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Recall that we introduced the greatest common divisor (gcd) in our
discussion of PIDs (Definition 2.13). Now we will reconsider this concept
in the more general situation of UFDs. Of course, since every PID is a
UFD, our discussion here will apply to PIDs as well.

The key to our discussion is the following lemma, which is very useful
in its own right.

Lemma 2.58. Let R be a UFD and let α and β be nonzero elements of R.
Then α divides β if and only if

(1) every prime p that divides α also divides β, and

(2) for every such prime p, if pe is the highest power of p dividing α, and
if pf is the highest power of p dividing β, then f ≥ e.

Proof: First, let us suppose that conditions (1) and (2) are satisfied. Then,
for some primes p1, . . . , pk, q1, . . . , q� and some exponents, and some units
u and v, we have

α = upe1
1 pe2

2 · · · pek

k ,

β = vpf1
1 pf2

2 · · · pfk

k qg1
1 qg2

2 · · · qg�

� .

Then, setting

γ = wpf1−e1
1 pf2−e2

2 · · · pfk−ek

k qg1
1 qg2

2 · · · qg�

�

with w = uv−1, we have
β = αγ,

so in this situation α divides β.
On the other hand, suppose α divides β, so β = αγ.
Factor α and γ into primes, where we allow the exponents d1, . . . , dk to

be zero:

α = upe1
1 · · · pek

k ,

γ = wpd1
1 · · · pdk

k qg1
1 · · · qg�

� .

Then, setting v = uw,

β = vpf1
1 · · · pfk

k qg1
1 · · · qg�

�

with fi = ei + di ≥ ei for each i = 1, · · · , k, and so we see that conditions
(1) and (2) are satisfied. �
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Proposition 2.59. Let R be a UFD and let α and β be nonzero elements of
R with prime factorizations

α = upe1
1 · · · pek

k qg1
1 · · · qg�

� ,

β = vpf1
1 · · · pfk

k rh1
1 · · · rhm

m .

Then α and β have a gcd δ, and, moreover,

δ = pd1
1 · · · pdk

k

where di = min(ei, fi) for each i = 1, . . ., k. In case α and β have no
common prime factors, δ = 1.

Proof: By Lemma 2.58, δ divides both α and β. Furthermore, also by
Lemma 2.58, any ζ dividing both α and β must be of the form

ζ = wpc1
1 · · · pck

k

with ci ≤ ei and ci ≤ fi, i.e., ci ≤ min(ei, fi) = di for each i, so, once again
by Lemma 2.58, ζ divides δ. Thus, δ satisfies the properties of gcd(α, β)
(Definition 2.13). �

Remark 2.60. Recall that the gcd is only defined up to multiplication by a
unit, so for any unit w,

δ′ = wδ = wpd1
1 · · · pdk

k

is also a gcd of α and β.

Recall that we defined two elements α and β of a PID to be relatively
prime if their gcd is 1. We use the same language in the more general
situation of a UFD here.

Note that Lemma 2.61 is the direct (word-for-word) generalization of
Euclid’s Lemma (Lemma 2.41) to the case of a UFD. But in this more
general situation we need a new proof.

Lemma 2.61. Let R be a UFD and let α be a nonzero element of R. Let
β1 and β2 be elements of R and suppose that α divides β1β2. If α and β1

are relatively prime, then α divides β2.

Proof: Since α and β1 are relatively prime, they have no common prime
factors. Thus, we have prime factorizations

α = pe1
1 · · · pek

k ,

β1 = qg1
1 · · · qg�

� .
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Now we are assuming that α divides β1β2, so by Lemma 2.58 we see that
the prime factorization of β1β2 must include pf1

1 · · · pfk

k with fi ≥ ei, for
each i. But the prime factorization of β1β2 is the product of the prime
factorization of β1 and the prime factorization of β2. Since pf1

1 · · · pfk

k does
not appear in the prime factorization of β1, it must appear in the prime
factorization of β2, and hence α divides β2. �

The following corollaries are word-for-word generalizations of Corol-
lary 2.42 and Corollary 2.43 to the case of a UFD.

Corollary 2.62. Let R be a UFD and let α and β be relatively prime nonzero
elements of R. Let γ be an element of R and suppose that α divides γ and
β divides γ. Then αβ divides γ.

Proof: Once we have the generalization of Euclid’s Lemma 2.41 to UFDs
in Lemma 2.61, the identical proof of Corollary 2.42 works for UFDs, so
we may just quote that proof.

But we will give a second (albeit longer) proof that uses prime factor-
ization directly: Again, since α and β are relatively prime, they have no
common prime factors, so we have prime factorizations

α = pe1
1 · · · pek

k ,

β = qg1
1 · · · qg�

� .

Then, by Lemma 2.58, applied first to α and γ and then to β and γ, we see
that the prime factorizations of γ must contain every pei

i and every q
gj

j , so
it contains pe1

i · · · pek

k qg1
1 · · · qg�

� and hence αβ divides γ. �

Corollary 2.63. Let R be a UFD and let α, β, and γ be elements of R. Sup-
pose that α and β are relatively prime, and also that α and γ are relatively
prime. Then α and βγ are relatively prime.

Proof: Once we have the generalization of Euclid’s Lemma 2.41 to UFDs
in Lemma 2.61, the identical proof of Corollary 2.43 works for UFDs, so
we may just quote that proof.

But again we will give a proof that uses prime factorization directly:
Let α have prime factorization

α = pe1
1 · · · pek

k .

Since α and β are relatively prime, no pi appears in the prime factor-
ization of β, and since α and γ are relatively prime, no pi appears in the
prime factorization of γ. Hence no pi appears in the prime factorization of
βγ, from which we conclude that α and βγ are relatively prime. �

  


