Prove that for every
yO X distinct fromx, there is some member &, that does not contaia

Since x#zy, and X be a T, -space, then there exists an open detontainingx but noty.
Consequently, there is a local basis elennt$, such thatx 0B OU and sdB does not contaig. m

17. (Schaum'’s, p.144) LeX be a first countabld, -space and leh be a subset of. Show that if
pO X is a limit point ofA, then there exists a sequence of distinct termstivat converges tp.

Since X is first countable, there exists a nested local b&is{B,| n0Z,} at xOX . Set
B, =B,. Sincexis a limit point ofA, then B contains a poing, JA different fromx. SinceXis aT, -

space, then by problem 16, there exiB{s.]# such thata, JB_. Similarly B, contains a point, [l A
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different fromx and, sincea, UB_, different froma, . Again, by problem 16, there exisB [J# such
thata, JB . Furthermorea, B anda, 1B meansthaB B .

Continuing in this manner we obtain a sequefige B ,...} of B and a sequencig, a,,...} of
distinct terms inA with a, JB and B [ B for all nZ,. Then for any open sét containingx,
there existsB [J#B such thatxUB, U, and consequently somB such thatxUB 0B LU.
Therefore we havey, [1B_[JU for all k>m. Thus the sequenge, a,,...} converges ta. m

18. (Adamson, p.45) LeX be aT,-space. Lef be a subset of and letx(d A. Prove that ifx 0 A,
then every open subsetXfcontainingx contains infinitely many points &.

First solution (by Adamson):
Suppose there exists an open subbkebntainingx that intersect# at finitely many points, say at
a,...,a,. Sincexd A, then none of these points areSinceX is T,, then by problem 16, there exist basis

elementsB,,...,B, for the topology oK containingx such thata OB, for all i =1,...,n. Then((n] B)NU
i=1

is an open subset &f (sincen is finite) containingk that does not contain any of the poiais...,a,, since

a, D((n] B)NU for somek means thaig, O (n] B O B, , a contradiction. Bu((n] B)NU OU , andU only
i=1 i=1 i=1

intersectsA at the pointsa,,...,a,. Thus ((n] B)NU does not intersed at all. But sincex A, every
i=1

open subset of containingx intersectdA. This contradiction means that every open subs¥étcohtaining
X must contain infinitely many points 6f =

Second solution:
Suppose there exists an open subbkebntainingx that intersect# at finitely many points, say at

a,...,a,. SincexdA, then none of these points areSinceX is a T, -space, theda,...,a,} is closed by
problem 6. Consequently,

U-{a,...a}=UN(X~a..,a)
is the intersection of two open sets and hence @pan set (containing). SinceU intersectsA only at
a,...a,, thenU—{a,...,a} is an open subset of containingx that does not intersed& at all,

contradicting the fact thax ] A. Thus every open set containingntersectsA at infinitely many points.
|

19. (Adamson, p.44) ProvéX,d) be a pseudometric space, where a pseudometric is a futictio
satisfies the axioms of a metric except two distinchisomay have zero distance. Prove thad aT,-
space if and only ifl is a metric.

= Suppose(X,d) is aT,-space. Lek andy be two distinct points itX. SinceX is a T,-space,
there exists an open ddtthat either containg but noty, or containg/ but notx. So assum&U but
yOuU . Then there existg >0 such thatxOB, X & JU . Thus yOB,(X,&) so thatd(x,y)>&>0.
Thusd, together with the pseudometric properties, is a metric

Adamson: Ifd is not a metric, then there exist two distinct pon#sdy such thatd(x,y) =0.

Then for anys >0, we havexB,(y,&) and yOB,(x,£). Thus any basis element for the topolog¥of
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that contains one point also contains the other. Thaannot be ar,-space. This contradiction means
thatd must be a metric.

O Suppose thal is a metric. Ther(X,d) is a metric space and hence i$,aspace by problem 12.
|

20. (Adamson, p.45) Prove thatjaasimetric space is a T, -space, where a quasimetigca function
that satisfies the axioms of a metric except the symynpeoperty of a metric.

Let (X,d) be a quasimetric space. beandy be two distinct points ilX. Thenr =d(x,y)>0
and s=d(y,x)>0. Thus B,(x,r)={z0X]|d(x 2 <r) is an open set containirrg but noty, and
B,(y,q) ={zOX| d(y, 2) <s) is an open set containifygut notx. ThusXis aT,-space.m

Note: Not all quasimetric spaces are Hausdorff, andm&da provides a counterexample in
problem 144.

21. (Adamson, p.45). LeX be aT, -space with a finite basis for its topology. Prove thas finite
and has the discrete topology.

Let B={B,..., B} be a finite basis foX. Let xOX . Then there exist8 B such that
xtB, . If B #{% , then choose a poin{ # x such thaty JB, . SinceXis T, then there exists an open
setU containingx but notx . SinceU (1B, is open subset of containingx, then there exist8 U3 ,
such thatxtB 0O(B NU). Then xOB OU, so xUB . If B #{% , then we may repeat this

process, so obtaining a strictly decreasing sequenaesiaf tipen sets.

Sinced is finite, then this process must stop witfi] B, QBIH gg B, . If B #{% , then we
can choosex, 1B _ distinct fromx and then there must exist an open\sebntainingx but not X, and so
(by definition of B being a basis) there must exiBt [#B such thatxOB [ (B V), and thus
xtB, gB,k 9”'931 and the process is continuing, a contradiction. Thus wemaveB_={% . Thus
{»¥ is an open subset of. Sincex was an arbitrary point ifX; then X has the discrete topology.

Furthermore, sinc is finite, and{{%}| xO X} O B, thenX must be finite.m

22.
23.

Minor Theorems:

24. (Adamson, p.43) Prove thatifhas any particular point topology, th¥s a T,-space, where the
particular point topology corresponding xp[I X is defined by

g, ={U0aX) | x0UtU G .
Furthermore, show thatis not aT, -space (itX has more than one point).
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If X does not have more than one point, thenTthproperty ofX is vacuously true. Otherwise, let
X,y X be two distinct points iX. If either of these two points ig,, say x = x,, then{x} is an open
set containing but noty. If none ofx andy are x,, then{x, ¥ is an open set containirxgout noty (and
{*, W} is an open set containiygout notx, though this is not needed). ThXiss aT,-space.

Now if X has more than one point, then for axy x,, any open set containingmust containx, ,
and thusXis not aT, -space.m

25. (Adamson, p.43-44) Given a spatedefine~ by x~ vy iff {% ={T.
a) Prove that- is an equivalence relation.

Reflexivity: Let xOX . Then{®% £ X sox~ x.
Symmetry: Suppos&~y. Then{® { ¥ ,so{y} { X . Thusy~ x.
Transitivity: Supposex~y andy~z. Then{® { ¥ and{y} { ¥ . Thus{% { ¥ £}z sox~z.m

b) Prove that the canonical surjectign X — X/~ is an open map.

Let U be an open subset ¥f We claim thatq™(q(U)) =U , from which the result follows since
qis a quotient map. Now 0 g™ (q(U)) already holds from elementary set theory (with equalitging
if g is injective—but sinceg is not injective, we must show the reverse inclusitwectly). Let
x0q(qU)). Thenq(x)0qU) so thatq(x)=q(y) for someyOU. Thenx~y so{% {y by
definition of ~. Thus yD{? ={?, so that every open subset Xfcontainingy intersects{% , i.e.
containsx. In particular,U containsy and thus also contains Thus x(OU so thatq™(qU))OU .

Thereforeq™(q(U)) =U . SinceU is a quotient map, theg(U) must be an open subsetYof Thusq is
an open mapm

C) Prove that the resulting quotient space~ is T,.

Let [x] =q(X) and[y] =q(y) be two distinct points inX/~. Thenx+y and thus{% # ¥ .
By problem 5, there exists an open subsex tifat containg and noty, or containg/ or notx. So assume
U is an open subset of such thatx(OU and yOU . By part (b),qU) is an open subset oK/ ~

containing q(x) =[X] . We shall show thag(U) does not contaify]. Suppose[y]dg(U). Then
a(y) =[yl =(2) , for somezOU . Theny~z so{y { ¥ . ThuszO{3 X ¥ , so that every open
subset o containingz intersecty y} , i.e. containy. But z[OU and y[OJU , a contradiction. Thug(U)

is an open subset of/ ~ that containgx] but does not contaify] . Thus X/~ is aT,-space.m

26. (Conover, 162) Prove that a sub8etf a T, -space is countably compact if and only if every
countable open cover #fhas a finite subcover.

Proof by Morphism:
= Let A be a countably compact subset of,aspaceX. If Ais finite, then clearly every countable

open cover oA has a finite subcover by taking one member of the opesr ¢o cover each point & So
assume is infinite. LetU ={U, U,,...} be a countable cover 8f Suppose no finite subcollection Wf
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coversA. Then there exists a poid in A that is not covered bjU} (since{U} cannot cove®A), a
point a, (different from &, ) in A that is not covered bfJ,, U} (since{U, U} cannot covep), ..., and
in general a pointa, (different from a,,...,a,_,) in A not covered by{U,,...,U} for all nOZ, (since
{U,...,U,} cannot coverhA). Then{a} H g a,..} is an infinite subset oA and thus, sincé\ is
countably compact, must have a limit parih A. Sincell coversA, thenallU, for somekOZ, . Now
by construction offa} , for all i >k, a is not covered by{U,...,U;} and thusa OU, for all i >k.
ThusU, can only intersecfa} at the pointsa,,...,a,. ButXis aT, -space, so by problem 18, must
intersect{a} at infinitely many points sinca is a limit point of{a} andU, is an open subset of
containinga. This contradiction means that there must be afsubcollection oll that covers\.

Second proof of this direction:
Let A be a countably compact subset of,aspaceX. If Ais finite, then clearly every countable

open cover oA has a finite subcover by taking one member of the opesr ¢o cover each point & So
assuméA is infinite. LetU ={U,U,,...} be a countable cover 8f Given any finite subcollectiot of

U, letSbe the set of all points i that is not covered By. If S=0, then? is a finite subcover ok and
we are done. I§is finite, then each point i§is contained in some member®¥fand so there is a finite
subcollection of U coveringSand soVU W is a finite subcover oA. Thus assum8is infinite.

SinceA is countably compact arfslis infinite, thenShas a limit pointa, in A, which must belong
to someU,; OU . SinceU, is an open subset f containinga, and a is a limit point ofS, thenU;
must intersect If S-U, is finite, then again we conclude tiatadmits a subcover &. If S-U, is
infinite, then again by countably compactnesf,06-U, has a limit pointa, in A. Now a, cannot be in
U, since thenU, would be an open subset f containing a, which does not intersec-U, ,
contradicting the fact thad, is a limit point of S-U; . Thusa, must belong tdJ; for someU, OU
distinct fromU, . If S-U, UU, is finite, then once again we conclude tHaadmits a subcover @f. If
insteadS-U; UU, is infinite, then again by countably compactnes,o6-U, UU, has a limit point
8, in A. Now g, cannot be ilJ; or U, since therlJ, UU; would be an open subsetXtontaininga,
which does not interse&-U, UU, , contradicting the fact thad, is a limit point of S-U, UU; . Thus
a, must belong tdJ;, for someU, LU distinct ofU; andU, . We continue this process to obtain the

(possibly terminating) sequence of poifiést g, a, a, a,...} .
Suppose{a} is infinite, which means thaa, U, for all nUZ,. Now sincea UA for all

i0Z, ,then{a} is an infinite subset g, and so by countably compactnes&\p{a} must have a limit
pointain A. Nowa must be inU; for someU;, LU . Since everya, cannot belong ttJ,,...U,_, by the

previous paragraph, thed, cannot containa, for all n>i,. ThusU, can only intersecf{a} at the
points a,...,.a . ButXis aT -space, so by problem 18, must intersecfa} at infinitely many points
sincea is a limit point of{a} andU, is an open subset ¥fcontaininga. This contradiction means that
{a} cannot be infinite. Thuga} must terminate at some last teap. This means that there is rQ,,

N N N
to be a limit point ofS-UU, , which means tha8—UU, must be finite (because B-UU, were
=1 j=1 =

infinite, then it would have a limit poing,,, by countably compactness Aj. Thus there is a finite
subcollectior of U that coversS-U, , and so{U,,...,U;, }U¥Y is a finite subcollection di that covers
A
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O Suppose is aT,-space and that every open cover of a sub$ets a finite subcover. LBtbe an

infinite subset ofA. Supposd has no limit point iPA. Then for anyb 0B, we can find an open subset
U, of X that intersect® only at{l} . Using the Axiom of Choice, le€ ={b, b,,...} be any countable
subset oB. NowB contains all its limit points (since it has none) #mdk is a closed subsetXf SinceX

is aT,-space, thefb} is a closed subset ¥ffor all nOZ, . Thus

C={b,b,..} = BnD(;{ b}
is the intersection of closed subsetX@ind hence is a closed subseXofThus
U={U,,U,,..} L A-G
is a collection of open sets. Furtherm@eés a countable collection, and, singellU, for all nOZ, , U
is a countable open coverA&f However any finite subcollection ®f will have to have somd),  deleted,
and deleting any,, from U will leave the pointh, A uncovered. Thu#l is a countable open cover of

A that has no finite subcover, contrary to hypothe$hlusB must have a limit point i&. Therefore every
infinite subset ofA has a limit point irA, and sAA is countably compactm

27. (Adamson, p.44) LeX be a topological space and define a relaam X by setting k y IR if

and only if xO{y} .
a) Prove thaR is reflexive and transitive.

First we prove thaR is reflexive and transitive. By definition of cIosundJ{? for all xOX so
so (x X)OR, so thaR is reflexive. Now supposex(y,[)R and § zYJR. ThenxO{y} andyO{3 .

Now xD{? means that any open détcontainingx intersects{y} , i.e. containg. But yD{? means
that, sincelU containsy, U intersects{2 . Thus every open set containir@lso intersect§2 , which

means thalxD{_z}. Thus & z 1R, and saR is transitive. Another way to show thaﬂ{_z}, is to note
that since{y} ({ & , then{y} (¥ £}z , and soxO{y} ({ ¥ . m

b) Prove thaR is a partial order relation if and onlyXfis aT,-space.

= Supposer is a partial order relation. Letandy be two distinct points irxX. Then by anti-
symmetry ofR, we cannot havex(y, DR and  x JJR, i.e. we cannot have bothDW and yD{@.

Thus we must have eithetTl{y} or yO{% . Then by problem 4 is aT,-space.
O Suppose is a T,-space. By part (aR is reflexive and transitive, so we need only show Rhiat

antisymmetric to prove th& is a partial order relation. Supposey [JR and {f x JTR. Then ng
and yD{@. If x#y, then there exists an open Bethat either containsbut noty, or containg but not

x. But xO{y} means that every open set containingtersects{y} , i.e. containg and yO{% means
that every open set containigigntersectg % , i.e. containg. This contradiction means that we must have
x =Yy and sdR is antisymmetric and thus is a partial order relation.

Adamson: x0O{y} meansthaf} ({ ¥ , sothat} O{ y £}y . Similarly, yO{% means that

{} Ok, sothat{y} { k £} . Thus{} < ¥ . SinceX is aT,-space, then by problem 5, distinct

one-point subsets of have distinct closures. Thusxfz y, then{® { ¥ so that{? ;t{T. Hence we
must havex = y, and sdR is antisymmetric and thus is a partial order relatisn.
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C) A topological spac¥ is called amAlexandrov space if the intersection of every collection of open
subsets oK is open. Prove that a sub§kbf an Alexandrov space is closed if and only if wheney@rC

and k,y JR, thenxOC.

= SupposeC is a closed subset of an Alexandrov spdcdet yOC and &y IR, i.e. xD{?.
Since yOC andC is closed, thedy} O C by definition of closure. ThugO{y} OC.

O Let C be a subset of an Alexandrov sp¢eand suppose thatJC and & y IR, i.e. ng ,
implies xOC. We need to show thétis closed. Now for any collectiofC, | i J1} of closed subsets of
X, we have by deMorgan’s Law,

UC)=x-N(x-c),
which is the complement of an intersection of open set$ da intersection of open sets is open site

an Alexandrov space) and hence is closed. Consequdﬂt@ is a union of closed subsets X%fand
yoc

hence is a closed set containiBg ThusC 0 U{y} . Then for anyxOC, we havex{y} for some
e

yOC. Thus by hypothesis, we hawel]C. HenceCOC. SinceCOC, then we haveC =C.
ThereforeC is closed.m

28.

29.
30.
31.
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