Exercise 21.27. SPHERICAL SHELL OF DUST

Apply the formalism of exercise 21.25 to a collapsing spherical shell of dust [Israel (1967h)].
For the metric inside and outside the shell, take the flat-spacetime and vacuum Schwarzschild
expressions (Chapter 233,

dst = —adi? 4 dr? + r3af? + sin®@ de?) inside, 211765
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ds? = (I - d +l—1M,-";+r{dﬂ + sin® de”) outside.  (21.176h)

Let the “radius™ of the shell, as a function of proper time measured on the shell, be

R= » (proper circumference of shell) = R(r). (21L.176c)
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Show that the shell’s mass density varies with time as

a{r) = pA=R3rT), p = constant = “lotal rest mass™; (21.176d)

and derive and solve the equation of motion
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M= pll + (}—] ] - 37 (21.176¢)

Exercizse 21.25. EQUATION OF MOTION FOR A SURFACE LAYER

(2) Let & be the “mean 4-velocity” of the matter in a surface layer—so defined that an
observer moving with 4-velocity w sees zero energy flux. Let o be the total mass-energy per
unit proper surface area, as measured by such a “comoving observer.” Show that the surface
siress-energy lensor can be expressed in the form

S =ouw®w+ & where (8- w) =0, 2LI71y

and where ¢ i5 & SymMmMELNic Sress (ENSOT.
(b) Show that the component slong & of the eguation of motion (21.170) is

dajdr = —oul; 4w, & u T, 21172y

where d/dr = w, Give a physical interpretation for cach term.

(c} Let oy be that part of the 4-zcceleration of the comoving observer which lies in the
surface layer X. By projecting the equation of moteon (21.170) perpendicular to w, show
that

oay = — P {10, + [T*]}, (21.173)
where F, is the prejection operator
Fio = Ba + illy. (21.174)

Give a physical interpretation for each term of equation (21.182).



