Recall in chapter 25, §1, we expressed conservation of mass in flat space time by , where  is the mass density in the MCRF of a matter element. In curved spacetime, this becomes . Hence, by (21.1), we have . So, we see that  is the mass density and  is the mass flux.
Dirac defines a vector density  such that

is the mass within the volume element  and

is the mass which flows through the surface element  during a time interval . Thus,  is the mass density and  is the  component of the mass flux. Therefore, we know that

Note that  is a vector density (recall that if  is a vector, then  is a vector density with weight ). This in Dir(27.7), which he states after establishing Dir(27.4); however, we see that it follows directly from Dirac’s definition of .
Also recall that conservation of mass is expressed by . Therefore, we have , which is Dir(27.2).
We will write  as a function of , and it will be helpful to make arbitrary variations in the position  of a fluid element rather than in . So, we will consider the variation

and determine the change . Dirac infers, but does not derive, the formula

So, we will make an arbitrary displacement of the matter trajectory , and find the resultant variation  from (27.2). This is what Dirac means when he says, “the quantities  are the basic variables to be used in the action function.[footnoteRef:1] They must be varied in accordance with the formula (27.4), and then, after suitable partial integrations, we must put the coefficient of each  equal to zero.”  [1:  This does not actually become clear until we find the action  in Dir(27.9).] 

We now derive (27.2). We consider the dust as a collection of non-interacting particles. At any spacetime point , there is a particle  at , with trajectory  and 4-velocity . Hence, the vector field  can be written:

At each , the sum will contain only the single term with  such that  lies on the trajectory . By the chain rule, we have

so we may write[footnoteRef:2] [2:  To see the first equality in (27.4), let  and , where . Then

Apply this with  and  to obtain
] 


By (27.3) and (27.4), we have

Now suppose the trajectory of a particle passing through  is shifted from  to . The point  on the particle’s trajectory; thus, the displacement field  defines a variation

of some particle trajectory, and we may write

We suppress the sum over  and the subscript  on  in (27.3), since the sum plays no role in the next calculation. We vary :

In the second equality we used the fact that for  and ,

In the third equality we used the commutativity of variation and differentiation:

And in the last step, we replaced  with  because of the -function in the integrands.
	Use the chain rule on the first integral, so:

Now pull the  terms out of both integrals:
We can write this as follows:

We have  from (27.5), so

	The vector density  lies in the direction of , so 

Now, we have  from Dir(27.2) and  from (27.5). Therefore,

Therefore,  is constant. Hence,

which is (27.2).

