A point mass m slides without friction on a horizontal table at one end of a massless spring of natural length a and spring constant k as shown in Figure 3‑C. The spring is attached to the table so it can rotate freely without friction. The net force on the mass is the central force F(r) = ‑k(r ‑ a). (a) Find and sketch both the potential energy U(r) and the effective potential Ueff(r). (b) What angular velocity (0 is required for a circular orbit with radius r0? (c) Derive the frequency of small oscillations ( about the circular orbit with radius r0. Express your answers for (b) and (c) in terms of k, m, r0, and a. (15 pts; 5 per subpart)
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(a) The radial force is given by:
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The potential energy is given by:
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The constant of integration has been set to 
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 so that at r = a, U = 0.

The effective potential energy is:
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Note that the term 
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 is just the kinetic energy associated with rotational motion in the 
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 direction. Since there are no forces along 
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, we know the mass will rotate with constant angular momentum. By treating this rotational energy as an “effective radial potential” term, we simplify from a 2-D problem to a 1-D problem, and we can solve for the radial behavior rather easily. This is the motivation for defining an effective potential.

The shape of the potential energy curve is parabolic with a minimum of zero at r = a.   The effective potential energy curve is asymmetric and has its minimum at a larger r. An importamt difference 

between the potential and effective potential energy curves, shows up at small values of r, where 

the term proportional to the square of the angular momentum increases as r becomes smaller and smaller. 

(b) It is most convenient to derive the force on the rotating mass from the effective potential energy.   So
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In equilibrium, the net force is zero:
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Solving for the angular velocity,
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(c) For small oscillations, it is useful to express the radius of the orbit as 
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, where 
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 measures the coordinate of the small radial variation relative to the equilibrium radius.      

Now the force becomes:
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As 
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, we can expand the 
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 in the denominator of the second term using
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The two constant terms in the force expression give the force balance that occurs in the equilibrium configuration, where the spring force provides the centripetal force required for circular motion.   

Keeping just the terms proportional to 
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, the reduced expression becomes:
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The equation of motion is:
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So the small oscillation frequency is:
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