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derive the skin depth for a material with complex 
conductivity sigma = sigma1 - i *sigma2.  Both terms are 
significant.

Certainly! Let's derive the skin depth (δ) for a material characterized by a complex
conductivity , where both the real part ( ) and the imaginary part ( ) are
significant.

Skin depth is a measure of how deeply an electromagnetic wave penetrates into a conductor.
It depends on the material's electromagnetic properties and the frequency of the incident
wave.

1. Fundamental Concepts

Maxwell's Equations: These govern the behavior of electromagnetic fields in materials.

Complex Conductivity: Incorporates both conduction current ( ) and displacement
current ( ).

Wave Number (k): Describes how the wave propagates through the material, including
attenuation.

2. Starting with Maxwell's Equations

Assume a time-harmonic electromagnetic field  propagating in a
conductor. Maxwell's equations in the frequency domain simplify to:

Here:

 is the permeability of the material.

 is the permittivity of the material.

 is the angular frequency of the wave.

Given that , both the conduction and displacement currents are accounted for.

3. Deriving the Wave Equation

σ = σ ​ −1 iσ ​2 σ ​1 σ ​2

σ ​1

σ ​2

E(x, t) = E(x)e−iωt

∇ × E = −iωμH

∇ × H = (σ − iωϵ)E

μ

ϵ

ω

σ = σ ​ −1 iσ ​2
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Combining Maxwell's equations leads to the wave equation for the electric field :

Assuming a plane wave solution of the form , where  is the complex wave
number, we substitute into the wave equation:

Substituting the complex conductivity:

4. Expressing the Complex Wave Number

Let , where:

 is the attenuation constant (related to skin depth).

 is the phase constant.

Substituting into :

By equating the real and imaginary parts:

5. Solving for  and 

From equation (2):

Substitute  into equation (1):

Multiply through by  to eliminate the denominator:

Rearrange into a quadratic form in terms of :

E

∇ E =2 iωμσE

E(x) = E ​e0
−kx k

k =2 iωμσ

k =2 iωμ(σ ​ −1 iσ ​) =2 ωμσ ​ +2 iωμσ ​1

k = α + iβ

α

β

k2

(α + iβ) =2 α −2 β +2 i2αβ = ωμσ ​ +2 iωμσ ​1

α −2 β =2 ωμσ ​ (1)2

2αβ = ωμσ ​ (2)1

α β

β =
2α
ωμσ1

β

α −2
​ =(

2α
ωμσ ​1 )

2
ωμσ ​2

4α2

4α −4 ω μ σ ​ =2 2
1
2 4ωμσ ​α2

2

α2

4 2 2 2 2
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Let , then:

Solve the quadratic equation for :

Thus:

6. Expressing Skin Depth (δ)

The skin depth  is defined as the reciprocal of the attenuation constant :

7. Final Expression

The skin depth  for a material with complex conductivity  is therefore:

Summary

Skin Depth Formula:

Interpretation:

: Angular frequency of the electromagnetic wave.

: Permeability of the material.
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4x −2 4ωμσ ​x −2 ω μ σ ​ =2 2
1
2 0

x

x = ​ =
8

4ωμσ ​
±

​2 (4ωμσ ​) + 16ω μ σ ​2
2 2 2

1
2

​ σ ​ + ​

2
ωμ

( 2 σ ​ + σ ​1
2

2
2)

α =2
​ σ ​ + ​

2
ωμ

( 2 σ ​ + σ ​1
2

2
2)

α = ​​ σ ​ + ​

2
ωμ

( 2 σ ​ + σ ​1
2

2
2)

δ α

δ = ​ =
α

1
​​

ωμ σ ​ + ​( 2 σ ​ + σ ​1
2

2
2)

2

δ σ = σ ​ −1 iσ ​2

​δ = ​​
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: Real part of the conductivity (conduction current).

: Imaginary part of the conductivity (displacement current).

This formula accounts for both the conductive and displacement currents within the
material, providing an accurate measure of skin depth when both  and  are significant.

σ ​1

σ ​2

σ ​1 σ ​2

show me how you combined the two Maxwell's equations. 
Explain assumptions.

Certainly! Let’s delve deeper into how the two Maxwell's equations are combined to derive
the wave equation used in calculating skin depth, particularly for a material with complex
conductivity . Additionally, we'll highlight and explain the key assumptions
made during this process.

1. Starting Point: Maxwell's Equations in Frequency
Domain

For time-harmonic (sinusoidal steady-state) electromagnetic fields with an angular frequency
, Maxwell's equations in a linear, isotropic, and homogeneous medium can be expressed in

the frequency domain as:

Where:

 is the electric field.

 is the magnetic field.

 is the permeability of the material.

 is the permittivity of the material.

 is the complex conductivity, accounting for both conduction ( ) and
displacement ( ) currents.

2. Key Assumptions

Before proceeding, it's crucial to understand the assumptions made:

Thought for a couple of seconds

σ = σ ​ −1 iσ ​2

ω

​ ​

∇ ×E = −iωμH (Faraday’s Law)

∇ ×H = (σ − iωϵ)E (Amp re-Maxwell Law)è

E

H

μ

ϵ

σ = σ ​ −1 iσ ​2 σ ​1

σ ​2
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1. Linear Medium: The material's response is linearly proportional to the applied fields,
allowing the use of superposition and linear equations.

2. Isotropic and Homogeneous: Material properties ( , , ) are uniform in all directions
and positions within the medium.

3. Time-Harmonic Fields: Fields vary sinusoidally with time at a single frequency ,
enabling the use of phasor (frequency domain) analysis.

4. No Free Charges or Currents: The analysis assumes that there are no free charges or
currents present except those described by .

5. Plane Wave Propagation: The solution considers plane wave propagation, which
simplifies the mathematical treatment.

3. Combining Maxwell's Equations to Derive the Wave
Equation

The goal is to eliminate one of the fields (either  or ) to obtain a single equation
governing the behavior of the remaining field. We'll derive the wave equation for the electric
field .

Step 1: Take the Curl of Faraday's Law

Starting with Faraday's Law:

Take the curl of both sides:

Simplify the right-hand side:

Step 2: Substitute Ampère-Maxwell Law into the Equation

From Ampère-Maxwell Law:

Substitute  into the previous equation:

μ ϵ σ

ω

σ

E H

E

∇ ×E = −iωμH

∇ × (∇ ×E) = ∇ × (−iωμH)

∇ × (∇ ×E) = −iωμ(∇ ×H)

∇ ×H = (σ − iωϵ)E

∇ ×H

∇ × (∇ ×E) = −iωμ(σ − iωϵ)E
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Step 3: Apply Vector Identity to Simplify

Use the vector identity for the curl of a curl:

Assuming there are no free charges in the medium, Gauss's Law simplifies to:

Thus:

Step 4: Formulate the Wave Equation

Substituting back into our earlier equation:

Multiply both sides by :

Step 5: Introduce the Complex Conductivity

Recall that . Substituting this in:

Combine like terms:

For simplicity, and assuming  accounts for both displacement and any additional reactive
contributions, the equation simplifies to:

Where  effectively incorporates all complex conductive and reactive effects.

Step 6: Assume Plane Wave Solution

Assume a plane wave propagating in the -direction:

∇ × (∇ ×E) = ∇(∇ ⋅E) − ∇ E2

∇ ⋅E = ​ =
ϵ

ρ
0

∇ × (∇ ×E) = −∇ E2

−∇ E =2 −iωμ(σ − iωϵ)E

−1

∇ E =2 iωμ(σ − iωϵ)E

σ = σ ​ −1 iσ ​2

∇ E =2 iωμ(σ ​ −1 iσ ​ −2 iωϵ)E

∇ E =2 iωμ(σ ​ −1 iσ ​ −2 iωϵ)E = iωμ(σ ​ −1 i(σ ​ +2 ωϵ))E

σ ​2

∇ E =2 iωμσE

σ

x

E(x) = E ​e0
−kx
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Here,  is the complex wave number, representing both propagation and attenuation:

Where:

 is the attenuation constant (related to skin depth).

 is the phase constant.

Step 7: Substitute Plane Wave into the Wave Equation

Compute the second derivative of  with respect to :

Substitute into the wave equation:

Cancel  from both sides (non-trivial solution):

Step 8: Express  in Terms of  and 

Expand :

Set equal to the right-hand side:

Step 9: Equate Real and Imaginary Parts

Separate the equation into real and imaginary components:

1. Real Part:

Since ,

Therefore,

k

k = α + iβ

α

β

E x

​ =
dx2

d E2
k E2

k E =2 iωμσE

E

k =2 iωμσ

k2 α β

k2

k =2 (α + iβ) =2 α +2 2iαβ − β =2 (α −2 β ) +2 i(2αβ)

α −2 β +2 i(2αβ) = iωμσ

α −2 β =2 Re{iωμσ}

σ = σ ​ −1 iσ ​2

iωμσ = iωμσ ​ +1 ωμσ ​2
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So,

2. Imaginary Part:

So,

4. Solving for Attenuation Constant 

Our goal is to find , which relates directly to the skin depth  via:

Step 1: Express  in Terms of 

From Equation 2:

Step 2: Substitute  into Equation 1

Plugging  into Equation 1:

Simplify:

Step 3: Multiply Both Sides by 

To eliminate the denominator:

Step 4: Rearrange into a Quadratic Form

Bring all terms to one side:

Re{iωμσ} = ωμσ ​2

α −2 β =2 ωμσ ​ (Equation 1)2

2αβ = Im{iωμσ} = ωμσ ​1

2αβ = ωμσ (Equation 2)1

α

α δ

δ = ​

α

1

β α

2αβ = ωμσ ​ ⇒1 β =
2α
ωμσ1

β

β
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​ =(

2α
ωμσ ​1

)
2

ωμσ ​2

α −2
​ =

4α2

ω μ σ ​

2 2
1
2

ωμσ ​2

4α2

4α −4 ω μ σ ​ =2 2
1
2 4ωμσ ​α2

2

4 2 2 2 2
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Let :

Step 5: Solve the Quadratic Equation for 

Use the quadratic formula:

Simplify the discriminant:

Thus:

Since  must be positive, we take the positive root:

Step 6: Express 

Taking the square root:

5. Relating Attenuation Constant to Skin Depth

The skin depth  is the distance over which the electromagnetic wave's amplitude decreases
by a factor of . It is inversely proportional to the attenuation constant :

6. Final Expression for Skin Depth
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Putting it all together, the skin depth  for a material with complex conductivity 
 is:

Summary of the Combination Process and Assumptions

1. Maxwell's Equations in Frequency Domain: Utilized Faraday's Law and Ampère-Maxwell
Law tailored for time-harmonic fields.

2. Vector Identity: Applied the curl of the curl identity to express  in terms of
.

3. Plane Wave Assumption: Assumed a plane wave solution to simplify the wave equation
and relate it directly to the wave number .

4. Separation into Real and Imaginary Parts: Equated the real and imaginary components
of the resulting equation to solve for the attenuation constant .

5. Quadratic Solution: Solved the resulting quadratic equation to find  in terms of
material properties and frequency.

6. Definition of Skin Depth: Connected the attenuation constant to skin depth, culminating
in the final formula.

Key Assumptions Explained:

Linearity and Homogeneity: Ensure that material properties do not vary with position
or field strength, allowing the use of linear differential equations.

No Free Charges/Currents: Simplifies Maxwell's equations by eliminating additional
source terms.

Time-Harmonic Fields: Facilitates the use of phasor representations and complex
algebra.

Plane Wave Propagation: Simplifies spatial dependence, focusing on attenuation and
phase change in a single direction.

These assumptions are standard in electromagnetic wave analysis for deriving properties
like skin depth and are valid for many practical materials and scenarios where the
electromagnetic fields do not cause nonlinear or spatially varying responses.
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