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3. “3+1” split of the electromagnetic field: 

An observer with 4-velocity U� interacting with an electromagnetic field F measures 
electric and magnetic fields E�U� and B�U� in their instantaneous local inertial reference 

frame (that is, in an orthonormal basis with �e
0̂ 

= U� ). These fields are 4-vectors with 
components 

1 
�αβγδE

U
α
� = FαβUβ , B

U
α
� = − 

2 
UβFγδ . 

(a) Show that E�U� and B�U� lie orthogonal to observer’s worldline. Thus, they are spatial 
vectors according to the observer, living entirely in that observer’s hypersurface of 
simultaneity. (Hint: recall the projection tensor defined in Pset 1.) 

(b) Show that the field tensor can be reconstructed from the observer’s 4-velocity and 
the electric and magnetic fields they measure via the following tensor equation (valid 
for any basis): 

Fαβ = UαE
U

β
� − E

U
α
� Uβ + �αβ 

γδU
γB

U
δ
� . 

The identity �αβρσ�µνρσ = 2 δα
νδ

β
µ − δα

µδ
β

ν may prove useful. 

(c) The wedge product between two vectors is defined as 

A� ∧ B� = A� ⊗ B� − B� ⊗ A� . 

The Hodge dual of a (0, 2) tensor is defined as 

1 
∗ �αβ Cµν = µνCαβ . 
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Show that the field tensor may be written 

F = a U� ∧ E�U� + b ∗ U� ∧ B�U� . 

What are the values of the real constants a and b? 

4. Transformation of Christoffel symbols: 

(a) Show that, under a coordinate transformation, the components of the Christoffel 
symbol transform as follows: 

Γα� 

β�γ� = 
∂xα� 

∂xβ ∂xγ 

Γα
βγ − 

∂2xα� 

∂xβ ∂xγ 

∂xα ∂xβ� 

∂xγ� 

∂xβ ∂xγ ∂xβ� 

∂xγ� 

Do this by considering the form of the Christoffel symbol in terms of derivatives of the 
metric. 

(b) Show that, using this rule, the components of the covariant derivative of a vector 
transform as tensors should: 

∂xα ∂xβ� 

�α�Aβ� 

= �αAβ . 
∂xα� 

∂xβ 
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