I. A Treatment of the Gamma and Beta Functions benorin@umail.ucsb.edu

“Read Euler: he is our master in everything." --PS Laplace

Definition 1.0: x!:=] [ ¢

g=1

It was Leonhard Euler who, at the age of 22, was the first to extend the domain of x! (the factorial) from
non-negative integer arguments to all complex arguments less the negative integers. The analytic continuation
of x! was a problem likely suggested to Euler by either his then friend, colleague, and roommate Daniel
Bernoulli, or by another colleague of Euler's at the St. Petersburg Academy of Science: Christian Goldbach.
Insofar as one can be certain, the later was to whom, Euler, in his letter of October 13, 1729, disclosed his
solution.

One way to achieve Euler's result is to observe that Vx,A e Z =7Z" U {0} one may write
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yielding the so-called Euler limit form of the gamma function, viz.
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Definition 1.1 (Euler 1729): Vx ¢ Z~ U {0}, (x):= Him ( 1;“1( A-1)
“ox(x+1)-(x+A-

complex variable x which possesses simple poles at non-positive integer arguments.

, a meromorphic function of the

From Definition 1.1 it follows that a difference equation satisfied by the gamma function is
Equation 1.2: Vx¢ Z~ U {0}, T'(x+1)=xT(x).
Another elementary property of the gamma function whose proof is left as an exercise for the reader is given by
Equation 1.3: VneZ', T'(n+1)=

That the Euler product form of the gamma function is often taken to be the definition thereof notwithstanding’,
in this work the author shall have the occasion to call it

Theorem 1.1 (Euler 1729, and Gauss 1811): Vz ¢ Z~ U {0}, T'(z) :lHK1+lj /£1+Zj] :
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Not but thirteen weeks after the first, Christian Goldbach received a another letter from Euler, this one dated
January 8, 1730, containing yet another definition of the gamma function, being convergent for arguments with
non-negative real parts, was originally known as an Eulerian Integral of the Second Kind, was later dubbed the
Gamma Integral by Gauss, yet is here to be humbly re-titled:

Theorem 1.2 (Euler 1730): T'(z) = | ©erdr, M[z]>0.

t=0

T Gauss did, for example. [a]



Proof: From the definition of the Gamma function, make the following observation:
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Now, integrate by parts.
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In general, £ iterations of integration by parts givesF(z) = }im ( 1) ?!l — 2)k' j 0 ( _ x)z+/1—k—2 X dx:
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in particular, (A1) iterations of integration by parts yields I'(z) = lim /VJ. ] (1- x)z_] x*"'dx . Substitute

A—w x=0

1\ z2-1
x* =y= Ax*'dx=dy, to get 1“(z)=}1im/1z‘l‘[1 (l—yf) dy . Set i:l, so that 7 - 0" as 4 — o and
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F(z) = lim . dy :J- Olnz — |dy, where = denotes the use of I'Hospital's Rule. Substitute
y= y= y
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y=e'=dy=—e'dt, toget I'(z)= I " ¢'#"'dt, and the theorem is demonstrated.
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Weierstrass took as the definition of the gamma function its canonical infinite product representation, the so-
called Weierstrass product form of the gamma function. The desired representation of the gamma function is
here obtained as a corollary to the Weierstrass Factor T heorem?, the proof of which shall not be reproduced

here'™.

Theorem 1.3 (Weierstass): Let f (z) be an entire (i.e. everywhere analytic) function with simple zeros at

'), z
z=a,,a,,4a;,... where 0<|a|<|a,|<|a;| <+ and lim a,, =o0, then f(z)=r(0)e’" Hl:(l—i}z”k}.
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The Weierstrass product form of the gamma function is then given by

Corollary 1.1 (Weierstass): L e Hl +%j e ’1} where is ¥ Euler's Constant.
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Proof: Let f(z)= so that f'(z) is an entire function with simple zeros at z =a, :=—kVk e Z°
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satisfying the hypotheses necessary to invoke Theorem 1.2, which yields L _ e’ "(O)ZH Kl + %j e_"} .
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Set z=1 in the above formula and take logarithms of the result to determine that

M

f’(o)ziﬁ—h{uéﬂz lim i[%ﬂn(k)—ln(kﬂ)}: lim {Z(%}—ln(Mﬂ)}Hn(l)

el M —ow

k=1

= lim f(lj—ln(MH) + lim ln(l+Lj— lim i(l]—ln(M) =

Mo ~\ k M- RS ~i\ k =7
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= ln(l)

The theorem is proved upon applying Equation 1.1 and replacing f '(0) with y, which is Euler's Constant.

TO BE ADDED TO SECTION I

! Note that said product may be derived from Definition 1.1 algebraically, an exercise which is left for the sufficiently curious reader.

' A proof of this theorem may be found in any sufficiently interesting text on complex analysis, see for example [b, pgs. 136-9].



The polygamma function is denoted by , and is defined to be the (n + l)th derivative of the natural

logarithm of the gamma function, viz.

dn+l

Definition 1.4: y, (z) = T

——InI'(z).

Exercises I
1.1) Verify that Equation 1.1 follows from Definition 1.1.
1.2) a) Use the principal of mathematical induction and Definition 1.1 to establish Equation 1.2.

b) Why do you think mathematicians chose to adopt the convention 0!=1 ?

1.3) Use the Euler product form of the gamma function to show that lim ™" (1 + ]Ii]j / F(l + knj =1.

N—>ow

1.4) Show that Res I(x) /k'Vk eZ*
» n+] '

1.5) Obtain the formula l//n Z n+1 by taking as the definition of the gamma function:
q:O

a) the Euler limit form, b) the Euler product form, and c) the Weierstrass product form.

1.6) Evaluate I 171 v, (z)dz
"2

M
1.7) Show that Euler's Constant to four decimal places is y := lim [Z%— In(M )} =0.5772....

M- =

I1. The Integrals of Dirichlet; Liouville's Generalization Thereof

A result due to Dirichlet is given by
B
Theorem 2.1: If .53, R[y,] > 0¥p,q,r and V" =1(z,,2,,...,z,) e R" | z; 2 0V, Z(a J <1, then
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Proof: The proofis by induction. Let I, denote the integral on the left-hand side of the above equality.
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Corollary 2.2: If .8, R[y,]>0Vp,q,r and V" = {(zl,zz,...,zn)eR" |z, 2 0V),1 < Z(i} <t2}, then
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Corollary 2.3: If .3, >0Vp,q and V" := {(zl,zz,. .z,)€R"|z; 20V, Z( ] < 1},then
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content,, V” H Idz -dz,dz, = HLB" F(ﬂ J:l / (1+Z ] where the formalism contentn(V") is
q

q=1 q
meant to convey that the integral yielding the value indicated is ipso facto to be interpreted as the length, area,
volume, or content (a.k.a. hypervolume) of the region V" according as n=1,2,3, or n > 4, respectively.

A generalization of Dirichlet's result is given by the stronger theorem of Louiville, namely
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Proof: The proof is by induction. Let J, denote the integral on the left-hand side of the above equality.
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Exercises I1

21)a)ShowthatH|:IB (Zqﬂ/ (1+;7’1‘J yIHB(lJrZ;’ ;’:2}

b) Rewrite Theorem 2.1 using the result of part a.



¢) Formulate an alternate proof of Theorem 2.1 by means of a product of beta functions.
2.2) Prove Corollary 2.1.
2.3)
ITI. A Bit of Geometry

The orthotope is the generalization of the rectangular parallelepiped to n-space.

DEFINITION OF ORTHOTOPE HERE

Consider the orthotope with polytope vertices of the form (J_rbl,ibz,. . J_rbn) orientated with facet-centered axes

determined by the set P" := {(xl,xz,...,xn) eR"|

xk| < kak} . It is convenient in this work to develop an

N—>owo

2N
alternate determination of the orthotope by means of the set Q" := {(xl,xz,. X ) e R" | lim Z( J < n} ,
k

where N — oo through positive integral values. The equivalence of said sets, desired because P” follows
intuitively from the general notion of an orthotope whereas Q" is of a form more suitable for use in conjunction
with Dirichlet integrals, shall be discussed presently.

P"=Q”<:>[(P"gQ")/\(Q”gP")]@[(xeP":>er")/\(er”:xeP”)]@(xeP”<:>er”)

N , xk|<bk .,
Sufficiency :define y, = }}im [%j =41, xk| =b, sothatxe P"=0<y, <IVk=0< Zyk <n=>xeQ"%
. o, |x,|>b, =

Necessity :x € Q" = Zyk <n= |xk| <hVk=xeP"
k=1

In order that Q" may be utilized with regards to Dirichlet integrals, consider now the orthotope with polytope
edges of lengths b,,b,,...,b, given by the set U" := Q0" N {(xl,xz,. x,)eR" x> OVk} ; define the sequence of

k=1

2N
sets Uj, = {(xl,xz,...,xn) eR"|x, > OVk,Z[ﬁj < n}, so that lim Uy =U" and one may check that
2 >

1 n o 1 b 1 "]
oo = [ v =t [ fvs = | B 1] 51
n . n ; 1 " ‘
= g(bq)]lv1£130nzzv r (1+2NJ/1‘(1+2’;\J = H(bq), as it must.

q=1

The hypercube, formally referred to as the measure polytope, is the generalization of the cube to n-space and
moreover the degenerate case of the orthotope with all equal length polytope edges. Thus, upon substituting

b, =cVq in the above formula, one arrives at content (hypercube)=c".

Content of a hyperellipsoid: The hyperellipsoid is the generalization of the ellipsoid to n-space. If the lengths

2
of its semi-axes are a,,a,,...,a, >0 then its equation is Z{ j =1, which suggests the multiple integral be
g=1\ 4

2
taken over the set E" := (xlsz,. ) eR" | X; > OVJ Z( J <1¢. Each of the n coordinates may either be
g=1\ 4
negative or non-negative, thus by Corollary 2.3 it follows that
72| |a

n q
content ( hyperellipse) = ,C,)" content( ﬂ Idx ~dx,dx, =2" H{ 5 F(;H/F (1 -+ z;j =
- F(l + n)

where ,C, is a binomial coefficient.



Content of a hypersphere: The hypersphere is the generalization of the sphere to n-space and moreover the
degenerate case of the hyperellipsoid with all equal length semi-axes. Thus, upon substituting a, = rVq in the

above formula, one arrives atcontent( hypersphere) = ﬂzr”/ F(l + ;) .

Exercises 111

3.1)

N—>ow

2N
3.2) Show that the set R; = {(xl,xz,. ,x,)eR" | lim Z( J =n-d } possesses that property of describing
k

precisely the d-dimensional content (less lower dimensional boundaries) of an n-dimensional orthotope; that is
to say that the sets R, R/,...,R ,,R" ,R" describe the vertices, edges..., ridges, facets, and hypervolume of an

n—=2%"" n-1°

n-dimensional orthotope, respectively. Note that R’ "R} = Vi j and U R =U", where & denotes the null
k=0

(empty) set and U" is the orthotope defined above.
3.3)

IV. Multiple Integral Representations of Generalized Hypergeometric Functions

TEXT HERE

It is perhaps best to begin with the well-known result of

Example 4.1: Show that Z (n):= [ [\ [ (1=] T\, A ) "d,dAdd = ¢ (n) Vne L', where () is the

Riemann zeta function. The domain of 1ntegrat10n is the unit n-dimensional hypercube orientated such that: one
of its 2" vertices is at the origin, the vertex which is furthest from said vertex is at (1,1,. . .,1) , and the set of

points defined by it lie entirely in the portion of n-space with positive coordinates. This observation alone

suggests use of set C" := {(/11,/12,. o A)ER"| 4, > 0VE, }]im Z/I;N < n} However, in observance of the
-0 st

integrand's infinite discontinuity at the point, moreover the vertex, H/Ik =1 A, =1Vk, one is careful to
k=1

define the sequences of sets Cy, = {(21,12,. o) ERT A, 20VE Y AN < n}, so that lim Cy = C" and one's
o o

I1,.9%,
b ey

integral, namely Z , 1s now a proper one. Evaluation is as follows, write

Z(n)=lim Zy (n) = lim [[ - J —mﬂ IZ{ A, }—mi[ﬂ LTI ”’M

k 1

noting that the geometric series expansion of the integrand does converge to the required values at every point
an element of C, before the limit as N — oo is applied. Then, applying Theorem 1, the integral becomes,
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ﬁ(1+zzq);let Cy,C",Z,(n), and Z(n) be

: . 1
An alternative method of evaluation: recall that f0r|z| <1, = =
-z =0

as above and write,
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TEXT HERE

Definition 4.1: The generalized hypergeometric function of a single variable

e Sl ey 2|

Theorem 4.1:
a,,a a,a n by~ @y -1 “
whb | T "”;Z}= [zq” (1=2,)" " }(1 z zj Leedt,dt,
1 ( bl,bz,...,bn kzl{r(akﬂ) ( —a,, }” .[H ) H A 1

Proof

L r'(b,) ' '
Set K = . Let Q0 denote the integral of Theorem 4.2 that one may write

k=1 r(ak+1)r(bk _ak+1)

Q=K ﬂ' : JH[tql (1-¢, )b”"“l}[l —zﬁ t, j cdt, dr,
=Ki a”% ﬁ J'H[z T (1- )‘1 q”_l}dtl---dtn_]dtn

Corollary 4.1:



Lerch Transcendent: CI) z n,y =Z

11 (1 (O C R

=0 f] "‘J’
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Legendre Chi Function: 1- 22| d dA, dA,
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Polygamma Function: y, (z) =

Il
(=]

q

o0

Hurwitz Zeta Function: ¢ (n, y) =
q=0

n

-1
Riemann Zeta Function: ¢ (n Z L_ ” I(l —H/qu dA,---dA, dA,

q=19
Dirichlet Beta Function: £ (n i —” I[1+H/12j di,---dA_d2A,
g=0 2q+1
s
Dirichlet Eta Functi =||---||1+]| | A | dA---dA,_dA
irichlet Eta Function: 77 ; 7 jjcj 1‘3 . A AdA,
-1
Dirichlet Lambda Function: A (n):= qz(; 2Q+1 = ﬂ f ( qJ cdA, dA,
Theorem 4.2:
a,0y,..50, ) - 2 IR e
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Proof
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il F(ak)r(b ak)
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Exercises IV

4.1) Prove Gauss's Hypergeometric Theorem: , F| (al,az ;1} = L(6)r(b-a-a) ‘
b r(bl_al)r(bl_az)

4.2) Use the Theorem 4.1 to prove:

ﬂ{an(al,...,an,am;zﬂ:F( n+1+m) n {I’(aiﬂn)r bﬂ)}+lﬂ{al+m,...,an+m,an+l+m;zj
b,,. N b, +m

dz" b, I'(a,,) - b+m,....b +m

n

4.3) Use the Theorem 4.2 to prove:

d" ) al,...,an;z :11[ F(aﬂ+m)l“ bﬂ) F a,+m,...,a, +m,Z
dz" b,....b i 1“(a/1 r bl—i-m) b +m,....b,+m

n




4.4) Show that

24 n

a) H_L—I‘[E”-Icosh[zﬁtﬂj n [jf'(l—tq)b“a‘”l}dtl'--dtn,ldtn :i z [F(aq +2/1)1"(bq)]

| [(aq,)0(b,—a,) | i = (24) 4| T(a, )T (b, +22)

O (P CYR. /o foon =TT, |

i _F(ak)r(bk —ak)_

q q n— n
1

S (22+1)153| T(a)0(b, +24+1)

. ) o1 a,a,,...,a, a,,a,,...,a,
Hint: consider the quantity —| , F, ;2 | £ F, ;=2 |-
2 b.,b,,....b, b.,b,,....b,

4.5) Use the result of Exercise 4.4 to show that

9] o Te) H.C,,jcos(zﬁ%jﬁ[iq1(1_%)%-%4%_, dr i :i(—(lz)l)z!u n {r(aﬁu)r(bq)}

T(a,)T(b—a,) | e = i | T(a, )T (b, +24)

n [ 1 u u i by a,-1 = (=1) 22 a,+2A+1)L(b,
RDAN _Th) ”-C-”-J.sin(zl/]tqu [zq (1-1,) Jdtlmdt"-ldt":Z((2121+1)! gr( ) )}

1| T(a,)0 (b, —a,) A = i T(a, )T (b, +24+1)

4.6) Show that
Answers to Selected Exercises

I

FIv Ax AL
1.1) T(x+1):=1i ~ 1 i =x b
) G G ) g PG 2 i) )

=X

1.2) a) The principle of induction affords that if one can demonstrate both (1) the truth of £ and (i) P, = P,

+19

then the truth of the infinite sequence of propositions {P }:=1 is established.

n

. : ! A
(1)F(z):F(1+1):]-F(l)Zgbl_l’)rt)lox(x+1).'.(x+&_1)| = lim ="~

xX=

1=1!.

(ii) Assume thatVn e Z°, T'(n+1)=n!, then I'(n+2)=(n+1)I(n+1)=(n+1)n!=(n+1)..
b) Substituting 7 =0 in Equation 1.2 yields 0!=T"(1), which is unity.

1.3)

—n




1.4)

1.5)

16w ()= )12:%(11)) ;(()) _INSERT WORK HERE-21n2

II.

2.1) Take ; = a}{tﬁ in Theorem 2.1.

22)
2.3)
1L
3.1)
3.2)
3.3)

IVv.

b r‘(1) a1 (1, \bra—a _F(bl)B(aZ’bl_al_az)_F(bl)r(bl_al_az)
D F( b ’1]_F(a2)r(bl—a2)jtl-0tl () = ) —a) Tk —a)T (b —a)

4.2) Let K be as in the proof of Theorem 4.1 and write
" apy...,d,,

d_ n+1Ez : 1 Z = d

dz" b,....,b, dz

S i e
q=1
= K.” .C.n..[ltj[t:w—l (1 _tq )bq—a,ﬁl—l} ;’Z”; l:(l —le[tg) }dtl . "dtn—ldtn

A=1
A=1

I'(a,+m) I S - N )
o (B S

A=1

:Kr(al +m)ﬁ{r(a/m +m)r(b/1)_a/1+1)}+lﬂ(a1 T,y +m’2j

F(al) i l"(bl+m b1+m,...,bn+m

:F( a,, +m) " {F(al+m)r(bi)} b [a1+m, ,a, . +m z]

F(anﬂ) A=1 1_‘(ajy)l_‘(b;L +I’I’l) b1+m,...,bn+m ’

4.3) Let K' be as in the proof of Theorem 4.2 and write

dm 4 202 n A a — g~ g~
4" |:nF;1 [Z,Z, ’Z J} { .” J.GDXP(ZHQJH[ qq l(l_ttJ)b 1:|dt1“'dtnldtn}
=Kl {GXP(ZILIQHILIMI (1=, )" e,
A=1 =1
:K’Ijgn.jexp(zli!tijlj[[ gt 1(1 t ) aql}dtl---dtn_ldtn
:K,li[{l“(ag +m)1ﬂ(bl)—a,l)}Fn (al +m,...,a, +m;Z]

pin L(b, +m b +m,....b, +m
" | T(a, +m)I(b,) g [ @, tm

;Z
ia| T(a)T(b,+m) |" "\ b +m,....b,+m

4.4) a) NOTE: EvenPartOf(nFn) = [nFn(~;z) + nFn(~;-z)]/2




n X " T g by a,-1 2 24 | Tla, +24)0(b,
H{#&l{)_m}”;jcosh(zﬂtljH[tq (l—tq) }dt‘mdt”“dt"_2(21)'H{Fgak)lﬁ(bq)+<2/1ﬂ

g=1 A=0 s g=l

a,,d,,...,d a,d,,...,d
l "E1 12772 ";Z +"El 12772 n;_z
2 b.,by,....b, b.,by,....b,

b) NOTE: OddPartOf(nFn) = [nFn(~;z) - nFn(~;-z)]/2

4.5)
Quotations To Be Perhaps Added To This Paper:

Quote 3.0: "Whereas Nature does not admit of more than three dimensions ... it may justly seem very improper
to talk of a solid ... drawn into a fourth, fifth, sixth, or further dimension.' --John Wallis

-In mathematics the art of proposing a question must be held of higher value than solving it. --Georg Cantor, A

thesis defended at Cantor's doctoral examination

-The third book [of Conics] contains many remarkable theorems useful for the synthesis of solid loci ... the most

and prettiest of these theorems are new, and it was their discovery which made me aware that Euclid did not

work out the synthesis of the locus with respect to three and four lines ... for it was not possible for the said

synthesis to be completed without the aid of the additional theorems discovered by me. --Apollonius

-(Before section on conjectures): I have had my results for a long time: but I do not yet know how I am to arrive

at them. --Carl Friedrich Gauss

-The total number of Dirichlet's publications is not large: jewels are not weighed on a grocery scale. -- Carl

Friedrich Gauss

References:
[a] http://numbers.computation.free.fr/Constants/Miscellaneous/gammaFunction.html

[b]Whittaker, E.T., and G.N. Watson. A Course of Modern Analysis (American Ed.). New York:
The Macmillian Co., 1944.
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