Prove that the current J can be decomposed into longitudinal and transverse components,
J=1J,+1J, [L.1]
Helmbholtz theorem, for a bit of justification.

VF3UW:F=-VU + VxW 2]

We see that VX (VU) =0 and V ¢ (VX W) =0; essentially, we are breaking up any ol’ vector function into its

divergenceless component and its curlless component.

Let,

J = [ j|J(X) dx j [1.3]

_ 1 Ve J(x') /T J(x') ,
J[=—EVJ—d3 - [ j d3j [1.4]

Does V' — V if we bring it outside the integral? Well, I can’t go any further if I don’t use this; It can be shown that [1.3]

and [1.4] tally to J in agreement with [1.2]. Add them and combine the vector-derivatives under the integral sign,
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We need to realize Vx(VxA)=V(VeA)—-V?A, and [L5] becomes,

d*x’ [L5]

J d3x,j:LJ-V><(V><J)—V(VOJ)
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d*x’ L6
4 g [1.6]
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Integrating by parts using V(Ve (Ay))=V(AeVy +y-Vea)=(V(AeV l//)) +V(y-Vea)

Thing we want:
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We see that [1.7] implies,

J(x)d’x = j_—l V2 J(xHd’x = j S(x—x)J(xVd’x" = J(x) [L7]
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j |XV_—'Ld3x'?:?? j [vz P{_LXJ J(x)d*x’ [L.8]
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Second derivative of product of scalar functions,

O J | 99, 1,0 L | 9 1 0,0 1 9 | [1.10]
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Clearly, then,
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The vector laplacian is expressible as the gradient of a divergence,

VZ(ay/):V(VO(ay/)):V(aOVy/+WOa):V(a’v)+V(W°a):[

(aeV)v+(veV)a VyIVea)+) 1119
+ .
+ax(Vxv)+vx(Vxa)) |y (V’a)

Restoring our abbreviation v =V i, we see [1.12] becomes the identity,

Viay) = (@ VY(V) +(Vy) e Va+ax (VX (V) + (V) x(Vxa))+(Vy)(V ea)+y(Va) .
=@ V)(VY)+ (V) e Via+ (V) x(Vxa)+(Vy)(Vea)+y(Via)

fObviously, a — J and ¥ — = ‘ so the LHS of [1.8] becomes,

Viay)=((aeV)v+(veVia+ax(Vxv)+vx(Vxa))+(Vy)(Vea)+y(Va) (1.14]



