Neumann’s mutual potential energy of two closed circuits
(s and s")

SOME IMPORTANT TERMS AND DEFINITIONS

Magnetic shell- A magnetic shell is a thin sheet of magnetic material of uniform
thickness magnetized at every point in a direction perpendicular to the surface of
the sheet. It may be of any shape (plane, circular or curved). One face of the sheet
exhibits north polarity while the other face exhibits south polarity. The magnetic
shell may be considered as a polar sheet consisting of a large number of short
magnetic dipoles close to each other with their axis perpendicular to the face of
the shell. If the distribution of the magnetic dipoles over the surface of the shell is
uniform, the shell is said to be uniform magnetic shell.

For a magnetic dipole of uniform intensity:

U =mt
m
=3
¢ =It
where:

U = magnetic moment

m = pole strength of magnetic dipole
T = thickness of magnetic dipole

[ = intensity of magnetization

S = area of face of magnetic dipole
¢ = strength of magnetic dipole



For a magnetic dipole of a magnetic shell with very small cross sectional area and
thickness:

_Am
~AS
l.e.
Am =1AS
¢ =I1At

u =AmAt = (IAS)At = (I AT)AS = ¢ AS (IMPORTANT)



DERIVATION

To find potential energy of two closed circuits (s ands’), we shall first find
potential energy of two magnetic shells of uniform strength and since they are
equivalent to two closed circuits having same boundaries carrying constant
currents (provided that strength of shell and current of circuit are same), we shall
consider potential energy of two magnetic shells of uniform strength as potential
energy of two closed circuits having same boundaries carrying constant currents.

To find potential energy of two magnetic shells (S and S’) of uniform strength, we
shall first find potential energy of two very small elements of shells (AS and AS")
and then add them over the two shells.

In this derivation, we have not defined zero potential energy anywhere. So the
potential energy formula must contain an arbitrary constant. Let’s denote it by
+ ©.



(A) Potential energy of AS in a magnetic field B of potential 2

Let AS be OP having axis A7 with O located at (x,y,2).

+dm

— i

Let the potential at P be (2, + ©) and the potential at O be (2, + ©)

Potential energy of +Am = Am (2, + ©)

Potential energy of —Am = —Am (2, + ©)

Potential energy of AS in a magnetic field B of potential 2
= Am (2, + ©) — Am (2, + ©)

=Am(2p +© — 2y — ©)

= Am A ar changey + ©

where At change is at point O

AN
=AmATt —+ ©
AT

=u—-+
¢ dt ©
{~ u=AmAt}
{ At is very small, we replaced ratio of very small finite changes with derivative}

{"- At change is at point O, derivative is taken at point 0}

= ¢p[V0.2]AS + ©
{~n=¢AS}

{-- directional derivative is gradient dotted with unit vector}
where @ is a unit vector in the direction of A7



= ¢(—B.AS) + ©
{ E = —V(Z}
where AS is a very small vector in the direction of @i or AT

= —¢(B.AS) + ©

= —¢[V x (A +Vf)].AS + ©

{+ V.B =0}

{- AS is a very small vector in the direction of A7, AS can be considered as the

normal area vector of the particle OP. Also, - AS is very small, we can consider B
over it to be uniform. Hence by the definition of curl, we can convert this
expression into a line integral.}

S
= —qug (4.ds) +©
0
{From the direction of current flowing through the boundary of AS, we can find the

direction of At or AS by right hand rule. And from it, we can find the direction of
line integral, again by right hand rule. Thus we will see that the direction of current
flowing through the boundary of AS and the direction of line integral are same.
Thus the direction of line integral is the direction of current flowing through
the boundary of AS.}

where s is the boundary of AS



If we now suppose that magnetic field B and hence 4 are due to another shell AS’;
we can reduce 4 in terms of r, where r is the distance between a point Q (x,y, z)

and points on the boundary of shell AS’

For this, we first need to find:

(B) Magnetic scalar potential at a point Q (x, y, z) due to shell AS" at (x',y’, z")

......... [2,]

Let AS’ be O'P’ having axis AT’ with 0 located at (x',y', 2.

I
4

2

= -QQ (due to +Am) + 'QQ (due to —Amy
_ Am'  Am'’ + O
= PIQ OIQ

where k is Ampere’s constant

—kA’(l 1)+©

- m PIQ OIQ
1

= kAm'A (—) +©
'/ (A1’ change)

where At’ change is at point O’

A /1
= k Am' At’ ,<—>+©
At \r

Q



=k 4 (1> +©
d
{u =Am'At"}
{-+ A7" is very small, we replaced ratio of very small finite changes with derivative}

{-+ A7’ change is at point O, derivative is taken at point 0}

/1
—ku [v(;).a] +©
{-- directional derivative is gradient dotted with unit vector}
where 4 is a unit vector in the direction of A7’

D

= Uyl +uyj + u,k = ucos @, +ucos 60,j +ucos 6,k =

=UI't+mj+n'k
where I, m’,n’ are the direction cosines of 4 or At’.

=k [ (G) 5 G ()] + @
R e \r ay’rm 0z’

where r is the distance between point Q (x,y,z) and magnetic particle O'P’ at
(x',y',z").

Next we need to find:

(©) Aat point Q due to a magnetic particle O'P’ in terms of r

This is done with the help of magnetic scalar potential. We equate the components
of “negative gradient of magnetic scalar potential” with the components of “curl of
magnetic vector potential”.

Let F, G, H be the components of A



By (4):

() = Hae= =)=

and

6(1)_d<1>6r_ 1¢ & 6(1)
ax\r) dr\r/ox r2r 13 9x'\r
Similarly:

5 ()= a5 ()

ay\r)  ay'\r

72) =57

o’ oy oy

dx Jdy 0z

(- moment of particle O'P’ is independent of the position of particle OP)

o' _om’ on’ 9l' om' on’ 09l om’ odn'
ox o0x odx dy 9y dy 0z 0z 0z

(- direction cosine of particle O'P’ is independent of the position of particle OP)

94,
o= "oy
-l (132 () +may () - ()] o)
~ TR e\ T ey ) T o s
{by (26)}
0% /1 0% /1 0% /1
— !/ ! _ !/ _ !/ _ (27@)
e p [l (0x)2 (r) m 0x0y (r) +n 0x0z (r)]
{since constant +© vanishes in differentiation}
_0H, 0G,

__Q_~7e (27)
dy 0z




yQ dy
B a{k ,[l,a(1>+ ,6(1 N , 0 /1 +0
~ oy UH e\ ) T Gy r) "oz (r)] }
{by (26)}
0% /1 0% /1 0% /1
R 1 ' 1 ' = (280)
e u [l 0yox (r) m (0y)? (r) n 0y0z (r)]
{since constant +© vanishes in differentiation}
— 0Fg 0Hq (28)
0z 0x
dM,
b= "%,
B G{k ,[l,6<1)+ ,6<1)+ , 0 /1 + O
Bl G M A A dy' \r "oz (r)] }
{by (26)}
0% /1 0% /1 0% /1
— ARl = / = I} = (29@)
feu [l z0% (r) M ey (r) a2 (r)]
{since constant +© vanishes in differentiation}
_ 0Gq 9Fy (29)
0x dy

Solving (27), (28), (29):

F—k’[’a(1> ,6<1)]_k,[,61 , 0 /1
@ TEH e \F) T Mz \F)] T FH maz’<r> nay’<r>]
G—k’-l’a<1> , 0 (1 _k,',61 l’al

Qe T RE "5 \F "ax(r>] R ax’<F>_ az(?)]

H—k’-’a<1> l,a(1> _k,'l,c’)(l) , 0 (1
@ =R 5 \r ay\r/l # oy’ \r max’<r>]




where r is the distance between point Q (x,y,z) and magnetic particle O'P’ at
(x",y',2").

Next let’s simplify Fy:

o=kt [ 5 () =55 )
¢ “[maz'F "ay’?]
0

- ' (5) - ()] s

{« W = ¢' 85}

dx"  Ax" AS',

= dt! A" AS'

= I'AS' = AS,,

{where AS’, is the projection on x- axis of AT’ when its magnitude is changed to AS'}
{i.e. AS" is a very small vector in the direction of A7’}

Similarly:
m'AS" = AS',,
n'AS" = AS’,

=k '-OXAS' + g (1)AS' 9 (1)AS']
- (P i X aZI r y ayl r Z

s 1\ 9 /1\ . . o -
=k¢ _Ol+—(;)]—ay,<;)k].[ASxl+ASy]+ASZk]

=k ¢' (ﬁ.A_s")

h 13—0“+a(1>“ a(l)k
where P = 01 az’r] 3y \7

{-- differentiation is taken at point (x',y’,z") on shell S’, P is defined at points
(x',y',z") on shell S’}
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- - 0P, 0P, 0P,
V.P =
dox’ + ay' + 0z'

{0x',dy’', dz' because we are taking the divergence of P which is defined at points
(x',y',z") on shell §'}

0 010 /1 dra /1
~ ox [0]+6y’ [E(?)]_E[ay’(;)]
~ 0 (1 8% 1
_O+W<;)_az’—6y’(;)

=0

-

“P=Vx(C+Vf)=VxC

where:

= o ac, 0dC)\, A
Px=(VXC)x= a—y,—az, t =01
P—fo—ac" aCZA_a 1\ .
y = ( )y_(az’ 6x’>] _az'(F>’

L. [(aC, AC\. 0 [\
B =0x0),= ox 9y’ kz_ay'(;)k

{ dx',dy’, 0z' because P is defined at points (x',y’,z") on shell S’}

A solution (ignoring V)f which will cancel out in the forthcoming closed line
integral) for the components of C is:

1
Cx=;; €, =0,C,=0
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=k ¢'[Vx (C+V)].AS
{- AS is a very small vector in the direction of A_r;, AS’ can be considered as the
normal area vector of the particle O'P’. Also, ~ AS’ is very small, we can consider

P over it to be uniform. Hence by the definition of curl, we can convert this
expression into a line integral.}

S,
=k ¢>'jﬂ C.ds'
0
{From the direction of current flowing through the boundary of AS’, we can find

the direction of AT or AS’ by right hand rule. And from it, we can find the
direction of line integral, again by right hand rule. Thus we will see that the
direction of current flowing through the boundary of AS’ and the direction of line
integral are same. Thus the direction of line integral is the direction of current
flowing through the boundary of AS’.}

where s’ is the boundary of AS’

Sl
=k ¢'3€ (Cedx’ + Cydy’ + C,dz")
0

where dx', dy', dz' are components of ds’

=k d)’ng, [%dx’ + (0 xdy") + (0 % dz’)]
0

{putting the values of C,, C,, C,;}

_k fd
= (]5 T
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Similarly:

, [ dy’
GQ_k¢>jEO =
Ho— K ,3€S’dz'

e =kep 7

Therefore:

R C(Sdx' Sdy' (Sdz
0 0 0

(5 dx' (D) + dy' () + dz' (k) [s'ds'
— ko f - — ko 39 i
0 0

where r is the distance between point Q (x,y,z) and points on the boundary of
shell AS'
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Next we need to find:

(D) Potential energy of two very small elements of shells (AS and AS")

By substituting A in “potential energy of AS in a magnetic field B of potential 02~
we obtain “potential energy of AS in a magnetic field B due to AS™ or “potential

energy of AS due to AS"™ i.e.

M=—¢ _cF(E.EE) +©
0

!

- _¢£S(k¢’j€)s,§>.£+©

s (s'ds'.ds
= —k ¢’ 39 _cf +© (30©)
0 Y0

r

Here r is the distance between points on the boundaries of shells AS and AS'.
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(E)

Potential energy of two closed circuits (s and s’)

For this, we need to add potential energies of all AS elements due to all AS’
elements. Just like current inside the shells cancel out, the line integrals inside the
shells (which are in the direction of current) also cancel out. Thus we are finally
left with line integrals in the direction of current flowing through the boundary of
shells. Thus the potential energy of two magnetic shells (S and S’) of uniform
strength is:

s rs'ds'.ds
w= o f §EE g
0 Y0

r

where the direction of line integral is the direction of current flowing through the
boundary of shells.

i.e. ds and d_s’) are oriented in the direction of current.

s’ SIS‘)d_S;
=—k3€ _cf ii' +©
0 0

r
{- strength of shell is equal to current flowing through its boundary}
Thus the potential energy of two closed circuits (s and s') is:

s’ sd_’d_l)
Mz_k.?g 7€ ~ 2 i+ 0 (30)
o Jo r

It is evident from the equation that when circuits s and s’ are interchanged,
the potential energy will be same.
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