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From , ;  is also an eigenfunction of an eigenvalue a for  where  is any eigenfunction of a. Let's say a is Na - fold degenerate eigenvalue so there are Na linearly-independent eigenfunctions of eigenvalue a for . The set of these eigenfunctions is . Since  is an eigenfunction of a,  can be expressed as a linear combination of , say,  where  is a constant to .
 
Let's say we can construct a set of eigenfunctions of a for  that are also eigenfunctions of , say,  by a linear combination of   (any eigenfunction of a can be constructed by a linear combination of ).  where  is a constant to  and . For simplicity, take an eigenfuntion in representative form for  that is , so  and .

 and  so  LHS (Left Hand Side) becomes RHS (Right Hand Side) in the latter equation when  as   can be expressed in matrix form as
 

 
It is re-expressed as . From this, the characteristic equation (or characteristic polynomial)  is obtained and solving this equation gives b, which is an eigenvalue of  (  are known as we know  and  in ). Once b is known,  can be obtained so , a common eigenfunction of eigenvalue a for  and b for  is acquired. Since  is a  matrix,  number of eigenvalues b are obtained ( each root of characteristic polynomial  is an eigenvalue b ), so we have , a set of  number of common eigenfunctions of eigenvalue a for  and bi for .

