Theorem:

Let {a,} be an infinite sequence of distinct subsets

n€o

of Q. Let G(ﬁ o) = limit inf{o,} & ﬁ((w_} o) = lim sup{a,}.

n=1 k=n n=1 k=n
T hen limit inf{a,,} C limit sup{a,}.

Proof:

An= o, Bn = oy, X =limit inf{a,}, Y = lim sup{o,}
k=n k=n

(1)we claim that N U o = U o
k=1 j=k j=n

Proof: Let C =B, NB,. Vxx €EB/Ax €0, 0, CB, -xEB,=2>xEC

(Vn22)(Vx)|x€o0,, a €CB Na, CB,—>x&EC

Let Cn:]anj. Vxx € B, A\x €0y, 0,CB,,, >xE B, =>xEC,
1 =

(Vnz22)(Vx)|x€ B, NB,<x€B,=3k>n|x € o,

n 0
Now lim sup{a,} = ’}I_I’?OQ L% o = ’}1_%10 kL_J o = ’}i_rEOBn . So
. ~

Volo € lim |J o, — (Vn)o € B, and since by the fact that Vn, a, are non-empty,
=% j=p

distinct sets, (Vn)B, ~A4,#2 — A4, C B, .Thatis, { VB,3x,|x, € B,~A4,}.

Choose x,|x, € a,AVi>n, x, € a,

It follows from (1) that (V#)B, O B, , and so define the ordering x, < x, < B, C B,
and ¢| ®(B,) =x, (Vn). Then

Vn3olo<x, = o € lim | o, (well ordering theorem = axiom of choice).

n—=90 j—y
Now since Vn, x, € (B, ~A4,, lim{x,} € lim (B, ~ A4,) #2 (axiom of choice).
n—0 n—a0

So it follow that So it follows that x| x € lim sup Nx E lim inf.

From De Morgan’s laws, lim inf“ = [|J() o)1 = J(B»)" So
n=1 k=n n=1

xE€B)N(VVn)(<IAr<mAx €Eo,A\x E q(Vk>n) —-x E A4, x €X°
Hence, x € Y° — x € X°. And by modus tollens, (x € Y - x € X°) =
xEX =x€EX)>(xEY =xEY).So Vx]xEX—>xEY.

Thus, Vx| x € liminf — x € lim sup. .". limit inf{o,} C limit sup{o,}.






