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Abstract

In 1895, Korteweg and de Vries (Philos Mag 20:20, 1895) studied an equation describ-
ing the motion of waves using the assumptions of long wavelength and small amplitude.
Two implicit assumptions which they also made were irrotational and inviscid fluids.
Comparing experiment and observation seems to suggest that these two assumptions
are well justified. This paper removes the assumption of irrotationality in the case of
electrohydrodynamics with an assumption of globally constant vorticity in the fluid.
A study of the effect of vorticity on wave profiles and amplitudes is made revealing
some unusual features. The velocity potential is an important variable in irrotational
flow; the vertical component of velocity takes place of this variable in our analysis.
This allows the bypassing of the Burns condition and also demonstrates that waves
exist even for negative values of the vorticity. The linear and weakly nonlinear models
are derived.

Keywords Electrohydrodynamics - Free surface - Constant vorticity - Burn’s
condition

1 Introduction

Water waves constitute a very classical problem in hydrodynamics [7]. This problem
is traditionally formulated in terms of the velocity potential to achieve some simplifi-
cations. In other words, there has always been an implicit assumption of zero vorticity
in the flow region. In numerous recent studies, this assumption started to be dropped
and the assumption of constant vorticity in the flow region used. One of the pioneering
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studies was made by Burns [6], and later, Da Silva and Peregrine [8] studied steep and
steady waves on finite depth with constant vorticity. More recently, this problem was
analyzed mathematically in some two-component systems [12]. The effect of the vor-
ticity on travelling wave solutions (solitary and cnoidal) was investigated in the purely
hydrodynamic context in [11] using the qualitative phase space analysis methods. and
a Hamiltonian formulation has been reported in [20]. This problem in electrohydro-
dynamics seems to be still open to the best of our knowledge and the present study
should be considered as a further attempt to fill in this gap in the literature.

The current approach to examining flows with constant vorticity in two dimensions
is via the use of a stream function, ¥, and its harmonic conjugate, the velocity potential,
and ¢, sou = Vg + V-1, This approach introduces two unnecessary functions which
complicates the problem and has the limiting effect in being restricted to fully nonlinear
and linear computations. There has been no attempt to undertake a weakly nonlinear
analysis which is the purpose of this manuscript. Previous work on constant vorticity
models typically has been fully nonlinear; for example, see [19].

The present manuscript is organized as follows. The problem is formulated in
Sect. 2. The linear analysis of this problem is performed in Sect. 3, while the weakly
nonlinear analysis is presented in Sect. 4. Some numerical predictions of the weakly
nonlinear theory are presented in Sect. 5. Finally, the main conclusions and perspec-
tives of this study are outlined in Sect. 6.

2 Formulation

A two-dimensional fluid in region 1 is considered which is incompressible and inviscid.
The vorticity, w, is constant as is the surface tension o. Cartesian co-ordinates are
introduced, as shown in Fig. 1. Region 1 is defined as —h < y < n(t, x) Vx € R. The
moving pressure distribution P(#, x) is chosen to act along the interface y = n(z, x)
and P — Oas |x| — 0.

Inregion 2 defined by {(x, y)|x € R, y > n(¢, x)}, there is an electric field, E which
has no charges and is, therefore, obtained by a potential E = —V V. The potential is
chosen as V (x, —h) = 0 and as the fluid is perfectly conducting this also means that
V(x,n(t, x)) = 0. A vertical electric field is set up by imposing:

V ~—Epy, y— oo. 2.1

The equation for the electric potential is, therefore, given by:

v 3%V
— 4+ — =0, 2.2
952 + 5y (2.2)
with the condition: )
[E : f]l —0 2.3)

which is one of the general boundary conditions derivable from Maxwell’s equations.
In region 1, the Navier—Stokes equations are used with the stress tensor:
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Fig. 1 Physical problem schematic representation

Tij = —Pdoij + Xij, 24
where:
gy e (2 3V ] Zav oV 03
v x; 8xj 2 dij Xk Oxk '

Here, €, is called the electric permittivity. The tensor X;; has various names, in the
fluids literature, it is known as the Maxwell-stress tensor. It can be shown that:

2. 9%y
Z = . (2.6)

0x;
i=1 !

Therefore, the Navier—Stokes equations reduce to the Euler equations:

oJu 1 .

— 4+ @@-V)u=—-—-VP —gj, 2.7)

at Jo
where u = (u, v) is the velocity and P is the pressure in the fluid. The boundary
y = —h is taken as impenetrable, so v(x, —h) = 0. The fluid is incompressible and
has constant vorticity, w, and so:

0 0 0 0

MLy 2%, (2.8)

dx  Jy dx  Jy

These equations can be cross differentiated to obtain a single equation for v:

v 9%

Fre 0. (2.9)
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The function v will take the place of the velocity potential when the KdV equation is
derived for irrotational fluids. The free surface equation is given by:

on 4, 2n . x) (2.10)
— +u— =, = n(t, x). .
or " ox y=
This gives a boundary condition for v on y = 5(¢, x). The lower boundary for v is
given by:
v(t,x,—h) =0. (2.11)

Equations (2.9)—(2.11) are the core of the technique in deriving the free surface profiles.
The other boundary condition used is the Young—Laplace equation given by:
9 2
[A-T-8] =o—T 2.12)
(1+ @xm?)2

The Euler equations may be simplified using electrostatic equilibrium. The equilibrium

condition is: 19
S — (2.13)

Integrating this equation shows that p = —pgy + C To compute the value of C, use
the Young—Laplace equation to see C = P, — €4 E(z) /2, where P, is the atmospheric
pressure. Therefore, now, write:

2

epEp
P=P,— 5 P8y + p. (2.14)
The Euler equations now become:
ou 1
— 4+ @-Vyju=-—-—-Vp. (2.15)
at 0

The Young—Laplace equation becomes:

€, E? 1 32
p=pgn— 0= — ———— [@’S0 — 20T+ ] -0 —2 T
14(8xm) (1+@xm?)?2
(2.16)
3 Linear Theory
The scaling for the linear theory is:
A _ph3A O . _fo .
(o y.m =hE, 9,9, t=\—t (P.P)=—-(p,P), u= [—0a (G.1)
o h ph

P = pghP V =hEyV. (3.2)
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The equations become:

32\7+32\7 0 oof
R — =0, >
0x2 " 932 yo
v anav
— t ===
ox  Jx dy

0, y=1

u PO SAN LN ~ ~
—+@@-Vyu=-Vp, —-l<y<ig
8ﬁ+8ﬁ 0 ov  ou o Lob—h
2t ==0 S ==3% —-1I<y<
0% 99 9% 99 =

Ep
14 (9;0)?
e, V=1
I+ @2

Here:

iu=—-Qy+eu;+o()
0 = ev; +o(e)
p =ep1+o(e)
P =ePi +o(e)

The set of linear equations now becomes:

v, 9%v;

—— 4+ —=0, y>0,
052 ' 332 v
aV 0 ~
Al - nAl - Oa y = 07
ax 0x
ouy duy ap1 R
ooyl v =221 0
af ez T PR =Y =
vy vy ap1

~ —Qy— =- , —1<39<0
ot yax dy Y

[(3;27?)25311 — 207312 + 222]

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)

(3.17)
(3.18)
(3.19)

(3.20)
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9%, 9%, .
W 3_)72:0’ —1<y<0 (3.21)
9
N — v, §=0, (3.22)
ot
avy 92
pi— B =P+ Epot — L (3.23)
ay ax

3.1 General Dispersion Relation

To obtain a dispersion relation set 1 = 0 and write all perturbations in the form:

1 R .
fle.x.y) =5 / FE®). k, y)e' 50k, (3.24)
2 R
Solving the equation for v; and V| shows that:
vi = asinhk(y +1), V; = Be K, (3.25)
Using Eqgs. (3.18) and (3.22) yields g in terms of «:
i
B = —ga sinh k. (3.26)
Only p; at the surface is required, so it is possible to set y = 0 in Eq. (3.19) to find:
.ol .
p1= 7(5 coshk — Qsinhk). (3.27)
Inserting everything into the linearised Young—Laplace equations shows:

g2 — £Qtanh k — Bk tanh k + Epk|k|tanh k — k> tanh k = 0. (3.28)

The phase velocity, c, is given by ¢ = & /k and solving for the phase velocity shows
that:

. Qtanh k
T2k

Cc

1 2
+ ﬂ\/sﬂ tanh? k + 4(Bk — Epk|k| + k3) tanh k. (3.29)

It can be seen that setting €2 = 0 reduces to the dispersion relation in [14] and setting
Ep = 0 results in the dispersion relation in [15]. It was noted in [14] that to have a
linear wave profile the parameters had to satisfy the inequality 4B > E?; however,
with the inclusion of positive vorticity, this is no longer the case.
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Fig.2 Linear dispersion relation with constant vorticity for three fixed values of parameter 2

As can be seen in Fig. 2, there is a minimum which is positive. For various choices
of B and Ej, there is a positive minimum for a wide range of vorticity (Fig. 3). By
differentiation of Eq. (3.29), one can show:

de By (3.30)
_ e < .
dk | —o Q%+ 4B

on the branch for which ¢(0) > 0. One can also show that for large &, c(k) ~ vk
as k — oo which shows the existence of a minimum in the dispersion relation. The
beginning point at k = 0 can be seen to satisfy the equation:

Q++V/Q2+4B

At —Qc—4B=0=c= 5

(3.31)
3.2 Free Surface Profiles
Consider amoving pressure distribution moving with non-dimensional speed U. Then,

a frame of reference moving with speed U is selected, so all time derivative terms may
be dropped. The horizontal velocity component is expanded as:

i=U—Qy+euy +o(e). (3.32)
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Minimum of Dispersion Relation
o
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Fig. 3 Minimal value of the dispersion relation as a function of the vorticity parameter 2, with B = 0.1

and Ep = +/0.2

The equations which are changed are then:

9 9
U - gy =221 (3.33)
0x 0x
9 9
U -y — 2P (3.34)
ax ay
9
v _ o, (3.35)
0x

The method of derivation is very similar to that of the derivation of the dispersion
relation will be omitted. The perturbations will be expressed at:

1 ~ .
ey =~ /R fk, y)e'*~dk. (3.36)
The free surface is given by:

751 tanh k
kU2 + (=B + QU + Eplk| — k?) tanh k-

f= (3.37)

Choosing a U below the minimum of dispersion relation, one uses Eq. (3.37). To
compute the waves for which U is above the minimum of the dispersion, one must
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Fig.4 Free surface profiles under a moving pressure distribution

include Rayleigh viscosity u in the following way:

Py tanh k
kU2 + (=B + QU + Eplk| — k?) tanh k + pui

h= (3.38)

For 0 < v < 1, it gives waves of the form (Fig. 4a). Figure 4a, b show the free surface
profiles under a moving pressure distribution for B = E, = 2and 2 = 1.

4 The Weakly Nonlinear Free Surface

To obtain a weakly nonlinear model of the phenomena, scale according to:

A R heo .
x=xx, YW =ny, yP =19, r1="F u=coii, v= ﬂv 4.1
Co A
. - €E} .
n=an, V=AE)W, P=P,—pgy— — T pghp, 4.2)
where co = 4/gh. The scaled equations are then:
92V N P2V 0
ax2  9y2
v N av
—tayB=-—==0
ax \/'Eax ay
ou .o0u , ou ap
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ou 9
—+==0
ax  dy
on am v
A -
ot ox ¢

where Q2 = hw/cp. The Young—Laplace equation becomes:

5~ TE o Fi 2800 m2F P
B -5 =P - —— 0;1n)° T11 —2 9-nT 7
poe 2 “ 1+Ol2ﬂ(8)e77)2 (@ ﬁ( xn) 11 Ol\/B inliz + 22)
B?ﬁ
—Baﬂ X -, (43)
(1 4+ a2B3;:1)?)2
where: .
E
=" = = Uz' (4.4)
pgh pgh

The term, F, is the ratio of a velocity to cg, which shows that there is a natural velocity

occurring which is given by, U = ,/ edE(% /p; for this reason, Fg should be referred
to as the electric Froude number. The next step is to make the transformation:

To obtain the required PDE for the free surface, the KdV scaling is required. This is
o = B = ¢ K 1. The speed of propagation, c, of the (linear) waves is unknown at this
point; the following co-ordinate transformation is used:

X=X%—ct, T=c¢t. (4.6)

Dropping bars and hats, the equations then become:

32V N 32V 0 @

—t+ — = > & .

aV 39dn dV

_ S :0, = 48

ax T ET9x oy Y= 48)
ou du au au ap

—c—+ée—4eu——+ev—=——, —l<y<en 4.9)

0 0 0 0 0
€ (—c—v +8—U +8u—v —|—8U—v) = ——p, —l<y<en (4.10)

D¢ aT D¢ ay ay
an on an
_Gon o 9 — 411
Cox Tear teugx TV Y= 11
v (4.12)
e———=0, —l<y<ce .
0X  dy Y=
ou v
—+—=0, —l<y<en (4.13)
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2 1 2

p—-n—L=P- —L(82(3X77)2T11 - 25%3X77T12 — 1)
2¢ e 1+ &3(xn)?
82
— Be el y=en. (4.14)

(A +e3@xn?)?

It can be noted that the combination of Egs. (4.12) and (4.13) can be combined into:

9% 9%y

SmdFa—yz:O, —1<y<87]. (415)

Expand according to:

Q
w(T, X, y) = —7y+uo(T,x,y)+su1<T, X,y)+o(e) y>en (4.16)

u(T, X,y) =v(T,X,y)+evi(T, X, y) +o(e) 4.17)
p=poT,X,y)+epi(T, X, y) +o(e) (4.18)
P =¢eP1+o(e) (4.19)
V(T X.y) = -y + e Vi(T. X, y) + 0(e?) (4.20)
n=no(T,X)+en(T, X)+ o(e). 4.21)

The O(1) equations are:
dypo =0, —(c+Qy)dxuo— Quo = —dxpo. dvo=0, dxuo+dyvo (4.22)
with boundary conditions:
po =190, —cdxno=7vog, on y=0. (4.23)
The equation 8y2 vo = 0 has solution:
vo = (y + DA(T, X) = dxug = —Ao(T, X). (4.24)

Setting y = 0 shows that A9 = —cdxno, and so, ug = c¢np. The equation dypy = 0
shows that pg = ng. The equation —(c 4+ Q2y)dxug — Qvg = —dx po can be evaluated
at y = 0. Using the previous solutions yields:

— 2y no + Qedxno = —dx 1o, (4.25)

which gives the following expression for c:

Q+J/Q2+4
cz—Qc—1=0=>c=+. (4.26)
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The usual way to obtain this expression is to evaluate the Burns condition, which, in
this case, is evaluating the integral:

/O—dz =1 427
e+ Q2 27

The method presented here bypasses the evaluation of increasingly complicated inte-
grals with simple substitution. The next order equations are:

2vy 9%V,
R T 4.28
3X2 + 5y (4.28)
Vi—no=0 (4.29)
oup aug aug duy ap1
—e— — — — _Qy— —Qu = —— 4.30
ox T ar TMoux T Wux T 9X (4.30)
dvo api
QY)— = ——— 4.31
(c+Qy) Ve 3y 4.31)
821)0 321)1
L2 (4.32)
X2 ' 9y2
an1 . dno dno
e+ 2 4 20— Qnp—s = 4.33
cax+8T+(c )noaX V] (4.33)

~r AV 3%no
=P —F2__ _p_ 1
pP1L—m 1 E 3y 9X2

(4.34)
To keep the electric term in the Young-Laplace equation, a scaling has to be made
on Fg of the form, Fx = Fge'/*. To progress, one finds the expression for p; by
integrating (4.31) and using (4.34) to obtain:

(c—Q) ) Q 3 8%
— D2 1= S+ 13 —11) 200
P c( A R
OV 32
tm+p - 2L gt o (4.35)

3y aX2

To obtain the required equation for the free surface, the function vy (7', X, 0) is needed.
Solving Eq. (4.32) for v; shows that:

*no

8X34—ANT,XXy+-U. (4.36)

c
v=cb+ D’
Setting y = 0 in Eq. (4.30) allows A (T, X) to be computed:

(c— DAT.X) = |-+ ¥ 8%, duo
¢ e A= axX3 T aT
dug  dm AP n, 37V

—_ 437
ax ax oax  Foaxay (4.37)
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showing that:

Al(T,X)=c|:B+_C_Ci| M0 uo

6 2 ]ax3 BT
Rl ad aP ~n 07V
—eug Y _ OO g2 2] (4.38)
X 0X aX 0Xady
Therefore, this gives v1 (7T, X, 0) to be:
c 83r)0 Qc 2 33770 aug
T,X,0)=-——+ B+ ———|— —c—
v ) 68X3+C[ 6 2}3){3 oT
d d P ~, 32V
—cuoﬂ — cﬂ — —c—1 + cFI% ! (4.39)
X 0X D¢ 0Xady
To compute V1, use the Fourier representation to obtain:
82‘71 27 ~ A~
— —k“V1 =0, Vi(t,k,0) =1 (4.40)
9y?
and to obtain: 1
Vi=— [ foe MYk X dk. 4.41)
2 R

Then:

d 1 .
X0 = — / —|k|foe™*X dk
8y 2w R

! (i A~ ikX
= 5= | (k)(sgn(k))noe™ " dk
2 R
= J(0xno),
where 7 (-) denotes the Hilbert transform. From the properties of Hilbert transforms:

32V1
9Xady

= J(9xn0)- (4.42)

Inserting v; into Eq. (4.33) yields the equation of interest:

d d 2 33 . 32 P
(1+62)%+(2c+c3—9)n08—§)+c [% _ B} T2 (ﬂ>+c— —0.
(4.43)

A quick check by setting ¢ = 1 and 2 = 0 shows that it reduces to the dispersion
relation for electrohydrodynamics for irrotational flows. Putting the dimensions back
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in shows that:

am 193 2 -Q 9 c? 93
(1+c2)( +——77)+L ’7+h2[ —B}—”

ax  co ot h d 3 ax3
a°n 1 dp
—chF:H [ — )|+ ——=0. 4.44
e <3x2>+pg8x @49

This is the celebrated Benjamin equation, first discovered in [4]. Travelling wave
profiles are examined by n = n(x — V) to get the equation:

2 - Q 2
(1+62)(C—F)n+c++ 2+ hPe [? —B} thE%(n/)+£ =0,
rg

(4.45)
where F = V /cp. Setting Q2 = 0 which it follows that ¢ = 1 reduces to the equation
in [14]. In the paper [15], a weakly nonlinear equation for constant vorticity is derived
comparable to the one with £, = 0.

The derived equation (4.44) belongs to the family of the so-called Benjamin-
type (integro-differential) equations [4]. Its localized travelling wave solutions are
described by the ordinary differential equation (4.45) with one non-local term. The
travelling wave solution to the classical Benjamin equation was first analyzed in [5].
The stability of its solitary waves was recently studied in [9].

5 Numerical Methods and Results

To numerically generate the solitary wave solutions to Eq. (4.45), the classical Fourier-
type pseudo-spectral discretization is employed on a sufficiently large domain. The
solution decays below the machine accuracy to annihilate the effect of implied periodic
boundary conditions. In other words, formally, a periodic BVP is solved, but the
repeated value is actually zero in agreement with the decaying properties of solitary
waves. The discrete problem for spectral coefficients is solved using the classical
Petviashvili iteration as it was described in [10] for the classical Benjamin equation.

To implement the Petviashvili scheme, Eq. (4.45) is written in the following form:

Ly = N (), (5.1

where the linear £ and nonlinear A/ (-) operators are defined as:

2
Ly = (1+c*)(c—F)n + h’c [?—B} — he Fp 2 (n),

Q — 2 - ¢3
N = fﬂz-

Then, the Petviashvili iteration for Eq. (5.1) reads:

77(”+1) = ynzl:_l oN(n(n))y
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Table 1 Dimensional parameters used in numerical computations

Parameter name Value
Froude number, F 0.5
Electric Froude number, Fg 05...1.2
Vorticity strength, 2 1.0;2.0
Bond number, B 0.4

Fluid layer depth, d 1.0
Gravity acceleration, g 1.0
Celerity, ¢ 3(@-Va+92)~ 062
Number of Fourier modes, N 1024
Domain half-length, L 10.0

Error tolerance, € 5% 10715

taking into account that the mapping N'(-) is a homogeneous function of degree two
of its argument. Finally, the stabilizing factor y;, is defined as:

Vo = f]Rnn'L’]ndx
T g NG dx

For more details on the Petviashvili iteration, refer [3,10].

5.1 Numerical Results

Equation (4.45) was discretized in space using the standard Fourier-type pseudo-
spectral method; N = 1024 modes were used in the computations. Localized travelling
waves are of interest to the study, and the computational domain was taken to be
T = [-10, 10], assuming periodic boundary conditions ensured by the choice of
basis functions. The Petviashvili iterations were stopped when the Lo, norm of the
difference of two successive iterations became smaller than € = 5 x 10~13. The initial
guess was a localized bump of negative polarity. The convergence of the method was
marginally dependent on the choice of initial guess, which only influenced the total
number of iterations. In any case, from the end user perspective, the code ran virtually
instantaneously. It was noticed that the number of iterations increased with the electric
Froude number Fg. The computation of an oscillating travelling wave for Fr = 1.27
took 117 Petviashvili iterations, while, for Fg = 0.5, the method needed only 59
iterations to converge. The dimensionless physical and numerical parameters used in
this computation are reported in Table 1.

At this point, it is pertinent to mention that for some values of parameters, it was
possible to compute the periodic travelling wave solutions, which was not the initial
goal. One such solution is reported in Fig. 5. Even if this solution appears to be a single
Fourier mode (such as a sine wave), the Fourier power spectrum shown in the bottom
panel of Fig. 5 shows that it is actually a superposition of infinite number of modes
with exponentially decaying amplitude. There are only a finite number of modes have
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200 250 300 350
Fourier mode, n

Fig.5 Fully converged travelling periodic wave solution to Eq. (4.45) with B = 0.1 and Fg = 0.5. All other
parameters are reported in Table 1. The bottom panel shows the Fourier power spectrum of the computed
solution

an amplitude above the machine precision and those were captured by the numerical
method. It was demonstrated that this solution is generic in some sense to Eq. (4.45).
In the computations, this type of solutions arose in a majority of the tested parameters
values leading to the convergence of the algorithm.

From now on, the focus is on localized (in space) travelling wave solutions, which
are less generic, but they are, nevertheless, present. Several examples of such structures
are shown in Fig. 6 (for 2 = 1) and Fig. 7 (for 2 = 2), where the electric Froude
number, Fg, was gradually increased by keeping all other values constant (see Table 1).

The dependence of the localized travelling wave solutions (such as depicted in
Figs. 6, 7) on the vorticity parameter 2 is also studied. For this purpose, a series of
computations were performed with varying parameter 2 between its lowest positive
value for which the travelling solution exists and the maximal value fixed here to be
Q2 = 5.0. The result is presented in Fig. 8. The dependence turns out to be non-
monotonic. Though, for high values of the vorticity parameter, the positive amplitude
seems to decrease and the negative amplitude seems to increase monotonically. To
illustrate the shape of solutions at two extremes on Fig. 8c, a typical solution near the
lowest positive vorticity value is depicted in Fig. 9a, while the solution corresponding
to the highest value is depicted in Fig. 9b.

5.1.1 Moving Pressure Effect
In the previous section, the moving pressure effect was set to zero to concentrate on the

free wave propagation. In this section, the effect of the moving pressure distribution
is studied. To fix the ideas, consider the following localized pressure distribution:

(=)
p(x) = aexp —Zx .
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Fig. 6 Computed localized solitary waves to Eq. (4.45) for the constant vorticity £ = 1 and different

values of the electric Froude number Ff. All other parameters are reported in Table 1
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Fig. 7 Computed localized solitary waves to Eq. (4.45) for the constant vorticity = 2 and different
values of the electric Froude number Ff. All other parameters are reported in Table 1
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Fig. 8 The dependence of positive and negative travelling wave amplitudes on the vorticity parameter 2

for several values of the electric Froude number Fg. All other parameters (except Fg and €2) are reported
in Table 1
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Fig. 9 Examples of a travelling wave solutions (for Fr = 1.22) near the lowest positive value of the

vorticity parameter 2 (the left panel, here, we took 2 = 0.6) and the highest value taken in this study (the
right panel, 2 = 5.0). All other parameters (except Fg and €2) are reported in Table 1

This additional ingredient poses a slight technical problem, however: the nonlinearity
N (1) ceases to be a homogeneous function in 7, since the pressure term has the degree
zero, while the rest of terms has the degree two. Consequently, this addition forces
the algorithm to switched to the extended Petviashvili method [2]. The convergence
of the extended Petviashvili method is slower than in its classical counterpart. Indeed,
for zero vorticity case (i.e., 2 = 0) the iterative procedure converges up to machine
accuracy with about ~ 200 iterations (cf. ~ 60 iterations above). When the vorticity
effects are included, the extended method takes more than 2500 iterations to converge
to the same accuracy. In the same time, the classical method diverges. All parameters
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Table 2 Dimensional parameters used in numerical computations involving moving pressure effects

Parameter name Value

Moving pressure distribution, p(x) a- exp(—x2 /4)
Pressure amplitude, a 1.0

Froude number, F 1.2

Electric Froude number, Fg 0.5

Vorticity strength, Q —1.0; 0.0
Bond number, B 0.0

Fluid layer depth, d 1.0

Gravity acceleration, g 1.0

Celerity, ¢ JQ@-va+ Q) ~-1.62
Number of Fourier modes, N 1024

Domain half-length, L 10.0

Error tolerance, € 5% 10713

n(z—F-t)

x—F-t

@0 o ®) o 1

Fig. 10 Nonlinear periodic travelling waves under the moving pressure effect for two different values of
the constant vorticity parameter 2. All other parameters are reported in Table 2

used in this study are reported in Table 2. The fully converged results of the numerical
computations are shown in Fig. 10, where profiles were obtained for two different
values of the vorticity parameter 2. It was not possible find the localized solutions
in this regime. Thus, the periodic profiles to which the extended Petviashvili method
converged. These solutions appeared already in the free wave propagation regime, cf.
Fig. 5. In particular, it may seen on Fig. 5 that the negative vorticity seems to reduce
the effect of the moving pressure. To check this preliminary conclusion, a series of
additional experiments was performed for several values of the vorticity parameter
2 and moving pressure amplitude a . The result of these computations is shown in
Fig. 11. In particular, it can see that the trough amplitude is essentially a linear function
of a (except at small values of this parameter). This conclusion is intuitively clear.

6 Conclusions and Discussion

This paper has not been the first to study the properties of the Benjamin equation, and
previous works such as [1,16,18] where the emphasis was usually been on irrotational
flow. It has, to the authors knowledge, been the first to study it in reference to constant
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Fig. 11 Dependence of the deepest trough amplitude under the pressure action on the free surface. The
horizontal axis shows the parameter a in Table 2

vorticity. The goal of the paper is to study the affect of vorticity on waves rather than
a study of the properties of the Benjamin equation itself.

In the present manuscript, the propagation of free surface electrohydrodynamic
waves in the presence of non-zero, but constant vorticity distribution was investigated.
The problem was analyzed from the linear and weakly nonlinear points of view. The lin-
ear analysis allowed us to get rid of Burns’s condition. The weakly nonlinear approach
allowed us to compute solitary wave solutions by solving numerically the non-local
ODE which describes them. The non-local effects are described by a linear term involv-
ing the Hilbert transform of the free surface excursion derivative n'. It turns out that
the dynamics of weakly nonlinear electrohydrodynamic waves is described by a gen-
eralized Benjamin equation [4]. So far, it appeared as a model equation for internal
capillary-gravity waves [4,5]. In our study, it serves to predict the shape of coher-
ent structures in electrohydrodynamic flows with constant vorticity. We notice that the
authors studied earlier the effect of viscosity on the electrohydrodynamic wavesin [13].

Concerning the perspectives, in future works, we would like to consider internal
waves with differing constant vorticities and more general vorticity distributions. The
equation:

v v o 61

8x2+8y2_8x @1
allows the vorticity, w, to be some a priori prescribed function of ¢, x, y. Finally,
the unsteady simulations have to be performed to understand better the dynamics
of solutions discussed hereinabove. We suspect also that the derived Benjamin-type
Eq. (4.45) possesses also other types of travelling wave solutions such as multi-pulsed
solitary waves which were computed in [10] in the context of internal waves.



Free Surface Flows in Electrohydrodynamics with a Constant... 317

Acknowledgements The work of DD has been supported by the French National Research Agency, through
Investments for Future Program (ref. ANR-18-EURE-0016—Solar Academy).

Data Availability Statement No new data were created or analyzed in this study.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Albert, R.-J., Bona, J.J.: Solitary-wave solutions of the Benjamin equation. SIAM J. Appl. Math. 59(6),
2139-2161 (1999)
2. Alvarez, J., Durén, A.: An extended Petviashvili method for the numerical generation of traveling and
localized waves. Commun. Nonlinear Sci. Num. Sim. 19(7), 2272-2283 (2014)
3. Alvarez, J., Durdn, A.: Petviashvili type methods for traveling wave computations: I. Analysis of
convergence. J. Comput. Appl. Math 266, 39-51 (2014)
4. Benjamin, T.B.: A new kind of solitary wave. J. Fluid Mech. 245, 401-411 (1992)
5. Bona, J.L., Albert, J.P., Restrepo, J.M.: Solitary-wave solutions of the Benjamin equation. SIAM J.
Appl. Math. 59(6), 2139-2161 (1999)
6. Burns, J.C.: Long waves in running water. Math. Proc. Camb. Philos. Soc. 49(04), 695-706 (1953)
7. Craik, A.D.D.: The origins of water wave theory. Ann. Rev. Fluid Mech. 36, 1-28 (2004)
8. Da Silva, A.F.T., Peregrine, D.H.: Steep, steady surface waves on water of finite depth with constant
vorticity. J. Fluid Mech. 195, 281-302 (1988)
9. Dougalis, V .A., Duran, A., Mitsotakis, D.: Numerical approximation to Benjamin type equations.
Generation and stability of solitary waves. Wave Motion 85, 34-56 (2019)
10. Dougalis, V .A., Durdn, A., Mitsotakis, D .E.: Numerical approximation of solitary waves of the
Benjamin equation. Math. Comput. Simul. 127, 56-79 (2016)
11. Dutykh, D., Ionescu-Kruse, D.: Effects of vorticity on the travelling waves of some shallow water
two-component systems. Discret. Contin. Dyn. Syst. A 39(9), 5521-5541 (2019)
12. Escher, J., Henry, D., Kolev, B., Lyons, T.: Two-component equations modelling water waves with
constant vorticity. Ann. Mat. 195(1), 249-271 (2016)
13. Hunt, M., Dutykh, D.: Visco-potential flows in electrohydrodynamics. Phys. Lett. Sect. A Gener. Atom.
Solid State Physics 378(24-25), 1721-1726 (2014)
14. Hunt, M.J., Vanden-Broeck, J.-M.: A study of the effects of electric field on two-dimensional inviscid
nonlinear free surface flows generated by moving disturbances. J. Eng. Math. 92, 20 (2015)
15. Hur, V.M.: Shallow water models with constant vorticity. Eur. J. Mech. B Fluids 73, 20 (2019)
16. Kalisch, H., Bona, J.: Models for internal waves in deep water. Discret. Contin. Dyn. Syst. 1, 6 (2000)
17. Korteweg, D.J., de Vries, G.: On the change of form of long waves advancing in a rectangular canal,
and on a new type of long stationary waves. Philos. Mag. 20, 20 (1895)
18. Trandel, K., Kalisch, H.: Long wave dynamics for a liquid CO» lake in the deep ocean. Appl. Numer.
Math. 141, 144-157 (2019)
19. Vanden-Broeck, J.-M., Kang, Y.: Waves with constant vorticity. In: King, A.C., Shikhmurzaev, Y.D.
(eds.) IUTAM Symposium on Free Surface Flows. Springer, Dordrecht, pp. 319-326 (2001)
20. Wahlén, E.: A Hamiltonian formulation of water waves with constant vorticity. Lett. Math. Phys. 3,
303-315 (2007)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.


http://creativecommons.org/licenses/by/4.0/

	Free Surface Flows in Electrohydrodynamics with a Constant Vorticity Distribution
	Abstract
	1 Introduction
	2 Formulation
	3 Linear Theory
	3.1 General Dispersion Relation
	3.2 Free Surface Profiles

	4 The Weakly Nonlinear Free Surface
	5 Numerical Methods and Results
	5.1 Numerical Results
	5.1.1 Moving Pressure Effect


	6 Conclusions and Discussion
	Acknowledgements
	References




