Let X be a measure space.

Lemma 1. Let f : X — R be an integrable function that is not equal to a constant almost
everywhere. Then there exists a constant ¢ > 0 such that the function

2 if f(z) > c,
fe(x) = { f(x), ifIf(@)] <e (1)
—C, Zf f(CC) S —C

18 not equal to a constant almost everywhere.

Proof. Consider the sequence of functions f,, n € N, defined by formula (1).
Define the sets
En:{‘f(l‘ﬂ <TL}, EnCEn—&-l'

Then
z € E, = f(z) = fu(x).

By Chebyshev’s inequality, u(X \ E,) — 0 as n — oco. In particular, this implies that starting
from some N € N, the inequality u(F,) > 0 holds for all n > N.

Among the functions f,, there is at least one that is not equal to a constant almost everywhere
on X. Indeed, assume the contrary: suppose each function f, is equal to a constant almost
everywhere on X. Since on the set Fy the equality

IN=fNi1=...

holds, the functions f,, n > N, are equal to the exact same constant almost everywhere on X.
Consequently, f is a constant almost everywhere. Contradiction. O



