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Abstract

Historically quantum mechanics began with two quite different mathematical formulations: the
wave equation of Schrodinger, and the matrix algebra of Heisenberg, Born and Jordan. While
these approaches are well suited to the time-independent non-relativistic bound state problems of
atomic and molecular physics, many problems in condensed matter, statistical and particle physics
are better suited to a more intuitive formulation of quantum mechanics based on the ideas of
Dirac and Feynman, namely the the path integral or “sum over histories” approach. In this course
we begin with a review of the fundamental ideas of quantum mechanics, the path integral for a
non-relativistic point particle is introduced and used to derive time-dependent perturbation theory
and the Born series for nonrelativistic scattering. The course concludes with an introduction to
relativistic quantum mechanics and the ideas of quantum field theory.
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Preamble: Formulations of Quantum Mechanics

Quantum Mechanics started with two ostensibly-different formulations, both based on the Hamil-
tonian:

Heisenberg, Born and Jordan: “Matrix Mechanics”
Schrodinger: “Wave Mechanics”

These were shown to be equivalent by Schrodinger in 1926, and thereafter unified into a more general
formulation by Dirac’s “Transformation Theory.”

Wave Mechanics and Matrix Mechanics are well-suited to the study of non-relativistic bound states
and other time-independent systems, and also to scattering and time-dependent problems.

Feynman: “Path Integral” or “Sum over Histories”

Feynman’s formulation is based on the Lagrangian and is ideal for scattering and time-dependent
problems, and (especially) for relativistic and many-particle systems. (Unfortunately, bound-state
problems are generally harder to solve using path integrals.)

Structure of the course:
Elements of Quantum Mechanics;
Path integrals for single particles;
Perturbation Theory and Scattering;

Relativistic Quantum Theory — wave mechanics, field theory.
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1. Quantum Kinematics

We begin by revisiting one of the classic experiments that led to quantum theory. The setup of the
two-slit experiment is summarised in the diagram.
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Particles (electrons, photons, ...) are fired from a source towards a screen or “grating” which
contains two slits, 1 and 2. They are then detected, or “observed”, on a second screen.

The classical expectation is a count profile P, + P,, which is the sum of the count profiles P; and
P, for the individual slits (red and blue curves).

However, the observed interference pattern in the count profile Pyo of particles (purple curve) suggests
that such particles behave like waves, so we must add amplitudes (which are called ¢; and ¢ in the
figure); the number of particles (intensity) at any point is given by |Y_ amplitude|?. Interference
means that we observe no particles at all in some places - entirely contrary to classical expectation!
Furthermore, there is no way to predict where any given particle will be detected - we deal only
in probabilities. The results of this experiment (and many, many more!) are encoded in the basic
axioms of Quantum Mechanics.

1.1. Fundamental Principles

States and linearity: In quantum mechanics, every possible physical state of a given system is
in one-to-one correspondence with a one-dimensional subspace of a complex linear vector space, H,
with a complex inner product - this is called a Hilbert space.

So, if ) € H, the physical state corresponds to all vectors c|¢)) with ¢ € C\ {0}. There is no
physical state corresponding to zero.

Since the vector space is linear, given two states |11) , [¢)2) € H, we can construct a third state
|w3> =1 |’¢1> =+ co |¢2> eH, with c1, C2 € C. (11)

This is called linear superposition of states.

Dual space: To every |[¢)) € H we associate a dual or adjoint vector (¢)| € H*. The duality is
antilinear:

(tha] = ef (1] + ¢ (2]
We then have an inner product mapping H ® H* — C. If |¢) € H and (¢| € H*, then

(dv) = (¥l¢)” € C. (1.2)

(This is like the usual dot-product a - b for real vectors a, b, but the result is in general complex.)

Since |1} and ¢|v) correspond to the same physical state, we usually normalise [¢) to unity: we
choose:

) 1* = (lu) = 1. (1.3)

This fixes |c|? = 1, so ¢ = e'®. The phase « is often ignored: we say “the system is in the state |¢))”.




Example: In the two-slit experiment, the Hilbert space has two states:

[1)  (the particle goes through slit 1)
|2)  (the particle goes through slit 2)

The state observed in the detector will in general be some linear combination of these:
1f) =c1ll) +c2]2)

There are many examples of two-state systems in nature: electron spin, double-well potential,
neutral-kaon mixing, ...

Probability: the probability that a system observed initially in state |¢)) will be observed finally
in state |¢) is

Py — ¢) = [ (gl¥) [° (1.4)
The complex numbers {¢p|)) are called probability amplitudes because they add and multiply just
like classical probabilities:

e The amplitude for ¢ — ¢ and then ¢ — x is (x|@) (d|).
e The amplitude for ¢ — ¢ or ¥ — x is {(o|Y) + (x|v);
This means that:

P —¢—x) =P — ¢)P(¢—x)
but

P(p — ¢ or x) # P(¢ — ¢) + P(¢ — x)

because

[{@19) + (x|v) 2 = [(glv) P + | (x|9) [* + 2Re (6]4)" (x]¥)

The last term is the interference term. In particular, P(¢¥ — ¢ or x) can be zero even if P(¢p — ¢)
and P(¢¥ — x) are both non-zero.

An excellent example is the two slit experiment. A theorist’s sketch of the experimental setup of
this experiment is shown in figure 1.1. The probability amplitude for a particle (electron) initially
in the state |i) (at the source) to be detected in the final state |f) (on the second screen) is:

) (fle) = (F11) (L]e) + (f12) (2[i)
The first (second) term is the amplitude for the
o path through slit 1 (2). For the probability, we
have:
12) P(i— f)=[(fli)[”
i ) , A ( ) = [ (fI1) (1]5) + (f]2) (2[0) |2
i) (source ratin screen ) )
e # (1) (L) P+ 1{F12) (214)
Figure 1.1: Two slit experiment

Question: Why?

Answer: The probability P(i — f) # P(i — fvial)+ P(i — f via2) because P(i — f) can
vanish if amplitudes for the different paths cancel.

Question: For a given ¢ — f, which way does the electron go? Through slit 1 or slit 27
Answer: We don’t know — if we don’t look. ..

If we do look, this changes the experiment — if we find the particle goes through slit 1, then
P(i— f) — P(i— fvial) = [(f[1) (1]3)[?

and there is no interference.

In quantum mechanics, electrons can go through slit 1, or slit 2, or “both” - provided that we don’t
check!




1.2. Basis states

Within our assumption for the space of states to be a Hilbert space we implicitly assumed the linear
space to be complete. This means that there exists a set of basis states |n) (assumed for the moment
to be countable) such that for any |¢)) € H:

for some complex numbers 1, (the components of |1))). The basis vectors may be chosen to be
orthonormal:

(m|n) = dmn- (1.6)
Then the following equation holds:

(mly) = }jm7m| (1.7)

So 1, is the probability amplitude for |¢) to go to |m), and we have
vy =Y In) (n|e) (1.8)

Since this is true for all |¢)) € H, we often write
Y In)(n]=1 (1.9)

where 1 is the unit or identity operator. This is an extremely useful result and we shall use it many,
many times in what follows.

Equation (1.9) expresses the completeness of the basis states: at any moment a state must be in some
linear superposition of them. Note that completeness is necessary for the probability interpretation

to work:
L= () =" @[n) (n[v) =>_[{n[Y) > =D P —n) (1.10)

n

Example: In the two-slit experiment we have a two-component basis, we can represent the states
|1) and |2) as
) — (1> and  [2) — <0)
0 1/’

(fliy=">_ (fIn) {nli)

n=1,2

and

simply expresses the fact that the electron must follow a path through either slit-1 or slit-2. However,
the states |é) and |f) will in general be linear superpositions of |1) and |2).

1.3. Operators and Observables

Consider an observable which takes real values &, in basis states [n). Then we can construct an
operator:

E=3"6uln) (nl (1.11)

corresponding to the observable. Equation (1.11) is called the spectral representation of the operator.

It is easy to see that:

(a) é is a linear operator: é(cl [1h1) + ca [1h2)) = Clé [1) + 025 [12)
(b) € is hermitian:

(W &1p) = an (¥|n) <Z£n (@]n) (n]y) ) (because £ = &,)
= <¢| El) = (] €T @) (by definition)




More succinctly, we may write simply: éT = é .

|n) are eigenstates of ¢, with eigenvalues &,

Eln) =) &nlm) (m|n) = &, |n) (1.12)

m

if we have a second observable which takes values ¢, on |n), then é and 5 commute:

éé |n> = &nla |n> = (nén |’I’L> = éé |’I’L> Vn, so [év é] =0.

Measurement: When we make a measurement, the state |1) of the system just before the mea-
surement collapses into some eigenstate |n) of &: the probability that we measure &, is | (n]¢) .

The average result over many measurements is thus:
E= Y Gl ) P = 3 €n (wln) (o)
= (YI€1Y)

which is often called the expectation value of é in the state |¢)). We can think of the measurement
process as projecting |1) onto |n):

(1.13)

P = [n) (n]
is the appropriate projection operator, with properties ]33 = P, and >on P, =1.
When we make a measurement the state changes:
) = Pul) = [n) (n]))
with a probability: R
1Pa [9) 12 = (&|n) (n|n) (n|v) = | (n]y) [*.
Degeneracy: Often a given operator f will have degeneracies:
Eln,m) = & |n,m)

for all m € M,, where M, is a certain set. Measuring £, then projects onto a degenerate subspace:
) = Pal) = [n,m) (n,m[¢) .
m

To project onto a definite eigenstate requires that we measure further observables which commute
with €. This leads to the notion of a maximally commuting set of observables. (The basis states
may often be organised into irreducible representations of discrete or continuous symmetries of the
system: the observables then correspond to generators of these symmetries — see Symmetries of
Quantum Mechanics.)

1.4. Change of basis

Consider a change of basis {|n)} — {|7)}. Expressing the new basis states in terms of the old ones
gives:

) =" |m) (m|n) = > [m) Upn (1.14)
Orthonormality then implies that

S = (A7) = 37 (@lm) (mlm’) (m' |7y = 3 (82]m) 6, (' |7)

m,m’ m,m’

=> Ul Unn  (where Uf, = Uy,

So U,y is the mn element of a unitary matrix. In operator notation we define
|7) = U|n) which gives Upp = (m|U |n)

(brief exercise for the student). Clearly, Uis a unitary operator: UtU = 1. Note that unitary
operators are not in general observables because they don’t have real eigenvalues.




1.5. Space as a continuum — position and wavenumber

Consider again the two slit experiment shown in figure 1.1, and let us generalise to an n-slit experi-
ment. if we let n — oo, we will need a continuous label . We get the usual transition from discrete
to continuous variables

n) = lz) ZH/dx i Opm > 0(z —2).

The component of |[¢) in the basis |z) is now a function of the continuous variable z, let’s call it

¥(z). We have
b

) = / (@) ) de

a

If we normalise our states so that
(2|z) = d(z —a')

then

(z) = (x[¢p)  and  YT(x) = (Y[z) .

We may write
b b
o) = /da:|x> (z|)  and thus i:/da:|a:> (2| (1.15)

which is the completeness relation (the particle must be somewhere).

Squares of probability amplitudes are now interpreted as probability densities:

b b

1= (ly) =/dx<w|x> (] ) =/dxw*<x>w<x>,

a a

so [1|? dz is the probability that the particle is between x and x+ dz. Therefore v(x) is the usual
(time-independent) wavefunction of wave mechanics.

In the continuous version of (1.11) we may define the position operator as

b
= /dxx|x> (x| (1.16)

and verify that

b b
Z|x) = /dx'w' |z") (2 |z) = /dx' ' |z)é(x —x) =x|x) .
From equation (1.16), the expectation value of x in the state |¢)) is
b b
Wl = [ ooz @lv) = [ do v @) i) (117)

There is of course no need to restrict ourselves to a finite interval (a,b). We can let a — —oo and
b — oo and take x € (—o0,00). Furthermore we do not have to stay in the position basis. For
example consider the Fourier transform basis:

k) = / %e+ﬂkm|x>= /dx|x> (k) (1.18)




from which we may read off:

(x|k) = et (klz) = ——=e T, (1.19)

Then we obtain the following relation:

[ee]

/ 42 rhye S(K — k), (1.20)

1K) = [ doWla) el = [ 5

— 00

so the transformation is unitary. We can construct a hermitian operator k such that:
fc:/dkk|k><k| = k|k)=Fk|k).

It follows that

k|x>=/dkk|k> <k|x>=ﬁ8%/dk|k> (k) .
1.21

=i— |x).

ox

where we used (1.19) which implies

" a 1 —ikx
k<k|x>—nax (me >,

to obtain the last expression on the first line of (1.21).

An immediate consequence of (1.21) is (| k|z) = i-2 (¢|z). Taking the complex conjugate and
recalling that k is hermitian gives

(ol b [v) = —i=—(w). (1.22)
Finally

which should look familiar from wave mechanics.

Similarly, if we define

90 = (kl0) = [ do (k) el = [ e (a) (1.23)
we easily find
' (k|  [v) = kp(k), (1.24)
while (exercise) 5
(k1 & 1) = i tp (). (1.25)

and hence

i) = [ ak ol et = [ardm) (i) i

A summary is given in table 1.1. In either basis we get the commutator:

basis i 3 [x k} —i (1.26)

position z "' This tells us that the two operators do not correspond to si-

wavenumber ﬁ% k multaneous observables (as expected). The uncertainty prin-
ciple can be deduced:

Table 1.1: Operators in different
bases

AzAk > (1.27)

N

Later we will show that momentum p = hk. All of the above can easily generalised to 3 space
dimensions: )
A3z

00 = ) = [ a2 o) ) = [ Ggre e vi)




1.6. Time as a continuum

We now add more gratings to the slit experiment.
Let the n'? grating be passed at position z,, at time
t,, and call this state |z, t,). If we have N gratings
the transition amplitude becomes

= /dxl (flz1, tr) (@1, t1]i)

:/dxl/dxg

(flxo, ta) (@2, ta|z1, t1) (21, t1]7)

day -- doy (fln, tx) - (@, i) F?gure 1.2: Sl.<etc‘h of the slit experiment
with more gratings
(1.28)

By adding more and more gratings the time intervals get smaller and smaller and we fix the path
between |i) and |f) more and more precisely. But we also get more and more integrals in order to
integrate over all the paths!

i) (source) gratings |f) (screen)

For simplicity (and notational convenience) we take |i) = |24, t,) and |f) = |z, tp) and let
ty — tg
N+1’

so that tg = t, and tny41 = t5. Then we obtain for the transition amplitude:

N+1
<$b7tb|$a; a ( /dxn> ( xn,7tn|xn—1;tn—1>>- (130)

The expression in the first pair of parentheses tells us to “integrate over all paths”, and the expression
in the second pair is the amplitude for each path.

th =1,+nc ; €=

(1.29)

For N — oo (i.e. € — 0) this becomes:
(@b, th| Tas ta) = /Dx (@, ty|%asta) [ ) (1.31)

where the path z(t) is such that z(¢t,) = z, and x(¢,) = xp. So, to find the transition amplitude we
take the amplitude for each path z(t), and then integrate (‘sum’) over all paths between z, and .
This is easy to understand physically but much harder to understand mathematically!

In fact, the limit only exists if we take care to normalise each integral carefully (see later).

What is the amplitude for each path x(¢)? Intuitively, for a path which is infinitesimal (¢,, = t,,—1+¢):
<xn7 tn |xn—17 tn—1> ~ €exp [ﬁg¢(xn,; Tn—1, tn; tn—l)] 5 (132)

where ¢ is real. This is because:

(a) in the limit e — 0, the amplitude should be constant (continuity);
(b) the phase should depend only on x,, T,—1,ts, tn—1 (locality)

(¢) The transition |zp—1,tn—1) — |Zn,t,) is just a change of basis, so we expect (up to a constant)
[{zn,tn|Tn—1,tn—1)| ~ 1, i.e. the amplitude is just a phase (unitarity).

Using (1.32) we can write the transition amplitude along the path z(t) as:

N+1
n>Tn—1,tn tn—
(@0 tlz0rta) g~ fim, T etestemencntnines

N+1
~ €xXp {ﬁ ]\}Hn Z (tn - tn1)¢(xn7xnlytnytn1)} (133)

n=1
ty
~expqi [ dt ¢(x(t)7 x(t)7 t)
/

To say more (about ¢) we need to revise and develop some classical mechanics. . .




2. Quantum Dynamics

2.1. Classical Dynamics

In Lagrangian dynamics, the action for a path z(t) is

Sla(t)] = /L(x,;n,t) dt (2.1)

where L is the Lagrangian. For a non-relativistic point particle in a potential V' in one dimension
this is: 1
L=T-V= §m¢2 —V(x,t) (2.2)

Classical dynamics is based upon the principle of least action: the classical path Z(t) is an extremum

of the functional S. Formally
)

= — 2.
o |, = 0 (2:3)

where 0.5/0x is the functional derivative. For a small variation of the path: x(t) — x(t) + dz(¢):
§S = Sz + oz] — S[x]

ty

= /dt (L(xz 4+ dz, & + di,t) — L(x, Z,t))
ta

| orer. oL (2.4)
_ - il v 2 ’
= /dt <ax5x+ 8x'5x) + O(6z%)

a

tp
L™ d (8L\ 0L )
‘ot

a

where, as usual, we integrated by parts in the last step. If the end-points of the path are fixed,
ie. 0x(ty) = 0x(ty) = 0, then the first term in the last line of (2.4) vanishes, and we obtain Lagrange’s

equation for the classical path
d (0L oL
— =)= =0. 2.
dt (83:) Ox 0 (25)

Consider now the value of the action S on the classical path: Sq = S[Z(t)]. Sa will be a function
of the end points, i.e. of x4, t,, xp, and tp.

Let us now vary the endpoint (zp,tp) — (zp,tp) + (dxp, dtp), but keep (x,,t,) fixed. Lagrange’s
equation (2.5) holds for the classical path so, from (2.4), we get (for 6t = 0)

oL"
0S5q = {5&3 %] = [5xp} Z = dxp p(ty) — 0xa p(ta) = p(tp) 0y
ta
Hence 98
cl
- 2.6
(9.23(, pe ( )
where we used the usual definition of the canonical momentum p conjugate to x: g—é.
Now consider (iist:l' From (2.1) we get:
dscl . 8Scl 8Scl .
i, (T, Tp, tp) ot oz T
This gives
8Scl . 8Scl
oty PvTp b b ot (2.7)

where Ej is the energy (or, more precisely, the Energy Function or Hamiltonian) at b.

Equations (2.6) and (2.7) are known as the Hamilton-Jacobi equations.




Example 1: The free particle. The Lagrangian and Lagrange’s equation of motion (EoM) are

L .o

Integrating twice, and imposing the boundary conditions Z(t,) = x, and Z(t,) = xp, the solution is
(exercise):
T=v= xb—xa7 T=a,+0v(t—1tg)
ty — g
where v is the (constant) velocity of the particle. The classical action is
b 1 1 (mp —24)?
— =2 2 b a
S.=9 = — dt = = ty — 1 =3 ’
ol [Z] /ta 2ma: 2mv (ty — ta) 2m (s — 1)

and, using the Hamilton-Jacobi equations, we get

:%zmv and Eb:—asd =

1 2
—muv as € ected exercise).
Po o7y ot 5 Xp (ex )

Example 2: The simple harmonic oscillator. The Lagrangian and Lagrange EoM are
1

inm(a':Q—wQa:Q) = I+4w

The solution which satisfies the boundary conditions Z(t,) = z, and Z(ty) = xp, with T = t, — t,, is

2Z2=0

sinw(t — tg) n sinw(ty — t)

Z(t) = xp

This is important - check it carefully! Then we have, using integration by parts and the fact that
Z(t) satisfies the classical equation of motion, to simplify the calculation,

. a .
sin w7’ sinwT’

S[Z]

ty ty

/ D (##-w?) dt=-2 [ 3 (i) de+ 2 (na])! =0+ 2w
b 2 2 /i 2 a

= % ((a:i + xz) coswT — 2a:aa:b)

You should verify this very important result, and use the Hamilton-Jacobi equations to check that

- m =2 2-2
Db =mx|t:tb and Ep = — (x + w°T ) |t:th.

2
2.2. The Amplitude for a Path
We saw already in (1.33) that we expect the amplitude to be:
tp
(0,0l ) ~ 0 8 [ dt Do 1) (2.8)
ta

Furthermore, we expect some sort of classical «» quantum correspondence, and we want the classical
limit to be included in the quantum description. Classically, we have:

tp

SMMZ/Mmeﬂ (2.9)

ta

So we guess that ¢ o L. Now we need to fix up the units: we have [S] = [t][E] = [z][p]. So if we
introduce a dimensionful constant %, with units [S] (action), then we can take [ ¢ dt = S/h, i.e. we
assume:

(@, ty|Ta, ta) |m(t) = i SlE@I/R, (Dirac) (2.10)

Equation (2.10) is our basic dynamical assumption, just as Schrédinger’s wave mechanics assumes
the Schrodinger equation to be the equation of motion for quantum systems. The overall (as yet
undetermined) normalisation constant will be (implicitly) absorbed into Dz. Note:

(1) If S — S + ¢ (where ¢ is a constant), all amplitudes change by e*¢/"

(2) If 05 ~ O(27h) ~ O(h), the phase changes by O(1), this sets the size of quantum fluctuations.

, so physics is unchanged.




2.3. The Feynman Path Integral
With the assumption (2.10) the transition amplitude becomes:

amplitude for

Ty
Ty, tp|Ta,te) = Dx gt Slz®l/h 2.11
N———
ZTq

h path
sum over all paths cach pa

suitably normalised

Though the notation in (2.11) is very neat, to do calculations we will have to use the limiting
procedure as given above in (1.33):

Tp N 0o
/Dx:]\}gnooAN}i[l/_oodxn

where Ay = (v(e))V*1, i.e. a factor v(t) for each discrete interval.

Note also the fundamental property: if we split the path in two, as
shown pictorially in figure 2.1, we get

Ty Te tp te
(@b, to| Ty ta) :/dxc/Dx/’Da: exp % /Ldt+/Ldt
T Tq te ta

- / e (2, to| e t0) (or to|Tas ta)

as required. This may be used to fix the normalisation v(t) (see below.)

ty

ta

Figure 2.1: Split one
path in two

2.4. The classical limit (heuristic)

For quantum situations, ¢, & t,, and x, & z, are “close”, S[z(t)] = O(k), and the phases are of
order O(1).

For classical situations, tp,t,, s and z, are “far apart” and S[z(t)] > k in general. (Formally, the
classical limit is obtained by taking i — 0.) Now consider paths “very close” to a given path x(t).
Even though dx is small, §S will in general be large compared with &, because S is so large. So
e'9/" = cos(8S/h) + isin(6S/h) will oscillate violently and contributions from nearby paths will
cancel. However, the classical path Z(t) is special: 45 is of order O(dz?2), so nearby paths can add
constructively. So, as i — 0 the classical path gives the dominant contribution (i.e. we derive the
principle of least action and hence classical mechanics) and therefore

iSc/h

(@, tp|Ta, ta) ~ e (‘semiclassical approximation’)

2.5. Momentum and Energy

Let us try to make the statements for the phase changes in the previous section a bit more rigorous.
As we have seen, in classical situations S¢ > h and the amplitude oscillates very rapidly. To see
just how rapidly, consider a small change in the endpoint: x, — zp + dxp, keeping ¢, fixed. Then:

05,
Se1 — Sa1 + L5y,
8.23(,
So the change in phase is dzpkp, where the wavenumber
10S. . .
ky = ﬁ—axbl = % (by Hamilton—Jacobi.) (2.12)

Here, py is the classical momentum at the endpoint (cf. (2.6)). So p = hk, or in operator language
p = hk, and thus from (1.26):

&, ] = ih. (2.13)
Similarly, if we change the time at the endpoint and keep x;, fixed, i.e. t, — tp + Otp, we get
aSC]
Se1 — Sel + —— 0ty
1 — Ocl + o, b
The change in phase is now —dtpwp, where the frequency is (cf. (2.7)):
l aSC] Eb

wp =~ o 7 (by Hamilton—Jacobi) (2.14)

and we have F = hw.




2.6. The Free Particle

Let us evaluate the path integral explicitly for a free particle. The “continuum” expression for the
Feynman path integral in (2.11) is elegant and succinct but we shall shall evaluate it here using
a limiting procedure. We shall make use of a range of Gaussian integrals — see separate handout.
We use the following discrete approximation to the free particle Lagrangian L = T = 1/2mi? ~
1/2m((zp — 2n-1)/€)?, so that

N+1

(20,10, 1) = Jim_ A <H/dwn> exp{ﬁ,;f? > (%)2} (2.15)

n=1
where Ay is a normalisation constant to be fixed. In (2.15) we have a sequence of nested Gaussian
integrals. Doing these integrals is straightforward but tedious. Each of the integrals is of the form

- / SHam? agi )b

— 0o

R O 2 N A VP R S .
_/exp{n<a+b)u 2H(a+b)u+n<a+b du (2.16)

Z oofi(2+3) (o= LY o (S ltBE 1 (2 2 o

where we completed the square in the second line. For brevity, we make the following substitutions:

11 ‘
az—ﬁ(—+—>:—ﬁa+b : vzu+£(f+g) (2.17)
(6% a

a b ab b
and note that

z2  y? ab sx y\2 1 5  ba? 5 ay? T y\2

o) TaZ) = - o a4+ 2

(a+b> a+b(a+b) a+b[x+a+y+ b a( +b)}
1

ba? ay? bz?  ay
— 2 27 24 oyp— 2 2L 2.18
a—i—b[x i a Ty b YT b } (2.18)
(z —y)?
 a+b

We now plug (2.17) and (2.18) into (2.16) and use equation (1) (or (7)) from the sheet of Gaussian

integrals:
= / exp{ﬁ%} = \/ge"p{ﬁ%}

“%0 (2.19)

= ﬁﬂab ex ﬁi(a:—y)Q
Ve P a+b |

We can now evaluate the integrals in (2.15) one at a time using (2.19), starting with the integral

over I:
/dxl exp {n% ((xz — x1)2 + (1 — xo)Q)}

This is of the form of (2.16) with a = b = 2¢hi/m, so ab/(a + b) = ehi/m and a + b = 4ehi/m. Hence

<$b7tb|$a, t(L>

g v (T f 4 )
Jim Ay <H/dxn>

..= lim AN (HWEFL)

N+1 m ,
};[ exp {n%—h n— Tn—1) })

1

R . m n—Tp_1)? imeh . ﬁm(xg—aro)Q
XP 2eh m XP 4eh

n=3

2.2N .m(zyy1 — 20)?
exp< i
2(N + 1) 9h(N + 1)e

lim A omifie) m . ﬁm(xNH — x0)?
T axp AN T 0)
NN\ T 2mih(N + De P17 2h(N + 1)e

Exercise: check this explicitly (a slightly laborious exercise, but worth the effort.)

S e N

N—o0




Since xg = x4, Tn+1 = xp, and (N + 1)e =1t, —t, = T, if we choose

N+41
. N+1 m 2 . - m
An = (€)™ = (Qm'mg) o de vle) = \/ 27ihe

then, since the limit N — oo is trivial,

m .m (zp — 4)2 iSe/h
asla) — . P = F T el 5 22
(@b, to| Ty ta) 5T OXP {]1273 T } o(T)e (2.20)

since, as we showed above for the free particle,

m m(xb_xa)Q
Sy = —0*T=—2 "4
1= 2 T

Note that our choice for v(¢) renders the normalisation factor Fy(T) independent of x, and x; - see
below for discussion.

Notes:

At large times (where S > 1), letting © = x, + Az, t = ¢, + At and expanding the exponent in a
Taylor series we find (exercise)

<xa t|fEa, ta> ~ <5Eb, tb|fEa, ta> e(ﬂ/h)(pbAmiEbAt)a

i.e. a plane wave with momentum p; and energy Fp = pg /2m, as expected.

The free particle amplitude is a very useful object: we often call it the free-particle Green function
(see later), and write
Go(:rb — Tq,ty —ta) = (wb,tb|xa,ta) (2.21)

which makes explicit its translational invariance: Gg depends only on the difference between the
initial and final positions and times. In momentum space (exercise)

A r i [ m T iz ima?
Go(p,t) = /dxemp/hGO(x,t) =\ 3t /da: exp{Fp + o }
. p3t _Et
= €eX —1 = ex —1—
P 2mh oxXp I

where E = p?/2m, i.e. a plane wave with classical energy E as expected.

(2.22)

Normalisation: choosing v(g) = /55— seems strange at first, since v(t) — oo as € — 0, so the
amplitude diverges for infinitesimal time intervals. This is not an accident: if the amplitude for

finite times is to be finite, then
2mihe
lim <1/(t) T )
N —oo m

must be finite, and we must choose v(¢) = \/52%=(1 + O(¢)), (so that the O(e) term goes to zero
as € — 0). Moreover, since (xp, tp|xq,te) is a Gaussian in (xp — x,) with width A(ty, — t,)/m and
(with this normalisation) unit area, as t, — t,

<$b,tb|$a,ta> i (5(15}; - xa) = <$b,ta|$a,ta>

as required.

Finally, it is easy to check that with this normalisation
o0
(@b, tp| Ty ta) = / dz (zp, tp| 2, t) (@, t| Tay ta) (2.23)
— 00

for any t, <t < t, (tutorial exercise).




(4) The result (zp,tp|Ta,ts) = Fo(T) e/ is also not accidental.

To see this, consider an alternative method of calculation: write z(t) = Z(t) + n(t), where Z(t) is the
classical path with boundary conditions x(t,) = x4 and x(t;) = xp. Then n(t,) = n(ty) = 0, and
7(t) describes the ‘quantum fluctuations’ about the classical path. Furthermore, since %‘w:i =0
there will be no terms linear in 7 in the action, and, since the Lagrangian is quadratic, we find

Slz] = S[z 4+ n] = S[z] + S[n]. Explicitly

ty ty tp
S[x]ZS[mn]:%/(mﬁ)?dt:% /(5;2+772)dt+2/3':~77dt
ta ta ta
. . (2.24)
=D G i) dt+2[na]” —2 [ nide
=54 @ i) dt+ (i), —2 [ nz
ta ta

The last two terms vanish because 1(t,) = n(ty) = 0, and & = 0 by the equation of motion.

But S[z] = S, and [, Da = foo D (since 7 is fixed, hence dx,, = dn, ¥n), therefore
(@b, o] T, ta) = €5/P /DTI eiSt/h = Fy(T) etS/h, (2.25)

where T = t, — t, as before, and the path integral is over all paths n(t) with n(t,) = n(ty) = 0. The
normalisation factor is

Fo(T) = (0,t,]0,t,) = (0,70, 0) (2.26)
by translational invariance (in time). We can compute Fy(T') by evaluating the path integral over
n(t) explicitly (tutorial).

Alternatively, using (2.23)

<0,T|0,0>:/ dz (0, Tz, £) (2, £]0, 0)

so Fo(T / dz Fo(T — t) exp <2h(mx2 )) Fo(t) exp (“Z;f) (2.27)

_ 27r11FLT(nT— L)t Fo(T — 1) Fo(t)

Now let T' > ¢ so that (T'—t) ~ T and Fy(T —t) ~ Fy(T), and we find

m
Fo(t) = 2.28
o(t) 2miht ( )
as required. Note that in this argument no discretisation of the path integral is required.
2.7. The Harmonic Oscillator
The Lagrangian is:
L= T;;BQ glwzxz. (2.29)
We use the same trick as for the free particle: write z = Z + 1, then
S[z +n] = S[z] + S[n] (2.30)
because the cross-term
to . to . t
/ dt (zn) — w2fn) = —/ dtn (Z + w2x) [nz] th =0 (2.31)
t ta *

a

The first term on the RHS vanishes because Z satisfies the equation of motion, and the second
vanishes because n(ty) = n(t,) = 0. (This “trick” works for any Lagrangian quadratic in z.)




Again Dz = Dn, and hence _
(Ty, by Ta, ta) = Fiulty — ta)e" /™ (2.32)

where S is the classical action

mw

0= ——— ((22 + 22) coswT — 2z, 2.
1= g ((z2 + x}) cosw Talp) (2.33)
and the normalisation factor is
0
E,(T) = /Dn eSl/h — (0, T0,0) (2.34)
0

which is again independent of the boundary conditions. As before for the free particle the explicit
evaluation of the normalisation factor is tedious. It can be computed by expanding 7(t) in a Fourier
series (see Feynman & Hibbs, 3.11), by matrix methods, or implicitly — using the same method as
for the free particle:

<0,T|0,o>:/ dz (0, T2, 1) (z, [0, 0)

— 00

o imwaz? cosw(T —t) imwax* coswt
F,(T) = de F,(T —t : F,(t -
5 ) / v Fu ) exp < 2h  sinw(T — t)) (t) exp ( 2h  sinwt

2rih sinw(T — t) sinwt

mw sin w1’

2

) (2.35)

— 00

=FW<T—t>Fw<t>\/

As before, let T' > t so that F,,(T —t) ~ F,(T'), hence

27ih sinwT sinwt
Fw(T):Fw(T)Fw(t)\/ - +O(t/T)
mw sin wT’ (2.36)
mw
h Fw t) = PO E—
enee ®) 2mih sin wt
Note that as w — 0, F,(t) — Fy(t), as it must.
2.8. The Forced Harmonic Oscillator
Consider the forced harmonic oscillator with Lagrangian
L= %(332 — w??) + Jz (2.37)

where the external force J(t) is non-zero but arbitrary for ¢, < t < ¢;. The equation of motion is
now

. J
I+wiz ==, (2.38)
m

The action depends on both z(t) and J(t), but since it is still quadratic we get
m . . 2J
S[z+n,J] = E/dt (F+0)? (@ +0)? + —(@+n)

= Sz, J]+ S[n,0] + m/dt (577 —wnz + %n) (2.30)
— S[z,J] + S[n,0] + m i) - / dt [ + %z — (J/m))]
= S[z, J] + S[n, 0]

The fluctuation term S[n, 0] is independent of .J because the coupling of .J to = (and hence to 7) is

linear. Thus )
<£Eb, ty |xa7 ta> = Fw (T) enSCl/h (240)

where now S; = S[z, J], and the normalisation factor is the same as for the unforced harmonic
oscillator.




2.9. Schrodinger’s Equation

To complete the picture, we derive the Schrédinger equation for a particle in an external potential:

L= %3;«2 —V(x,t). (2.41)

Recalling that momentum p = hk, we introduce the momentum basis following equations (1.18)
through (1.20):

oo

dx .
= [ =) = [ del) elo). (2.42)
from which we may read off
1 ipx/h 1 —ipz/h
(z|p) = ——=€" : (p|lx) = —=e7"P¥/". (2.43)

V2rh 27h

The 1/v27h is to ensure that the states |p) are correctly normalised:

Wlp) = [ detla) olp) = [ SO a0 - ) and 1= [ plp) ol (249)

— 00 — 00 — 00

Now consider the infinitesimal amplitude

. 2
m ie |m (ZTpt1 — Tn
n+1:ln nytn) = - = |5\ —V(zn,tn
(s s [, 1) \/mhgexp{hb( ) v )H
m im 5 1l
= 57 - WUn —xp) =V nytn
\ 2mhanp{2hg(x 41 20) — V(@ )}

oo

dp, ip, ie ie
= / %exp {%(xnﬂ — xn)} exp{—thpi} exp{—ﬁV(aﬁn,tn)} ,

—o0
(2.45)
where the second line may be recovered from the third using equation (8) on the sheet of gaussian
integrals (exercise.)

If we introduce a basis of momentum eigenstates satisfying p |p,) = pn |pn), and recall that & |z,,) =
T, |Tn), we may rewrite (2.45) as

o . 2 .
ie p? ie
<xn+17tn+1|xmtn> = / dpy, exp {_% 2m} <xn+1|pn> exp {_%V(xmtn)} <pn|xn>

- 7 dpn (ns1|exp {—%%} [pn) (P exp {—%V(;ﬁ, tn)} o) (246)

. /\2 .
= (Tpy1|exp {_%QP_m} exp {—%V(i, tn)} |Zn)
To get the last line we used the completeness of the momentum basis [ dp, |[pn) (pn| = 1.

Finally, we use the Baker-Campbell-Hausdorff formula

eA eB _ eA+B+(1/2)[A,B]+~~ (247)

to combine the exponentials. All terms beyond the first two on the RHS are of order O(g?), so

e .,
<xn+1a thrl |{En, tn> = <xn+1| exp {_ﬁH(xapy tn)} |xn> ) (248)

where 5
H(#, pt) = — 4+ V(&,t)= H(t
(@, p,t) om (@,1) (t)




is the quantum-mechanical analogue of the classical Hamiltonian.

Remembering that € = t,,11 —t,, then for infinitesimal ¢ — ¢, this result may be written in the form
1 N
|z, t) = exp { ﬁ(t - to)H(to)} |) . (2.49)

If we differentiate (2.49) with respect to time ¢, we get the following differential equation:

0 i .
e |z, t) = ﬁH(t) |z, t) = H(t) |z, t) = —nh— |, t) .

where we used ﬁ(to) ~ ﬁ(t) for infinitesimal ¢ — tg. Now define ¢ (z,t) = (x,t|¢)), so (¢Y|x,t) =
¥*(x,t), then (exercise)

~ 2 2
Hi(w,t) = ( g‘—m% +V(a, t)> b(a,t) = ﬁh%w(x,t). (2.50)

Equation (2.50) is of course known as the Schrédinger equation.
Notes:

. The argument is reversible: starting from the Schrodinger equation, we can derive Feynman’s path
integral representation. Indeed, this is the route followed by most text books.

. We can use the expression in the third line of (2.45) to construct an alternative representation of
the path integral, called the phase space path integral:

N+1 dp
- (1 o) (i)

exp Ejg:l[ M_ﬁ—‘/(aﬁ t):|
W (7 (b —ta1)  2m no b (2.51)

ty
/Dx/Dp exp %/dt (pt — H(z,p,t))
ta

where H is the classical Hamiltonian. This has the advantage of a natural measure — there are
no normalisation factors because of Liouville’s theorem — and is particularly useful in statistical
mechanics.

. We can use (2.51) to give yet another derivation of the free particle amplitude:

(0, o, ta) = lim_ <H /dxn> <Aﬁ1/ 27T5> { i gr:l( n(Tn — Tn_1) — %)}

n=1
1 N+1 N i c N+1
_ 1 - _ - _ = 2
= Jm o— (}1/@%) n:15(pn+1 pn)eXp{h <pzv+1xb Pitia = 5 nz_:lpn>}
—/d—pex E(x —a:)—L(N—i—l)sQ
= ) oxn CPARPY T T o0 p

m im (zp — 24)>
e OXD o
2mih(ty — tq) 2h  ty —tg
where we rewrote the sum in the first line
N+1 N
Z pn(xn - xnfl) = PN+1Tp — P1La — Z xn(anrl - pn) .
_ n=1

in order to perform the N integrals over the x,,. We then used the resulting delta functions to perform
the integrals over the first N momenta p;, leaving just one momentum integral (over px+1 = p)
which may be done using integral (8) on the sheet of Gaussian Integrals.




4. The equation (2.49) may be regarded as a solution of the Schrédinger equation for infinitesimal
t — to. If the Hamiltonian were time-independent, (2.49) would hold for all ¢,

[, t) = exp {%(t - to)ﬁ} j2) = U1 (t,to) |)
whereas, for a general time-dependent Hamiltonian, we must write:
|z, t) = U (¢, ) @) (2.52)

where, from (2.49), the time evolution operator U(t,ty) satisfies the Schrodinger-like equation (ex-
ercise):
J . .
ﬁhEU(t, to) = HU(t, o) (2.53)
with the boundary condition U (to, to) = 1.

Clearly, U must be unitary, since it changes bases |z) — |z, t):

U=t to) = Ulto, t) = Ut (¢, to).

5. The Schrodinger and Heisenberg pictures
We may now write R
P(z,t) = (2, t[¢) = (2| U(t, to) [¢) = (x[1), 1)

where we have defined the time-dependent state vector |1,t) = U(t,to) 1), which satisfies the
Schrédinger equation

. 0

We say that |[¢,t) and |z) are the state vector and position eigenstate in the Schrédinger picture
for time dependence in quantum mechanics, whereas |1) and |z,t) are the equivalent quantities
in the Heisenberg picture. These two “pictures” for describing time dependence in the operator
formulation of quantum mechanics are of course equivalent in that they give the same physical
predictions for all observables.

The wave-function ¢ (z,t) = (x|, t) = (z,t|y) is (by definition) the same in both pictures.

Clearly, Schrodinger-picture operators such as # = [dz x|z) (z| are time-independent while in
the Heisenberg picture &(t) = [dz z|z,t) (x,t| is time-dependent. So we write &|z) = z|z) and
&(t) |z, t)y = x|z, t).

What is the relation between & and &(¢)? Inverting (2.52) gives |z) = U(t,to) |z, t), hence
(z| & |z) = (&, t| UT(t, o) £ U(t, to) |z, t) = (z,t| &(t) |z, t)
This must hold V |z,t). Hence, for the two pictures to be equivalent, we must have
&(t) = Ut (t, to) 2 U(t, to) (2.54)

Similarly for other operators. Note that [2(t),Z(t')] # 0 unless t = ¢'.
However, since

e o, 114) = (o 1] 1) = (ol O |9)
9
ot
we must have UH = HU = H = UTFIU, i.e. the Hamiltonian is the same in both pictures.

ih— (x|, t) = (x| H |, t) = (x| HU |¢)

We can now derive the equation of motion for the position operator in the Heisenberg picture:

ﬁhgjs(t): 20 U + U'd in 2V = -U'H:U + U'2HU
ot ot ot (2.55)




This is the Heisenberg Equation of motion for the time-evolution of the position operator in the
Heisenberg picture. The state vector |¢)) is time-independent in the Heisenberg picture so it doesn’t
have an equation of motion!

The same argument can be used for any operator O(t). If O(t) is conserved, dO(t)/dt = 0, whence
{O(t), H’} = 0. For example, momentum is conserved if and only if [ﬁ(t), ﬁ] =0.
For the rest of this course we will generally adopt the Heisenberg picture.

. The transition amplitude (z,t|z’,t’') is the retarded Green function for the Schrodinger equation.
For ¢t > t/

Bl t) = wt|1) = / aa! (o, t]a! ) (! 1 |45)

So if we define

! ! !/
G(z,2';t,t') = { (a:,t|0x 1) i z i' (2.56)
then Ot —t')(z,t) = /dx' Gz, 2’5, t) (2! )

Now, since ¢(z,t) satisfies the time-dependent Schrodinger equation, we find

2 2
( 0 V- n%) 0t — ') Uz, t) = —ihd(t — 1) Yz, )

2m Ox2

5 —5—28—2—1—\/( t)—ﬁhg G(x,2';t,t') = —ihd(t —t")o(x —2') Vi, t
SO o D22 x, ot x,x T, = T —x s

Multiply the second equation by 1 (a’,t’), integrate with respect to z’, and then compare with the
last line of (2.56) to recover the first equation.

Note that we choose G(z,2';t,t') = 0 for ¢t < ¢’ because in non-relativistic quantum mechanics we
only consider paths in which the particle moves forwards in time.

. For time-independent Hamiltonians, it is usual to expand in a basis of energy eigenstates |n) with
n=20,1,2,3,... R
Hn) =FE,|n) ; uy(z)=(z|n). (2.57)

So for ¢ > 0 the Green function is:

Gla,y;t) = (x,t]y,0) = (x| e /M |y) = 57 (a] e /M ) (n]y)

, " (2.58)
= e () (y)

Let us take the Fourier transform of G(x,y;t) with respect to ¢:

it(E—E, )/h it(ie)/h _
Gla,y: E Z/dte W(2) u (y) e hZE - HE (2.59)

The ie (¢ > 0, infinitesimal) is introduced to ensure that for positive real energies the integral
converges at the upper limit. Bound states correspond to poles in é(x, y; E), which lie just below
the real axis in the complex E plane. i.e. at F, —ie, ensuring that when we do the inverse transform
we recover the retarded (or causal) Green function (i.e. G(x,y;t) =0 for ¢t <0.)

Technical note: An ie is also necessary for the convergence of the path integral, e.g. for the harmonic

oscillator, E,, — E, —ie if w — w —ie,w > 0, i.e. w? — w? — i, so

Slx] — S[x] + ﬁem/dtw2, and exp{iS/h} — exp{1S/h} exp {—e(m/h)/dth}
The last term is a convergence factor which damps paths with very large 22, it ensures that the

path integral gives causal propagation in non-relativistic quantum mechanics.

Setting x = y and integrating over x in (2.58) (i.e. taking the trace) gives (for ¢ > 0):

/ dz (x, t|z,0) = /dx G(z,z;t) = Ze_“E"/h /dx lun(z)]? = Ze_“E"/h (2.60)




for orthonormal energy eigenfunctions u,, ().

Hence, if we know G(zx,y;t), we can use this expression to deduce the energy eigenvalues. For
example let us consider the harmonic oscillator:

d t|x,0 —2 swt — 1
/ z(z,t]2,0) / \/ 27rnhsmwt 2hsmwt z*(cosw )

iSa /R,
11 o (2.61)
= il (gaussian integral)
2
e—]‘lwt/Q
— m _ —nwt/Q Z e—nnwt Ze—nfE n/h (using (260))

It follows that

1
FE, = (n + 5) hw
The eigenfunctions may also be deduced in this way (tutorial.)
2.10. Single particle in an Electromagnetic Field
The Lagrangian for a particle of charge e in an electromagnetic field is (in Heaviside-Lorentz units)
1
Lz, @,t) = ?n@F—e¢+E§-A (2.62)
c

where ¢(z,t) is the electric potential (also known as the “scalar” or electrostatic potential) and
A(z,t) is the magnetic vector potential with

1 0A
E= —Vqﬁ - E E and B=V x A (263)
The classical Hamiltonian is ) 5
e
H ,,t:—‘——A’ 2.64
(@pt)=5—p— -4 +ed (2.64)

Exercise: verify explicitly that the Lagrangian (2.62) gives the Lorentz force and the classical
Hamiltonian above. (See Junior Honours Lagrangian Dynamics notes & tutorials if necessary.)

One can then derive the quantum Hamiltonian H(Z,p, ) and the corresponding Schrédinger equa-

Az, t)] # 0 (tutorial).

tion. However, this is tricky because [;,

Gauge invariance: Classically, the E and B fields (and thus the classical path) are unchanged
under the gauge transformation

1
A— A+ Vyx and ¢ — ¢ — —g—): (2.66)
c
for any function x(z,t). However, the Lagrangian changes:
€ . e Ox edy
L—L+°S COX 4t 9.
— + J? V + ¢ ot + cdt ( 67)

where we noted that - Vx + % = dt , the total derivative with respect to t. But adding a total
derivative to the Lagrangian doesn’t change the classical Lagrange equations of motion (see La-
grangian Dynamics notes), so our previous claim that classical physics is “gauge invariant” remains
valid.

However, the action does change:

b e (b dx e
S= [ atp st [Tari =54 (alayt) - xlaa ) (2.68)
tq

ta

so the transition amplitude also changes:

117 117
(g tlzante) = [ 2t o | [ Do | e {3 alat) vt} @269

€T
a

From this we may deduce
)~ exp {~FEx(e 0 f 2.0 (2.70)

which is an independent phase change locally at every point in space and time. The transition
probability o |(z;,ty|z,,ta)| is of course unchanged. This is a huge symmetry of the theory, and
is known as a U(1) local gauge symmetry.




2.11. The Aharonov-Bohm effect

Consider a double slit experiment involving charged particles and a magnetic field.

The magnetic field B points out of the page and is non-zero in the shaded area only — think of a
long thin solenoid — and we assume the slits are shielded from the magnetic field perfectly. The B
field corresponds to a magnetic vector potential A whose field lines form circles around the solenoid
as shown.

Classically, we expect the field to have no effect because the particles don’t travel through the region
of non-zero magnetic field. The A field is non-zero along the paths but the vector potential has no
direct significance in classical physics.

Quantum mechanically, the dominant contributions to the transition amplitude (f|¢) will come from
paths close to the classical paths z, (t) and z,(t) shown in the figure. In the absence of the field, we
add the amplitudes as usual, so the contribution of these paths is

iSlEil/h | iSlwal/h _ iSlaa]/h (1 n eﬁ(S[wz]fS[m)/ﬁ) (2.71)

and we get interference from the relative phase ¢ = (S[x2] — S[x1])/A.

When we add a magnetic field (assumed time-independent) the Lagrangian changes:
€ .
L—-L+-1-A
c

SO
e [P dzx e [t

et 2= A = Z A 2.72

S—>S+C/ta dtdt A S+c/t dz(t) (2.72)

a

Therefore, when we switch on the magnetic field, there is a change in the relative phase

5 = — (/:bé-dzg(t) - tbA-dzl(t)>

he \ J; t
e e
=— ¢ A-da(t — P
hcfc_ z(t) he

where the curve C' is the closed path xo—x;. This path clearly encircles the region of non-zero
magnetic field, but the magnetic field is zero everywhere on the closed path itself. Using Stokes’
theorem we may write

(2.73)

<I>=7€A-dz(t)=/82><é-d§:/s§-d§ (2.74)

where S is any surface bounded by the closed curve xo—=z1 in the diagram. So @ is the total magnetic
flux passing in between the two paths, and the interference pattern shifts by (e/fic) ® even though
the particle hasn’t passed through any region of non-zero magnetic field B, and has therefore felt
no direct electromagnetic forces! We get the same phase shift d¢ for all paths z; (t) and z,(t) which
don’t penetrate the region of non-zero magnetic field B, not just for the classical paths.




Notes:

(1) @ is gauge invariant. If A — A + YV, then

C C

(2) Only the flux passing between the two paths is included.
(3) The effect is periodic: there is no effect if §¢p = 2nm7, i.e. when

(I)—QT(TLE:TL@, n=20,+1,£2, ... (2.76)
e e

(4) From the shift in the interference pattern, we deduce that the vector potential A(x) is not just a
mathematical artifice, as might be concluded from classical physics.

(5) The Aharonov-Bohm effect was first observed in 1960.

2.12. Transition Elements

Besides transition amplitudes, we are also interested in transition elements where the sum over all
paths is weighted by some function(al) of x(¢). The simplest example is (t, <t < tp):

ty t

S_/Dxa: et Sl=®l/ /Dx/dx/l)xexp —/Ldt T exp %/Ldt
t

ta

(2.77)
- /dx (2o to|221) 2 (2, | s o) = /da: (2o, to] £(0) |2, £) (@, |0 )

= (2o, | 2(1) [2a, ta)

which is the matrix element of the operator #(t) in the Heisenberg picture. It is easy to see that for
any local function f(x(t)):

(1] FE(1)) [ ta / Dar f(a(t)) SO/ (2.78)

Now consider correlations between z(t) and z(t') with ¢t # t'. For ¢ > ¢

(z( )g = /Dx x(t e/ — /da:/da:’ (wp, tp|z, t) x (z, t|2', ') 2’ (2t | 2q, ta)

/dx/dx (o, 1o 2(8) |2, 8) (@, | 2 () |2 ) (2, ¥ | s )
= (zp, to| 2(t) 2(t') [2a, ta)
For t < t/, we get the same thing with ¢ < t/, i.e
(x(t)x(t")) g = (zp, tp| ()2 (t) |Tas ta)

So, in general we have:

/Dw 2(t) 2(t')e ™ = (zp, to| T(2(t) 2(')) |2a, ta) (2.79)
where

T(x(t)z(t") = 0(t —t")a(t)z(t") +0(t" — t)a(t")z(t) (2.80)
is called the time ordered product. Note, that Z(t) and #(¢') do not commute (unless ¢ = ¢’) because

they are Heisenberg-picture operators.




Clearly, this may be generalised to any number of local insertions:

(i) falx(tn)) s = (@, | T([1(2(81)) - fa(2(tn))) [2as ta)

= /Dx filx(ty)) ... fu(z(ty)) eiSE®]/h (2.81)

Note that the quantities f;(Z(¢;)) in the “quantum” expression on the RHS of the first line of (2.81)
are non-commuting operators, whilst the quantities f;(x(¢;)) in the path integral on the second line
are ordinary commuting numbers.

Between more general states, we simply insert complete sets of position eigenstates: for example

W T ) . 3(tn) |6) = /da:a /dxb (0|20, 1) (25, 8y T(E(E1) - 5(E)) |2 ta) (Tas ta] @)

= /dxa/dwb w*(wbytb)wwmta)/m w(ty) ... x(t,)etS/" (2.82)

wave functions

transition elements
These “transition elements” or “matrix elements” or “Green functions” or “correlation functions”
(in statistical mechanics language) will play a central role in what follows.

We can also define transition elements with insertions of time derivatives of x(¢). However, these are
more tricky since £ = p/m, and p(t) and &(¢t) do not commute. To understand the issues involved,
we consider a couple of examples.

We start by going back to the basic definition of the path integral:

N e NALL 2
(X, ty|Ta, ta) = A}gnoo An <H /dxn> exp {% Z [5 (%) - V(xn,tn)l} (2.83)
n=1

n=1

Now, since | fooo dz, % f(zp) = 0 for any function f(z,) which approaches zero sufficiently quickly

as |zp| — oo, and for any p € {1,..., N}, we must have:
N 0 ie O [m (2 —a 2
— i < = § fin —on-1 )
" A}féo o <}:[1/dxn> Op <F($P)QXP{ b= [2 ( € ) V(xnatn)] }>
N .
. oF  ie m ov

(2.84)
Technical note: The integral should be considered as the limit of the analytic continuation of an
integral with a real part in the exponential argument. So the integral is well-defined although it
looks divergent.

As € — 0 we can rewrite terms in (2.84):

i 2L G hile Gim 2 2t Ty D 28 T m )
e—0 € ’ e—0 g2 e—0 ¢ 5 €
(2.85)
If we now set F' =1, so %on, then as N — oo we get:
av'\ 1 /0V
0= /Da: (m&(t) + —) I = (@)= <—> (2.86)
Ox m \ Oz /¢

Equation (2.86) is the quantum version of the classical equation of motion and is known as Ehren-
fest’s theorem.

If instead we take F' =z, so a%p F =1, we get:

_ iS/h 7 _ £ Tpt+1 —Tp  Tp — Tp—1 8_V
0 /Da: e ilg%) (1 - {ma:p { - E } —I—Empaxp (2.87)




So, remembering the time ordering rule, and writing mi(t) = p(t), we get:

0 = lim Gan, o] (1~ (3/) TGHOME+2/2) — DR~ /2) [ o)

i (2.88)
= (2o, 1] 1 = = (B()2(8) — 2(H)D(t)) [0, ta) (ta <t <ty)
whence the usual commutation relation
[%,p] = ih. (2.89)

It follows that we only get the ordering of & and p correct if we are careful with the time ordering
in the path integral. However, since z,4+1 = x, + O(¢) (by continuity),

Tp(Tp — Tp—1) = Tpy1(Tpr1 — 7p) + O(e),

we may also write (2.87) as

0= [ Dot (1 {0, T g, TR 2T 0 ).

3

<m (”’*187_%)2> — —% +O(1) (2.90)
S

But if we now want to take the limit ¢ — 0, we get that <;t(t)2>s or <p(t)2>s are infinite! This
shows that the paths that we integrate over are not smooth. The action is finite (for paths that
count), so from (2.84), (6x/¢)? is finite, i.e. dz ~ /2, 2 ~ 1//. The paths are continuous but
jagged. This phenomenon is called Zitterbewegung.

SO:

How then do we define the kinetic energy? The trick is to use

R .
lim oL (p(t 4 </2)p(t —</2)) (2.91)
To see that this is finite, take F' = z,11 — x5, SO a%,F = —1, and so, from (2.84):
iem Tpil — T Tpt1 — T Ty — Tp_1 oV
1) = p+ P P p  Tp—Zp _ 2992
(-1) h <( € >< € € )+M8xp> (2:92)
O(e)
1 . . m Tpil — T Tp — Tp_1
= t 2 t— 2 ~ p+ p p p
o o ile-+ 2/ - 2/2) = 5 (BT ) (B2 o

2

~— 4 40(1) using (2.90)

so the limit ¢ — 0 exists. This is getting rather technical but it gives a (trivial) example of
renormalisation in quantum mechanics - using a “point-splitting” regularisation.




3. Perturbation Theory

3.1. Time independent transitions

Most dynamical systems are not exactly solvable (either classically or quantum mechanically). How-
ever, we can often separate the action into a solvable part and a perturbation

Slx(t)] = Solz(t)] + Silz(t)]. (3.1)

For example for a particle in a slowly-varying potential:

Solz(t)] = /dt %mx’Q ;o Siz(t)] = —/dt V(z(t),t) (3.2)
or Splz(t)] = [ dt lma':2 —U(x) ;o Sifz(®)=— [ dt V(x(t),t) (3.3)
2

where V (z,t) = V(z,t) — U(z), so Lg is time-independent. Sometimes we take U = (m/2)w?z?, so
that Lg is the Lagrangian of a harmonic oscillator. It all depends on the problem we want to solve.
Then the transition amplitude is (using (3.2)):

(@p, ty|Tasta) /Da: exp{ (So[z(t)] + Si[z } /Da: oiSolz (1)) /R Z ( ]>n

0o n ty ty
1 i\ .
=0 ta ta Tq

(3.4)
assuming that we can exchange the order of the infinite sum and the functional integration. Each
term in the series is a transition element. For t, < t; <ts < ... <t, < tp, we have

/va (t1),t1) - V(x(tn), tn) e0/7 =

/dxl /dxn ifb,tb|$n, n> (xnatn) <"En,tn|$n71,tn71>0"'V(ifl,tl) <x1at1|xa7ta>0

(3.5)
where the subscript zero indicates that these are transition amplitudes evaluated with Sy. All that
remains to be done is to evaluate the transition elements.

It is useful to represent the series in (3.4) & (3.5) pictorially. Denoting the transition amplitudes
(x,t|a’,t"), by straight lines and insertions of the potential by wiggles, we have:

tb ta tb

t
t a
(2p, ty| Tas ta) = / " L + t Y., (36)
tp
ta

In words: the full amplitude can be written as a sum of “partial” amplitudes in which the particle
is: not scattered + scattered once + scattered twice 4 - - -.




The integrals over z; and t; ensure that we sum over all paths, and the 1/n! ensures that paths with
different time orderings are not double counted, since:

ty ty ty tn i3 to

1

m/dtl---/dtn V(tl)---V(tn):/dtn/dtn_l---/dm/dtl Vit Vit (37)
ta ta ta ta ta ta

S0ty <t] <ty <--- <t, <t is the only one we need to consider.

Proof: of (3.7) for n = 2. Generalisation to all n can be done by induction (tutorial). Since

ty ty ty to ty
/ﬁb/HhvagV@)z/ﬂb /ﬁhvagV@)+/dmvagV@),
ta ta ta ta ta

it suffices to show that:

b to b b
/dtg/dtl V(t)V(t2) = /dtl/dtg V(t1)V(ta) (swapped order of integrals)

ty ty
= /dtg/dtl V(t2)V(t1) (relabelled dummy integrands: t; < t2)
ta to

This works because the integrand is symmetric under t1 < to, V(¢1)V (t2) = V(t2)V (¢1).
Using the result from (3.5) and (3.7) in (3.4), we have:

%) N ty tn ta
(st Tas a) = (21 |20, )y + (—%) Jawr fan, fan, [ana [an
n=1 ta ta ta

<xb7 tb|$n7 tn>0 V(xn; tn) <xn7 tn|xn—1; tn—1>0 Tt V(J?l, tl) <Z‘1, tl |xa7 ta>0

= (T, tp|Za, ta) = (T, ty|Ta, ta)g — % / dx/dt (zp, o], 1) V(2 t) (2, t]|Ta, ta)

(3.8)
To see this last result, expand the second line iteratively by repeatedly substituting the left-hand
side into the right-hand side. It is easy to understand equation (3.8) pictorially:

/ / 2\ o

la

The full amplitude = unscattered amplitude 4+ sum of processes with the last scattering at time ¢.

In terms of wavefunctions we can express (3.8) as follows:

oo o0

<{E,t|1)/1>: /dx” <{E,t|$/,,t0> <£K”,t0|d}>: /dx” <{E,t|$/l,t0>0 <$I/,t0|1!}>
. © t
—%/dx’/dt’xﬂx' ) V(' t") /dx"x 2" to) (", to|)
o, (3.10)
(z,t]), —% /dx’/dt’ (x,t|2’ 1) ") (2 )

ie. W t) = olo,t) — /m/axﬂxt V() bt

— 00

where )o(x,t) = (x,t|1)), satisfies the unperturbed Schrédinger equation.




Using
(nh% — Hy(z, t)) Yo(z,t) =0

and

(ﬁh% - ﬁo(x,t)> (z,t|2' ), = ihd(t —t')d(z — ) (t>1)

(see the equation above (2.57)), equation (3.10) becomes

<f1h% _ ﬁo(x,t)> W) =0— & m /dx /dt 5(t—)8(x — &)WV (', )b (@, ¥) = V(@ £)b(, 1)

= ﬁhaw = (Hy+ V) = Hy

The last line of (3.10) is therefore an integral equation for v, which is equivalent to Schrédinger’s
equation.

3.2. Fixed target scattering

Consider elastic scattering of a particle of mass m in a fixed potential V' (z,t). We need to find

lim (2, tlzata) = lm (2| Ut ta) lz,) = (2] Slz,)

where the operator S = U (o0, oo) is called the Scattering Operator or the “S-matrix”. Since U is
unitary, S is also unitary: S5 =1 (what goes in must come out!)

|z, tp) is called the “out” state, a free particle state in the far future, and |z ., ¢,) is called the “in”
state, a free particle state in the far past, where we have assumed that the potential V (z,t) is short
ranged: V(z£oo,t) =0.

If the interaction is time-independent, (i.e. just V(x)), then

lim (zy,t|z,,ta) = lim (2, T/2[z,, =T/2) = lim (z,,T|z,,0)
tp—+oo —00 —00

tg——o0

by time translation invariance. So, from equation (3.8) we need to calculate

0o T
(20, Tl 0) = (3. Tlzas 0~ 5 [ &% [ dt ey, Tl ), V@) (2.t 00 + OV?)
—o0 0

where (z,,T|z,,0), describes the case of no scattering.

detecto
(Xp, T)
source ) no scattering
S o
()_(a, O) —9a> Ra © target Q(c' T)

The unperturbed Lagrangian is Jubt

so the path integral for the transition amplitude for a free particle in three dimensions in Cartesian
coordinates factorises into 3 one-dimensional path integrals, and hence (exercise)

<$/7t/|£a t> H t |$1,

=1

w




So the scattering amplitude A in first-order perturbation theory is

. A 3/2 . 2 .

—1 . m im|z, — z| m \3/2 imlz —x,[?
A= — d3 _ l=b =2l - = =al
h / v /dt<2m‘1h(T—t)> eXp( oh(T —t) ) Viz) (mm) eXp( ont

0

Performing the integral over ¢t using
T 1 5 ,
t o 1 /n 1 1
R — — —_ — e i - - — T

o/[(T—t)t]3/2 wo{og -t nE (G vp) e {- (v va) e

(see separate handout) gives
A= —1'1 m 3 1 / P —nm|a: —z|? 172 n —im|z, — z|? 172
B 27r11h 2h
im 2
< Vi) exp{m(m ~ g+, -2l }

S m_\** i 3 1 1 m 2
T (2m‘1hT) r /d z <E+r_b> V(z) eXP{Zh—T(errb) }

— 00

where r, = |z, — z| and 7, = |z, — z|.

Since the potential is short-range, if R, = |z |, Ry = |z,], and r = |z|, then r < Ry, Rp, so

2\1/2 20, -z 2\’
ra=(lz, —2f) " =R (1- =5+ 55) =Ra-n,z+...

a

where n, = z,/rq is a unit vector in the direction of z ,. Similarly
m=Rp—n,-x+... and (ra +75)* = (Ra + Rp)> —2(Ra + Ry) (n, + 1) -z + ...

So

—1 m \%/2 1 1 1 .
1 ) e )
i 3 m
x [ d&°zV(z) exp _W(Ra‘FRb)(ﬂa—f—ﬂb).z)

We can measure R,, R, and T', and for a short-range potential, we deduce from the diagram on the
previous page, that

L (Ru+ Ry)? R,+ R
E:im% and Ba:_pﬂa’ Bb:pnb Wlth p:m%

SO

A~

%ﬁ (225)5/2 T;/z (R;ijb> exp{iET/h} / &2V (z) exp{i (@2, —p,) z) 7}

EV(g)

where we defined the momentum transfer g = (]_)a -p b). The transition probability per unit volume
is then )
1 m\5 1 [(Ry+ Ry ~
Pla—b) = AP = — (5=) 75 (") V(@)

81
Now note  P(a— ¢) = [Ao|* = | (2., T]z,,0), | = (%) 75
7




where x . = —Rpn ,, is the probability (per unit volume) for no scattering (i.e. for V(x) = 0). So
Pab) _(m \*(Rat o) o
Pla—c) \2rh? R Ry, 1

Now if we scatter into solid angle d2

Define the differential cross section as

# of particles scattered into df2 from unit area of scattering region / unit time

d =
? # of incident particles crossing scattering region / unit area / unit time
_ P(a —b) Rz dQ
P(a — ¢)(Rq + Ry)?/R2
whence

do m \? - 9
a0~ \zmz) @

(1) All factors of T', R,, Ry cancel when we construct do/df2, so we can send them to infinity with
impunity.

Notes:

(2) We assumed initial and final states with definite position. However, we get the same result for any

initial and final states, provided sufficiently localised wave functions cancel when we take the ratio
P(a — b)/P(a — ¢).

(3) For a central potential V(r), r = |z|, the expression for f/(g) simplifies to

[e%s) —+1 [e’e)
4
/d3xV T) exp nq x = 27T/r2dr/d cos 8) exp(igr cos0) V(r) = - rV (r)sin(gr)
q
0 e 0

Hence

o0
/ ) sin(gr)d
0

with ¢ = [p_—p,|/h = (2p/h) sin0/2 where 0 is the scattering angle. This is of course the same as
the Born approximation result obtained in Section 11 of Quantum Physics.

(4) For the Coulomb potential V (r) = —e?/(4meor)

2

4dmenq

77"V(r) sin(gr)dr = —
0

SO

do 1 \? 4m2et 1\ et 4 p?

— = = sec” (0/2 h E=—

a0 <4we0> i <4we0) To5 cosec (0/2) (W e 2m)
which is the same as the classical Rutherford cross section. (This “quantum = classical” cross
section doesn’t happen for any potential other than the 1/r potential!)

Technical note: For the integral over the Coulomb potential to converge, we need to define
V(r) = —e? exp(—pur)/(4meor), and take the limit u — 0 at the end.




3.3. Colliding Beams

Consider two particles of masses m; and my interacting through a mutual potential. The Lagrangian
is

1 1
L=gmaliy]” + gmalis|” = Viz, - z»)

1 . 1 .
= SM|R|* + spli]* = V(r)
2 2
where
miZ + moX m1m
R=—=1—222 M=mi+my, r=z,—z,, p=—"H
my1 + mo my + mo
centre-of-mass motion relative motion

0]

In the centre-of-mass frame, R = 0, so the first term drops out, and we have simply L = S u[i|2—V (r),

i.e. the same as in fixed-particle scattering but with £ — r and m — pu.

So if we consider a colliding beam scattering experiment,

Xp/2
by,

3
S
D

X412 =X, /2

X% /2

the differential cross section is simply

do H ? 5 2
o= 502) W@

with ¢ = (p  —p,)/h as before.

Note that if ms — oo, then u — my = m, say, and we recover the fixed target result (Born-
Oppenheimer approximation.)

However, for particles of the same mass m; = ms = m, then u = m/2 and

do m .
m:(m> V()] = £(0)

where f(0) is called the scattering amplitude.




Scattering of identical particles

If the particles are identical, we have two indistinguishable possibilities:

Direct Exchange

Classically:

et fO) + | (r - 0)P

But in quantum mechanics, we must add amplitudes, therefore for identical bosons

doot

2L 11(6) + f(r — 0)

so, for example, for the Coulomb potential,

Aot 1\° et 1 1 2 1 \° et .
_ > [ — +— = | =) 4 cosec’d
dQ dmeg ) 16E2? \sin®(6/2)  cos?(6/2) ey ) FE

For identical fermions (ignoring spin — see tutorial for spin dependence)

dowor = LY ! ! 2
a0 [f(0) = f(m =) = <47reo) 16 E2 <Sin2(9/2) - COSQ(9/2)>

For the Coulomb potential

dot 1\ e
g;zt = <4 ) % cos? 0 cosecd
TEQ

which vanishes when 6 = 7/2, as it must.

Bosons Fermions
do /d2 A do /d9 A

(1/4mey)? et/ E? |

—

e

i Sa—
0 =w/2 = 0 x/2 =«

So we can tell whether particles are bosons or fermions by studying the shape of the differential
cross section.




3.4. Perturbation theory in the operator formalism

Consider the transition amplitude (zp, tp|Za,ta), where the position eigenstates states are in the
Heisenberg picture. From (2.52) and the unitarity of U, we have

A T oA A N
(w0 tolaasta) = (0 tosto) fo) ) Ot to) [2) = (o] U (k. ) (o, ta) )
= <xb| f](tba ta) |xa>

(3.11)

where |z,) and |z;) are position eigenstates in the Schrédinger picture. We shall develop perturba-
tion theory for U(ty, t,)

Firstly, we use (3.5) to write
Ty
/Dx V(@(te),tr) - V(@(tn), ta)e" /" = o(ap, to| T(V (@o(t1),t1) -+~ V(@0 (tn), tn) |2n, ta)y (3.12)

where the states |z,t), and the operators £o(t) are in the Heisenberg picture with respect to Sy
rather than S,
Zo(t) = U (t,t0) & U(t, to) ,

and the unperturbed evolution operator therefore satisfies
7200 = Hol
17— =
5100 oVo,

where Hy is the unperturbed Hamiltonian. This is known as the Dirac or interaction picture.

The perturbative expansion (3.4) may then be written as:

o n % ty
1 il . .
<$b,tb|$a,ta> = Z E (_ﬁ) /dtl c /dtn 0<xbatb| T(V(xO(tl)atl) e V(x(tn)atn)) |xa7ta>0
n=0"" ta ta

- ot tn to
=3 <—%) /dtn/dtn,l--./dtl o{@h 1| V (E0(tn), tn) - V(E0(t1), 1) [T ta)g
n=0 ta ta ta
(3.13)
which is usually referred to as the Dyson series.
Note that
V(&o(t),t) = Ul (t, to)V (&, )Un(t, to) (3.14a)

is the potential energy operator in the interaction picture, and V(&,t) is its Schrodinger-picture
equivalent.

Since the time dependence in (3.12) and (3.13) is governed by Sy, the states |z, ), and |zq,tq),,
on the RHS of (3.13) are related to the Schrédinger states by

|Zarta)y = Ul (ta, to) |24)  and hence o(xy, o] = (2| Uo(ty, to) (3.14b)

Furthermore we shall need
Uo(tn, t0)Ud (tn—1,t0) = Uo(tn, tn_1) (3.14¢)

Starting from (3.13), and using (3.11) and (3.14a/b/c) we get another representation for the first of
equations (3.8)

(0] Uty 0) [2) = (s] Dt ta)) [ea)
0 ty to
ﬁ n R . .
'y (—ﬁ> [t [t ol Oaftnsta)V (@)Ut o)V @ tm) -
n=1 o ta

. V(i‘, tg)ﬁ()(tg, tl)V(.f?, tl)U()(tl, ta) |$a>




The above equation holds for all states |xa> and |xp), so we can write it purely in terms of operators

Uty ta) = Uolth, ta) + Z (——) /dt /dt1 Oty tn)V (&, t0)Uo(tns tn1)V (&, tn1)
V(@ t2)Up(ta, 1)V (&, 1) Up(t1, ta)

= Ulty,ta) = Uo(ts, tq /dt Uo(ty, )V (2, 1)U (£, ta)

(3.15)
To see this, expand the second line iteratively by substituting the left-hand side into the right-hand
side — exactly as we did in (3.8). We leave it as an exercise to show that this last expression is the
“solution” of the Schrodinger equation.

3.4. Time dependent transitions

A common situation is where the Lagrangian Lo (corresponding to the action Sy) is time indepen-
dent, whilst the Lagrangian L; of the perturbation (corresponding to Sp) is time dependent. Let
us further assume that the Hamiltonian Hy of the unperturbed system has a discrete spectrum of
bound-state energies E,, and (Schrodinger-picture) eigenstates |n)

Ho|n) = B, |n)
(In the Heisenberg-picture, we replace |n) — |n,t).) Rather than working in the position basis, it is
easier to use the energy eigenbasis, because then the unperturbed transition amplitude is diagonal:

A - Ay En
(m,tIn,t")q = (m|Up(t,t") n) = (m] e I Ho /M |1y — exp {—ﬁ(t — t’)?} Omn (3.16)
It follows that the perturbed amplitude in the energy eigenbasis is:
ty
(b, t]a,ta) = (B Uts, ta) |a) = (b] Uo(te, ta) |a) — h dt (0] Uo(ty, )V (&, 6)Uo(t, ta) |a) + - -
ta

= (01Tt ta) ) — / S (01Ot 1) ) | V(2,0 ) ] (1, 1) ) + -

_ omilt—ta)Bafhg —/dtz OB /Gy (p)e=ilt—ta) Ba/hg

m,n

_e—ll(fb —tq)Eq /775 b — h —H(Ebtb FEatq )/h/dt it(Ey—E, )/ﬁ‘/b ()

(3.17)
where V., (t) is the matrix element of the potential:
oo o0
Vinn (t) = (m| V(Z,t) |n) = / dz (m| V(2,t) |z) (x|n) = / dz u) () V(z,t) un,(x)
— 00 —o0
The second order term in the expansion is (check this):
.\ 2 by t2
i . . .
(_ﬁ> Z / dty / dt, e—n(tb—tQ)Eb/h%n(tQ)e—n(tg—tl)En/hVna(tl)e—n(tl—tQ)Ea/h
nog h
The intermediate ‘virtual’ states n, m, - - - are summed over: a — n — b for all possible intermediate

values of n.
It is easy to see how this will generalise to higher orders. Diagramatically, we have again (for a # b):

Via(#) Vaa(t1) Vaa(ts)  Viml(ts)




If a # b, the first (trivial) term vanishes, and the transition probability becomes:

ty 2

pa—0) = | butslata) = o | [ dt Vi (1) + O(V?) (3.13)

ta

where wp, = (Ep— E,)/h is the transition frequency. This should be familiar from Quantum Physics.

Note that higher order terms interfere: from (3.18), the next correction is O(V3), not O(V*4).
Writing

ty
Via = /dt ei“’b"'t‘/},a(t),
ta
we have
1 .~ 2 - -
pla —b) = ?|v,m| ~ s5Re (V,, zn:Vb"V"> . (3.19)

When the perturbation is time independent, we can do the ¢ integrals, and the transition amplitude
becomes

(e—iTEb/h _ o—iTEq/h (e—ﬁTEb/h _ e—ﬁTEn/h) (e—iTEn/h _ e—iTEu/h

—iTEq/h 2 :
€ 5ab+ Eb — Ea %a+ - (Eb — En)(En — Ea) ‘/bnvnb
The transition probability is simply (to first order)
|emiTwea — 1|2 sin?(wpe T'/2) F(T,wea)
0 b) = = el /)y o S )y o 3.20
pla =) = gl = T = T e 20

where T' = t, — t,, as usual, and the function f(¢,w) looks like:
f(t,w)

t2/

2/t

e

Now consider the case of a transition not to a single final state but to a range R of final states.
Then we have

w

pla — R) = /Rp(a — E)o(F) dE, (3.21)

where o(FE) is the density of final states. Let us assume that the range R is small enough so that
we can consider o(E) and Vi, to be constant. Since

lim 4 sin®(wpat/2)/(wpa)? = 27t5(wp — W) (3.22)

t—o0

We can extend the limits on the integral to infinity for 7" large enough, and this gives

7 4 E T sin2(wpat/2
pa—R) = [ olB) st il ap = Ay o [t g
R h . “ha (3.23)

2T
= 2o Via 2T

Equation (3.23) is known as Fermi’s Golden Rule.




