Prove that if A has the least upper bound property, then it also has the greatest lower bound property.
My Solution:

Lemma:  If  <  is an ordering in a set A, then  
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 is also an ordering.

Proof:

Comparability:  If 
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 with 
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, then by comparability of  < , we have either 
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.  This means that 
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Non-Reflexivity:  By non-reflexivity of  < , we do not have 
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 is also impossible for any 
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 would mean 
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, a contradiction.

Transitivity:  Assume 
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 and 
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.  Then we have 
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.  Then by transitivity of  < , we have 
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, which means that 
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.  Thus 
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 is transitive.

Thus 
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 is also an ordering in A.  This proves the lemma.
Now back to the main solution.  Let <  be an ordering in A.  Assume that an ordered set A has the least upper bound property (in the ordering < ), but it does not have the greatest lower bound property (in the ordering < ).  Then there is a nonempty subset of B of A that is bounded from below but does not have a greatest lower bound.  That is, the set  
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 of all lower bounds of B is non-empty but has no largest element (i.e. for all 
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).  But A is also ordered by 
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 by the above lemma, and we can rewrite 
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 as the set of all upper bounds of B (in the ordering 
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) and thus for all 
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, there exists 
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 such that 
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.   But this would mean that C has no smallest element (in the ordering 
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).  This contradicts the fact that A has the least upper bound property.  Since  <  was an arbitrary ordering in A, then we conclude that if A has the least upper bound property, then it also has the greatest lower bound property.
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