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Renormalize Answer   in Latex
Consider your 2D example of the surface of a sphere of radius ##r## with line element ##ds^{2}=r^{2}\left(d\theta^{2}+\sin^{2}\theta\:d\phi^{2}\right)##. Draw any curve ##C## on the surface (see diagram), geodesic or otherwise. Since ##C## is 1D, positions along the curve can be written in terms of a single parameter ##p## that ranges in value from the start of the curve ##p_{1}## to its end ##p_{2}##. The 2D surface coordinates of the curve are then given by ##\theta_{C}=\theta(p),\;\phi_{C}=\phi(p)##. Hence, on the curve the line element becomes:$$ds^{2}=r^{2}\left(\left(\frac{d\theta(p)}{dp}\right)^{2}+\sin^{2}\theta(p)\left(\frac{d\phi(p)}{dp}\right)^{2}\right)dp^{2}$$Taking the square root and integrating over ##p## from ##p_{1}## to ##p_{2}## gives the (scalar) arc length ##L_{C}## of ##C##:$$L_{C}=\intop_{p_{1}}^{p_{2}}ds=r\intop_{p_{1}}^{p_{2}}\sqrt{\left(\frac{d\theta(p)}{dp}\right)^{2}+\sin^{2}\theta(p)\left(\frac{d\phi(p)}{dp}\right)^{2}}dp$$And if you can write a function relating the coordinates along the curve ##C##, such as ##\phi_{C}=f(\theta_{C})##, then the arc length simplifies to:$$L_{C}=r\intop_{\theta_{1}}^{\theta_{2}}\sqrt{1+\sin^{2}\theta\left(\frac{df(\theta)}{d\theta}\right)^{2}}d\theta$$From this 2D example you can readily generalize to the 4D Schwarzschild line element.
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