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Box 14.1 (continued)

c. The text tells one how to read out of such expressions the.components of the
Riemann curvature tensor; for example here,

Rlz33 = — Rlgs = (= 1/r)d?r/do?) (coefficients of @l A w? or w? A wl).

d. Generalizing to four dimensions, one understands by R, the factor that one
bhas to multiply by three numbers to obtain a fourth. The number obtained
is the change (with reversed sign) that takes place in the ath component of
a vector when that vector is transported parallel to itself around a closed path,
defined, for example, by a parallelogram built from two vectors w and v. The
factors that multiply R%;,, are (1) the component of the vector A in the Bth
direction and (2,3) the p» component of the extension of the parallelogram,
(u*v” — wv*). Thus

34% = — R, AP(u*v" — wu¥).
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Box 14.2 STRAIGHTFORWARD CURVATURE COMPUTATION
(Mustrated for a Globe)

The elementary and universally applicable method for computing the components
R*,qp of the Riemann curvature tensor starts from the metric components g, in
a coordinate basis, and proceeds by the following scheme:
rz R~il «IT
Bur > Lyap= [op = R*,p.

The formulas required for these three steps are

1/0g og 0g, )
= —(2m 4 Suf _ Sap
T s = 2 (ax" axe  ax+*/’ M
Tap = 8" oop. @
and
are, ars
Rivap = =55t = i+ Dhoal g = [T ®

The metric of the two-dimensional surface of a sphere of radius a is
ds? = g*(df* + sin*0 dg?). 4)

To compute the curvature by the standard method, use the formula for ds? as a
table of g, values. It shows that g, = 42, g, = 0, g,, = a*in%. Compute the six
possible different Iy, = I, (there will be 40 in four dimensions) from formula
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(I). Thus
Togy = —asinfcos§ = — I,
1'.,,=I‘M=0, 5)
Can=1 =0
Raise the first index:
re,, = —sinfcosé,
re,, = coté, 6)

[ =T%, =0="T%,=I%,

Choose a suitable curvature component (one that is not automatically zero by reason
of the elementary symmetry R, = Ry,,,)ag;, RO previously computed in another
form, as by R,,5 = R,,,). In this two-dimensional example, there is only one
choice (compared to 21 such computations in four dimensions); it is

ere ol
R,ow: aaoo — a¢gl + ra“rkw_ rowrko'
ere
=—-aﬁ—°i’-—0+0—I""wl"“,,7
= sin% — cos?4 + sin 6 cos § cot 6;
S0
R, = sin®¥ @)
or
1
RaGﬁa = =5 ®)
Contraction gives the components of the Ricci tensor,
1
R = Rﬂ:;, R, =0, )
and further contraction gives the curvature scalar
R =2/a% (10)
A convenient orthonormal frame in this manifold is
wi=adl, w®=asinbde. [N

More generally one writes w® = L&B dx”. To transform the curvature tensor to
orthonormal components in this simple but illuminating example of a diagonal
metric requires a single normalization factor for each index on a tensor. Thus
v = av?, v® = asinb V9, v; = a v, v, =(a sin 0)“%. Similarly, from R?,

ooy =
sin®f one finds the components of the curvature tensor,

2 l -
Rise=— = R, (12)

in the orthonormal frame




