Solve the wave equation
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w = c"Viu
in a circular region subject to the boundary condition
0
a—:(a, 6.t) =0
with initial conditions 9
u(r,0,00=0,  S(r.6,0) = 5(r.6)

First we define the domain in polar coordinates and use separation of variables,

u(r,0,y) = ¢(r,0)h(t) in Q=10,a] x [—7, 7]

p(r,0)h"(t) = ¢* (V2¢(r, theta)) h(t)
1A'() V2¢(r,theta)
¢ ht)  o(r,0)

so, we have an equation for time and space,

=-A

R'(t) + X\h(t) = 0
V2¢(r,0) + Ao(r, 0)

Lo B
E(a, 0) =0

Next, we separate ¢(r,6) so we get the form

u(r,0,t) = f(r)g(0)h(t)
We expand in polar coordinates,

9o, 10 [ 0¢ 1 0%¢
Vo= ar <a> 2o
So becomes
1d 1
— (0 1'(1) 9(0) + £(r)—g"(0) + A ()9(6) = 0

or,
_g'0) g (nf'(r))

g(0) — f(r)
This gives us a differential equation for f(r) and g(6),

+ X2 =p

g"(0) + ng(0) =0

r% (rf'(r) + (A —p) f(r) =0
f(a) =0



and because f(0) is finite, we can say
£ (0)] < o0 (10)

Since g(0) is a second order equation, we will need two boundary conditions. Since the domain
is circular, we can assume,

g(=m) = g(m) (11)
dg dg
@(—W) = @(W) (12)
Solving for g(0),

g(8) = C1 cos(y/ub) + Co sin(/1b)

From the boundary conditions, we find that if sin(/u7) # 0, we will have a trivial solution, so
we determine
um:m2, m=20,1,2,...

S0,

‘gm(ﬁ) = @y, cos(mb) + by, sin(mb) ‘

Then, we solve for f(r),

r% (rdj:l(:)> + ()vrQ - m2) f(r)y=0, (13)

Rearranging the equation, we find

) df)

12 ar + (/\r2 — m2) flr)

Defining s? = A\r?, we change to the form

d*f(s) | df(s)
2
5 ds? T ds

+ (s> =m?) f(s) =0 (14)

with boundary conditions
F(VAa)=0 £(0)] < o0
To solve this, we introduce the Bessel function, which gives the solution
f(s) = ClJm(s) + CQYm(S)
Because Y;,,(0) is unbounded, we are left with

f(s) = Crndin(s)

and converting back,

f(r) = Cndm(VAr)
Applying the boundary condition in , we can state

fmn(r) :Cme(\/XT) m=1,2,...



Hence, we can now define ¢(r, ),

Omn (1, 0) = amCmIm (v Amnt) c08(M8O) + by Jin (V/ A ) sin(me) (15)

We then solve for h(t),

R (1) 4+ EXmnh(t) =0
R (t) = Dy sin(en/ Apnt) + D2 cos(ev/ Amnt)
Evaluating the first initial condition,
u(r,0,0) = f(r)g(@)h(0) =0 = h(0)=0

S0,

B (t) = Dy sin(cy/ Amnt) (16)

Finally, we solve for the solution,

Umn (7, 0,1) = Apndm (V/ Amnt) cos(mb) sin(c/ Amnt) + B Jm (W Amn ) sin(m@) sin(ey/ Apnt)

or,

u(r,0,t) Z Z ApnIm( mnr) cos(mB) sin(cy/ Apnt)
m=1n=1 (17)
+ Z Z B (v Amnr) sin(m8) sin(cy/Amnt)

m=1n=1

Evaluating the initial conditions,

du
57 0:1) Z Z Ao (V Amnr) cos(m) cos(ey/ Amnt)

m=1n=1

+ Z Z anJ mnT) Sln(me) COS( )‘m"t)

m=1n=1

gt (r,0,0) = Z ZAan AmnT) cos(mé) + Z ZanJ mnr) sin(m#)

m=1n=1 m=1n=1



