Tensor Tricks
Created January 2020, George Keeling
This gives reasons for the tensor tricks in Commentary Important Equations. We start
with an error by Carroll.
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What tensor rank?
Early in the book (page 21) we are told that "a tensor T of type (or rank) (k, 1) is a

multilinear map from a collection of dual vectors and vectors to R:

T:(Ty x - xTy) X(Tp X XT,),.—R (1)

k times

That is Carroll's 1.56 and I am pretty sure he has that the wrong way round. Dual
vectors (aka covariant vectors, covectors, one forms) are written with the * and the
index is downstairs. In this case the p is not that kind of index. Vectors (aka
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contravariant vectors) are written without the * and the index is upstairs and k is the
number of up indices. So it should say "a tensor T of type (or rank) (k, 1) is a multilinear
map from a collection of k vectors and [ dual vectors to R." They should be rewritten as
in #3 of the PF post (where dual vectors are called linear forms!).

I could not see the point of saying how many parts of the different kinds a tensor was
composed of and I suggested on PF that one only needs the total k 4+ [ because one can
always lower or raise indices with the metric tensor g,, (which Carrol tells us is a (0,2)
tensor). This raised howls of protest from the mathematicians. It was cleared up by Ibix
in #5 who wrote " in general relativity (which I think is your main interest here) you
always have a metric available on any manifold of interest. That means that you can
always raise or lower an index, so there isn't really any extra information in a vector that
isn't encoded in its dual."

In GR, we only need to know the total rank, k + [, of a tensor.

The implication of Ibix's post is that there are manifolds without metrics. I never go
there.

Physics Forums post.

Multi-dimensional Chain Rule
If we have three manifolds, not necessarily of the same dimension, with coordinates x¢,

yb,zcand

yP=fr(x?,  z°= g°(y") (2)
and

2= (g () = g°(f(x%) (3)
then

) . afb age
axa(gof) :Zaxam (4)
b

This is the same as the much more useful

ox¢ dxb 9x¢
dx%  9x® dxP

(5)

(xi are usually different coordinate systems.)
Also see Commentary 2.2 Chain rule in multiple dimensions.pdf
Also in that document, why

0x% 0x°¢ L 0x® 0x°¢
dxb oxd = 0x% 9xP

(6)

Partial derivative of components gives Kronecker delta

Coordinates
x' must be the same coordinate systems.
dx“
OxP

= 68 (7)


https://www.physicsforums.com/threads/tensor-rank-one-number-or-two.998651/
https://drive.google.com/open?id=1YSbu9zPHA2dRgXiNmv4dOqau5O1qkVOu

It gets better, if a + b:

d
this is surprisingly easy to forget.

Vectors (C1.152)
At his 1.152 Carroll uses "the general rule, for any object with one index such as l/;L, that

W,
—* = 9
av, = % ®)

because each component of V, is treated as a distinct variable."

Tensors
As I found in Commentary 4.1 Voss-Weyl formula and more.pdf this can be extended to
tensors:

Ty
oT;;

& (10)

Partial derivatives commute
x' must be the same coordinate systems.

9% ik

= (11)
0x*dxP  dxPoxe
See Question 002 Second order partial derivatives vanish.docx for how to go wrong!
Metric is always symmetric (C section 2.5)
Iuv = Gvu (12)
Contracting with metric lowers / raises index
g’ =0, , g*'u, =U0" (13)
You can lower or raise indices on a tensor equation
For example lower A in
S =wlT*™U,PR, = S ,;*,, = wTj*U,P, (14)

and it can be applied to as many or as few indices as you like. If an index is summed
over then both must go up/down: S% = S5t
Do it by lowering the index you want then contracting out the metric tensor that

appears:

S/lK

v = wT*U,P,

ngTKW _ g/'LrWTTKUqu

92097 S " v = G209 WTFU,P,
8IS %y = STWTU,P,

S

K — K
o uwv =wWT,*U,P,

- N 1
Where indices are summed over, it is simpler: S, = g% g _,S,“, = 655, = S,%,
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https://drive.google.com/open?id=1UdYlEqXCavggKgTWFDf9YWiAvl4XOost
https://drive.google.com/open?id=1f4IxC9sVWnzX6ZCQ7l5MhL_ut6xqHc3J

Swap indices with metric or any similar tensor

If both indices on the metric (or inverse metric) are being contracted with another
expression, then those two indices on the other expression can be swapped. For example

ox¥ 0%*x* ox* 0%xV
Iuv e oxBroxy — IM 55 9xB oxv
The reason is that we can first swap the dummy variables u,v and then, because g, is

(15)

symmetric, they can be swapped back on g only.
This would also apply to any symmetric tensor.

Inverses and determinants
(16)-(22) are proved or discussed more fully in Commentary 2.8 Inverses Levi-Civita and
more.pdf. |A| is the determinant of A and may be negative. A¥ is the inverse of Ajj so

A4 = 8, and AY # AY unless A is the metric. The determinant of the metric is often
written just g instead of |g|. € is the Levi-Civita number.

Inverse of a matrix
For a square matrix A and its inverse A

_ 1 )

A= Wad](A) (16)
The adjugate is the transpose of the cofactor matrix. The cofactor matrix is the matrix

whose i, jth element is the (—1)'*/ times the determinant of the matrix formed by
removing row i column j from A.

The determinant of the inverse is reciprocal of the determinant

_ 1
|A] = — (17)
| Al
Determinant of a tensor in terms of Levi-Civita symbol (C Eq 2.66)
Carroll's 2.66 for the determinant of a matrix A with components A”lu,l, is
— u 7 Iz
E#’1#’2---#’n|AI - Eyluz...ynA 1#’1A 2“,2 A n/,un (18)

That is n! ways of calculating it and we can select one by setting ' i, ...p’, = 12..n
(assuming we are indexing from 1). For a fully covariant tensor that would be

|A| = 6“1”2"‘”"14”1114”22 "'Aunn (19)
Inverse tensor

If A*V is the inverse of a tensor Auv and |A| is its determinant then, the inverse is given
by

|A|A“ﬂa = gM1H2M3.-Un nAﬂﬁﬁ (20)

B*a
I got three likes for this formula on Physics forums! The discussion started about here.


https://www.physicsforums.com/threads/what-is-a-good-formula-for-the-laplace-operator.982881/post-6445997

A relationship for the derivative of the determinant
|A|av|A| = A_poavAap or 9,|4| = |A|ApdavAap (21)

The former is more beautiful, the latter more useful. They are the same due to (17).
For the metric the latter becomes

0,9 = 99"%0,9v2 (22)

Fully contracted symmetric x antisymmetric tensor vanishes
If A*V is antisymmetric and S, is symmetric then

AWS,, =0 (23)
By definition A#Y = —AY# therefore
—AVES,, = A¥'S,, (24)
AMYS,, = AYS,,, changing dummy indices (25)
AS,,, = AYS,, by symmetry of S (26)
Therefore
—AVES,,, = AVES,, (27)

and the only solution to that is (23).

Symmetrising a tensor equation

If the same vector occurs twice in an equation with different dummy indices, the
equation can be symmetrised more. Example:

pFp VK, = pFp VKo (28)
Proof
1
PP Vi) =5 (p*p*V,.K, + p*p*V,K,) (100)
Loy Vol T
= E(p p"VK, +p'p VMKV) = p*p'V,K, (101)

Two formulas involving four-velocity
The four velocity is defined as U* = dx*/dt then, for timelike paths, we have

U,UY = —1 (29)
Proof:
By definition
dx* dxV
UVUV = guvUﬂUV = guv? = (30)

We have the metric / line element equation with proper time 7 that
ds* = —dt* = g, dxFdx" (31)

dx* dxv
= 9w g~ I

5

=1 ULUY = U,UY (32)



For null paths, dt = 0, so that does not work.

Second formula

U,V,U" =0 (33)

and by (14) UV, U, = 0.

Proof:
v, (U UF) =U,V,Uf +UPV,U, (34)
= 9 UV, (gP*U;) + UPV, U, (35)
= gavgP*uvv, U, + UPV, U, (36)
=V, (U,UP) = gpygP*UYV, Uy + UPY,U, = §UVV,U; + UPY,U, (37)
= U*V,U, + UPV,U, = 2UPV, U, (38)

But V,(U,U”) = 0 therefore UPV,U, = 0.

The projection tensor on four-velocity (C Eq 1.121)
To project a vector X" orthogonal to a four velocity U* contract XV with the projection
tensor

P°, = 87 +U°U, (39)

That means P?,X" will be the projection of XV orthogonal to U*. We call that vector X7 .
A
v f’
X I

- Xy

To convince ourselves that P?, does the trick take a vector V”” parallel to U# then
PV =87V +U°U, VY (40)

If the two vectors are parallel then for some scalar k, we have V"” = kU*. Put that into
the equation and using (29)
POV =V + kUU,UY (41)
= POV =kU°—-kU? =0 (42)
Then take a vector Wf perpendicular to U* then

POWY = 8SWY + UUWY = W? +0 (43)

because U, W/ is a dot product and we know it vanishes for orthogonal vectors.



Any vector X’ can be written as the sum of two vectors V| and W so
P7,XV = PO, (W + W}) = PO, WY (44)
which is by definition the projection of XV orthogonally.

Contra / co-variant tensor transformation matrices
In exercise 1.10 on the Lorentz transformation we had the Lorentz transformation for

contravariant components:

b = A Y (45)
but needed to transform the covariant form of the EM field tensor F,,,. One way to do this
is to find the contravariant form F*V and use A”v , @ quicker way is to find the

transformation matrix AVK, for covariant indices and use that on Fj,,.

The transformation matrix for opposite type of index is simply the inverse of the
transformation index:

N, = (A“;)I (46)

We have the transformation and its inverse:

!

!
xH = A xV xV =AY x" (47)
Putting those together
!
xt = A AY X (48)
Clearly the transformation and its inverse must be the identity so
! !
xF = ANV o = E = (49)

Which is obvious. But AVK, is the transformation for a covariant component and from (49)
we have
iy _ oot
NN = 8" (50)

so the transformation for covariant components is simply the inverse of the
transformation for contravariant components. That was not so obvious.

Tensor contractions using matrices
Also in exercise 1.10 we had to calculate
1.1 H’ 1
FEY' = N AV, FRY (51)

This can be done by doing the sums indicated by the p, v indices or by converting the
expression to matrices. The latter is much simpler (e.g. 16 X (4 X 4) calculations vs 2
matrix multiplications). But care must be taken!

NV FRY = AR FRY AV = A (FATYRY (52)
N (FATYRY = (AFATYHY' (53)
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When tensors are written as matrices left to right indices of the tensor strictly correspond
to rows, columns. So the order of u',v is important in A.

The contracted (summed) indices must always be next to each other to make the matrix
multiplication work. Thus we must use the transpose of A in (52).

It is also important to keep track of the order indices of the resulting tensor as we see
below.

As it happens, A is a transformation matrix not a tensor. It does not affect the argument.

We also had to calculate
FMY = vonkPF,, (54)
NV’ is the symmetric Minkowski inverse metric. That goes

NN E,e = 1" (F)*, (55)

= (n(@rr)")" 50)

In (55) the contraction could be done immediately because the contracted p indices were
next to each other. In (56) we had to take the transpose of (nF)“a to get the contracted
o indices next to each other. The resulting matrix has indices vu in that order which is
the opposite order to what they are in F*¥ so we must take the transpose of (56) again
to get to F*.

There is a simpler way:

NN E,e = MF)* ;0" = (nFn")* (57)

The indices are in the correct order and as 1" is symmetric n7 = 7.

Links to resources

My blog: https://www.general-relativity.net/
Docx: Commentary Tensor Tricks.docx

The fab four

Commentary Important Equations.pdf
Commentary 2.5 The Metric.pdf

Commentary Tensor Tricks.pdf

Commentary Constants and conversion factors.pdf



https://www.general-relativity.net/
https://drive.google.com/open?id=1SA-6kFPUJrTbNWLd5f0XYVK8uRQU7UjG
https://drive.google.com/open?id=1GWyXlMSyBsBRv2mVns3HQsGZ0-XWDidt
https://drive.google.com/open?id=1GMA1VfrvDBogsYEutMCxZTgK6h1chWjz
https://drive.google.com/open?id=1Zy60wMNwbFowwSF31X6mDnupEOWtC1kI
https://drive.google.com/open?id=1AQJtesVCZMp8C2nRhhABUWE7SGrYmSki

