
Figure 1:

θ — rotation angle of the cylinder; vS = ψ̇(R− r)ey is the velocity of the center of the disk;
ω = ωez is the angular velocity of the disk.

From the no-slip assumption by the standard kinematic relation

vS = vP + ω × P S, P S = −rex, vP = Rθ̇ey

we find:
ω = ρθ̇ − (ρ− 1)ψ̇, ρ = R/r.

Lagrangian:

L(θ, ψ, θ̇, ψ̇) = 1
2Jθ̇

2 + m

2 ψ̇
2(R− r)2 + 1

2Iω
2 +mg(R− r) cosψ.

First integral associated with the cyclic coordinate θ:

∂L

∂θ̇
= Jθ̇ + Iρ(ρθ̇ − (ρ− 1)ψ̇) = c1. (1)

For motions starting from rest, c1 = 0. Integrating equation (1), we obtain

Jθ + Iρ(ρθ − (ρ− 1)ψ) = c2.

This is the key observation; the remainder is standard. The proof can be completed by consid-
ering the Routhian, which turns out to be the Lagrangian of a mathematical pendulum.
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