Faa di Bruno’s formula for the kth derivative of the composition of two
functions is this:

(fo9)® (@) = f" (g (@) IT 9" (x)
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where

e 7 runs through the set IT of all partitions of the set {1,...,k},

e “B € n” means the variable B runs through the list of all the blocks
of the partition 7, and

e |A| denotes the cardinality of the set A (so that |7| is the number of
blocks in the partition 7 and | B| is the size of the block B).

To find the kth derivative of the composition of n functions, we apply
Faa di Bruno’s formula repeatedly. Let II; be the set of partitions of the set
{1,...,k} and for j > 1 let II; be the set of partitions of {1, ..., |B,_1|} where
Bj is a variable that runs through the list of all blocks of the partition ;. =;
runs through the set II;. In the first step, we apply Faa di Bruno’s formula

with f = fiand g = foo---0 f.:

(fro(fao-ofu))® (@)= 3 A™V(fao--0f) (@) T[] (fao---o fu)1PV(2).
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Now to find (fo0--- o f,)1PV (), we apply Fad di Bruno’s formula again:

(foo- o fu) PV @)= 3 A7) ((fso-o f) @) TT (so-o fu)1P) (2).
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In general, for j <n —1,

(fro-o fu) PV @) = 3 (0 ((fraoe 0 fu) @) TT (oo f)PP ().
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Finally, for j = n — 1 we have

(a0 f) V@) = 3 AV (@) T AP0 ().
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Putting it all together, we get a formula for (f;o---o fn)(k) ().
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In the special case when f; = g for all j, we get a formula for the kth
derivative of the nth iterate of g.

@@= 3 g () T ()"
where
()" @ = 2 g (@) I ()" @)
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and for j <n — 2,
n_i\ (BiD) . . n—i—1\(Bi+1])
<g ]) J (.Z‘) _ Z g(| j+1l) <g j—1 (I)) . H (g j 1) j (JI) '
1€ 41 Bjt1€mj11
Finally, for j = n — 2, we have
2)(1Bn—2) (Imn-11) (1Bn-11)
(¢°) (@)= > g (g@) I ¢ ().
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Suppose further that p is a fixed point of g. Then
ny (k) _ (jm1]) n_1) (B1l)
P @ =3 9@ I (") @)
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where
|B2])

(9"’1)“31‘) p)=> ¢V 11 (g’”)(
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(p)
and for j <n — 2,

(gn,j)(\BjD (p) _ Z g(|ﬂ-j+1|) (p) _ H <gn,j,1)(|Bj+1|) (p)
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Finally, for j = n — 2, we have

)" = X e T )

Tpn—1€1n—1 Bp_1€mn-1



