1. THE LAGRANGE PROBLEM

Let 2 C R™ be an open domain with standard coordinates

r= (2. 2™
To proceed with formulations we split the vector x in two parts:
n
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Below to denote derivatives we use letters in the subscripts:

dx
— = .
ds °
Such a notation does not lead to a confusion with number subscripts

such as x;.
Let F: 2 x R™ — R stand for a smooth function.
We will study stationary points of a functional

) = [Pl (9)ds @)

on the set of smooth functions z = (y7, 27)7 : sy, o] — Q with bound-
ary conditions

2(s1) =21, 2(s2) =2, y(s1) = w1, (3)
and constraints
a(z,zs) = 0. (4)
Here a = (a',...,a™)T is a vector of functions that are smooth in
Q x R™.
Assume that
0
det a—a(:zr,xs) £0, (2,2,) € QxR™ (5)
Ys
and equation (4) can equivalently be written as
Ys = Cb(y, 2 Zs)' (6)

Definition 1. Let a smooth function
T:ils,e0] = Q0 3(s)=(5",2")"(s)

be such that

a(j(s)’jS(s)) =0, 57(31) :1x1 = (y{7zf)T7 2(82) = Z2.
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We shall say that T is a stationary point of functional (2) with con-
straints (4) and boundary conditions (3) if the following holds.
For any smooth function

X i [s1,80] X (—g0,80) = R™,  X(s,e) = (YT, 2" (s,¢), >0

such that
1) X ([s1,52] x (—€0,€0)) C
2) X(s,0) =2(s), s € [s1,89];
3) X(s1,6) =x1, Z(s9,€) =2y, €€ (—€g,80) ;
4) a(X(s,e), Xs(s,e)) =0, (s,€) € [s1,82] X (—€0,€0)

we have

d

d_é L:O
The functions X with properties 1)-4) are referred to as variations.

F(X(-e)) =0.

Theorem 1 ([1]). If the function T is a stationary point of functional
(2) with constraints (4) and boundary conditions (3) then there is a
smooth function A\(s) = (A1,..., A\,)(8) such that T satisfies the equa-
tions
d OF* OF*
ds Ox, or

and

0, F*(s,z,x5) = F(x,x5) + A(s)a(z,xs), (7)

oF , _ N da
(@), (s2) + M) 5

This theorem remains valid if the functions a, F’ depend on s.

(%(s2), Ts(s2)) = 0. (8)

1.1. The Linear Constraints and Some Geometry. Consider a
case when
a(x,zs) = B(x)xs,

where
lgi(l’) Zé(w) Zél(w)
- (H0 o) o0
bi(z) by(z) -+ bn(z)

is a matrix such that
rang B(z) =n <m, V€.
Constraints (4) take the form
B(z)xs = 0. (9)
Equations (5), (6) imply that
B(z)xs = A(x)ys + C(x)zs, det A #0.
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We can consider the domain {2 as a coordinate patch in some smooth
manifold M. Then equation (9) defines a differential system in M

15(s) € Tos), To=kerB(x) CT,M, dimT,=m—n.

The boundary conditions (3) imply that there is an n—dimensional
submanifold

YXCM, Y={z==z}
such that
T M=T,>"®T,, z€X
and z(s9) € X.
Condition (8) takes the form:
o
ox,

Summing up we look for a stationary point of the functional F in
the following class of functions

(827j(82)7i'5<82>>v = 0, VU € TQ(SQ)E

z(s1) =21, x(s2) €Y, ws(s) € Tugs).

Note also that in general case equations (7) contain the derivatives Ag
and do not match ones from classical mechanics with ideal constraints:

d OF OF

Gsom, or P
1.2. Proof of Theorem 1. Introduce a notation
g _dOF OF . dOF oF
Yo dsOy, Oy’ T dsdz, 0z

and correspondingly [F|, = ([Fy, [F].)-
Let us put Z(s,e) = Z(s) + edz(s),

supp 0z C [s1, Sa]. (10)

Then the function Y is uniquely determined from the following Cauchy
problem

Yi(s,e) = ®(Y(s,e), Z(s,¢), Zs(s,€)), Y(s1,¢€) = ui. (11)

Remark 1. That is why we can not impose condition x(sy) = xa.
The value Y (s2,€) has already been uniquely defined by other boundary
conditions and the constraints. In other words if we add the condition
Y (s2,€) = ya then the set of variations {X (s, )} may turn up to be too
thin to justify the Lagrange multipliers method.



Cauchy problem (11) has the suitable solution at least for |¢| and
so — s1 small. Observe also that
Y.(s1,¢) = 0. (12)
Using the standard integration by parts technique and from formulas
(12), (10) we obtain
d

d_é-? ‘F(X(ﬂg))

e=0

= /82 ([F]z52 + [F}yys>ds + gi (Z(s2), T5(52))Y(52,0) = 0.

S1 (13)

The function A(s) is still undefined but due to condition (5) the value
A(s2) is determined uniquely from (8).
From condition 4) of definition 1 it follows that

Ale) = /52 A(s)a(X (s, e), Xs(s,¢€))ds = 0.

S1

By the same argument as above we have

d 52
= a:oA = /s1 ([)\a]zéz + [)\a]yYa> ds
da ,_ _
+ )\(SQ)ay (Z(s2), Ts(52))Ye(52,0) = 0. (14)
Summing formulas (14) and (13) we yield
/ <[F*]252 + [F*]yYE)dS —0. (15)

To construct the function A consider an equation
[£*], = 0. (16)

This is a system of linear ordinary differential equations for A. Due to
assumption (5) this system can be presented in the normal form that
1s
As = A(s, N).
Since we know A(s3), by the existence and uniqueness theorem we ob-
tain A(s) as a solution to the IVP for (16).
Equation (15) takes the form

/ (F*].62ds = 0.

S1
Since dz is an arbitrary function we get [F*], = 0. Together with (16)
this proves the theorem.



2. THE ENERGY INTEGRAL

In this section assume the second argument of the function a to be
defined on a conic domain K C R™. All the formulated above results
and the argument of section 1.2 remain valid under such an assumption.

Recall that by definition the domain K is a conic domain iff

re K= arec K, Va>0.

Proposition 1. Assume that a is a homogeneous function of degree r
in the second argument:
a(r,azs) = a’ala,rs), Va>0, V(r,z,) €N xK. (17)
Then the stationary point T preserves the "enerqy”:
oF
H(z,xs) = a—msxs —F
that is H(z(s),Zs(s)) = const.
Proof of Proposition 1. Consider a function X (s,e) = Z(s + €p(s))
with a smooth function ¢ such that supp ¢ C [s1 + &', 59 — §'] and
lel,s" >0

are small enough.

The function X satisfies all the conditions of Definition 1. To check
this use (17).

Furthermore we have

X = 3(s) + ep(s)74(s) + O(e?),
X = T4(s) + 5(g08(s)xs(s) + gp(s)xss(s)) + O(&?)
and
d
22T (X (e)

_ / @(@%F(:ﬁ,is) + %(8)%“5»“

52

= [ H(@(s),7,(5))ps(s)ds = 0.

S1
Here we use integration by parts.
Since ¢ is an arbitrary function the proposition is proved.
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