1. METHOD OF CHARACTERISTICS

The general method of characteristics deals with the following Cauchy problem

S |imo= S(x). (1)

St ‘I— H(t,I,S, Sa:) = 0,

And we want to find a solution S = S(¢, ).
Here H is a scalar-valued function H = H(t,z, &, p);

t,§ eR, x:(:cl,...,xm), p=(p1,---
, Sym).

and Sm = (Szl,...
In the sequel we will avoid from details such as domains of functions, smoothness

,Pm) € R™;

conditions etc.
Together with IVP (1) consider a system of ODE:
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=pn=— — H, H=H(,x¢&p);
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OH OH
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This system is referred to as the characteristic system.
If H does not depend on ¢ then the equations for x, p are separated and turn into a

Hamiltonian system while equation (1) turns into the Hamilton-Jacobi equation.

The extended phase space of (2) is as follows
M = {(t,z,&,p)} C R¥™*,

The method of characteristics is based upon the following theorem.

Theorem 1. Let S = S(t,x) be a solution to (1). Then the graph
G={{=5(txz), p=5S.(t,x)fC M
is an invariant manifold for (2). In other words, the manifold G consists of the trajec-
tories of the characteristic system, dimG =m + 1.
Proof. Let z(t) be a solution to the ODE
H
T = %—p(t,x,S(t,x),Sx(t,x)).
Let us show that
x(t), &(t) =S x(t)), pt):=S(t,x(t))
is a solution to (2).

Indeed,
: . oH
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To proceed introduce a function
F(t,xz):= H(t,x,S(t,x),S:(t,x)).

Observe that
OF OH OHOS O0H 0*S

oz O + O O + Ops Ox'0xs’

So we yield
c92_5+8_H 9’s &S +8F_8H_8_Hﬁ
otoxk ~ Opy 0xkoxs  Otoxk  Oxk  OxF  0E Oxk
d (08 OH OH 0S OH OH
= 5o )~ ~ Ge "o Pae
The theorem is proved.

This theorem prompts the following method of solving (1).
Let us provide system (2) with initial conditions

T li=0=12, & li=0= S(i)a P li=0= Sx(i)
The corresponding solution to (2) is
=X(t,z), &=Z(t,z), p=P(t1).

To obtain the function S (t, x) one must express & from the equation x = X (¢,2) and
substitute it to the equation S = Z(¢,2).

Pr =

2. EXAMPLE: THE HoPF EQUATION
Consider the following IVP

1
Sy + §<S2>z =0, S |t:0: —z € R.

This is the classical Hopf Equation. It arises in different physics phenomena. For ex-
ample, it is often interpreted as a baby version of the Euler equation for 1-dimensional
perfect compressible fluid’s flow.
Here the Hamiltonian is H = £p and the characteristics equations are
5207 p:_p27 ng
Solving this system with initial conditions
z(0) =2z, £0)=-z, p0)=-1

we obtain

So that

We see that the solution to the Hopf equation exists only for ¢ € [0,1) and for ¢t = 1 we
get a blowup.
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The cause of this effect is as follows. The solutions to the characteristic equations are
projected to the plane {(¢,2)} into the family of straight lines

{v=3(1—1t) |4 R}

All these lines intersect at the point t = 1, 2 = 0 and bring different values of S(¢, z)
from the line of initial condition {¢t = 0} to this point. Thus the solution to the Hopf
equation can not be correctly defined at (1,0).

In terms of the previous section we obtain such an effect when the equation x = X (¢, z)
can not be solved globally with respect to z.

Singularities in the initial condition S provide another source of blowups.

Observe also that if we impose other initial condition S |,—o= z for the Hopf equation
then there are no blowups.



