
Period-Energy Relation

Here is a solution of the problem from ”Foundations of Mechanics”
by Abraham and Marsden: problem 5.2G on p. 401 in the second
edition.

Ley H = H(z) be a Hamiltonian function of a Hamiltonian system
on the symplectic manifold (M,ω) with the simplectic local coordinates
z = (p, x).

A submanifold Σ ⊂M, dim Σ = l consists of periodic trajectories.
Let τ(z) be a period of the trajectory γ(z) ⊂ Σ passing though the
point z ∈ Σ and

J(z) :=

∫
γ(z)

pidx
i, ω = dpi ∧ dxi.

Theorem 1. The following formula holds

dJ(z) = −τ(z)dH(z), z ∈ Σ.

Proof. By vH we denote the Hamiltonian vector field. Recall that
ivHω = dH.

A vector field u(z) = τ(z)vH(z) has the same periodic trajectories
and the period of each trajectory equals 1.

From here and till the end of the text all the constructions are inside
the manifold Σ.

Fix a trajectory γ(z̃). In its neighbourhood there are local coordi-
nates

(y, ϕ) = (y1, . . . , yl−1, ϕ), ϕ (mod 1)

such that

u = (0, . . . , 0, 1)T .

In these coordinates define the following vector fields

v1 = (1, 0, . . . , 0)T , v2 = (0, 1, 0, . . . , 0), . . . , vl = u.

Let gsi be the flow of the vector field vi, i = 1, . . . , l.
Each flow gsi takes a trajectory to a trajectory:

gsi (γ(z)) = γ(gsi (z)). (1)

The function H is constant on each trajectory:

H(gsi (ξ)) = H(gsi (z)), ∀ξ ∈ γ(z).

Differentiate this equality in s and put s = 0:

dH(ξ)vi(ξ) = dH(z)vi(z), ∀ξ ∈ γ(z). (2)
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From formula (1) it follows that

J(gsi (z)) =

∫
gsi (γ(z))

pidx
i.

Differentiate this equality in s and put s = 0:

dJ(z)vi =

∫
γ(z)

Lvi(pidx
i) =

∫
γ(z)

iviω +

∫
γ(z)

divi(pidx
i).

(Here we use Lv = div + ivd.)
The last integral equals zero and by using (2) we obtain

dJ(z)vi =

∫
γ(z)

iviω = −
∫ τ(z)

0

dHvidt = −τ(z)dH(z)vi(z).

The theorem is proved.

Remark 1. The functions τ and H are dependent in Σ. Indeed,

ddJ = −dτ ∧ dH = 0.


