9.  MASS:VELOCITY RELATION

An outcome of special relativity is that mass increases with velocity.  Einstein derived the relationship describing this from principles of electrodynamics, but it has also been demonstrated based on a number of thought experiments, which start with the time dilation result of Section 5 and require only the further assumption of conservation of momentum in the relativistic inertial frame.  An explanation I find conceptually simplest was published by Martins5, who considers a “bouncing cylinder”.  In his thought experiment a cylinder is attached to a rod, on which it moves frictionlessly, bouncing back and forth between 2 springs, all of this inside a box with mass much greater than the cylinder.  This high mass allows us to ignore recoil of the box in its rest frame.  The rod length, h, is sufficiently large such that the time of interaction at the springs is negligible.  The cylinder moves back and forth with velocity uz.  In the rest frame, shown below, the period (time it takes for one back-and-forth movement) is 

2. R. de A. Martins, The Mass-Velocity Relation in Special Relativity, Rivista Brasileira de Fisica, 10, 315-328 (1980)


42.	T0 = 2h/uz

	z	
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Now, let the box be subjected to a force in the x direction, accelerating it to a constant velocity much higher than uz, such that special relativity becomes important for treating the dynamics within the box. The period in this new moving frame is now


25.	,

but it is also given by

43.	T = 2h’/uz’.

From equations 42 and 43 we have




The height of the box does not change, because length contraction is only in the direction of the motion in the x axis, i.e. h = h’.


44.	

Rearranging 25 and using equation 44 we get


	

Rearranging the above gives the velocity of the cylinder in the moving frame.


45.	

The period is longer than in the system at rest, so the velocity of the cylinder is reduced.  How can this happen, when no vertical force has been applied to the cylinder, other than that which had initially put it into motion?  The trick is to assume conservation of momentum between the stationary and moving frames, according to Einstein’s second postulate, that the laws of physics are the same in all inertial moving frames.  Let p and p’ represent momentum in the rest and moving frames, respectively, and let m represent mass of the cylinder in the rest frame.  Anticipating the result, define m’ as the mass of the cylinder in the moving frame.  Momentum in classical physics is mass times velocity, so

pz = muz

pz’ = m’uz’, but by conservation of momentum

pz’ = pz  so

muz = m’uz’.

Rearranging, 

46.	m’/m =uz/uz’ 

Rearranging equation 45,


, which, with equation 46, gives


, or


47.	=m

This increase in mass with velocity is sometimes called mass expansion.  Note that, at low v, m approximates m’.  

10.  MASS:ENERGY RELATION

This section follows closely Karl Hahn’s website explanation3 with added algebraic step details.  

Karl Hahn, Karl’s Calculus Tutor, Derivation of E = mc2, 2004, http://www.karlscalculus.org
[bookmark: _GoBack]
Before deriving the expression, it may be useful to review three basic rules of calculus.


	A.	, where A = a constant.


	B.	


	C.	


Applying A to equation 47 we have 



and by B, 	



and by C,	

Again by A, 




48.	

Rearranging gives






Substituting this into Equation 47,




49.	
Now, consider kinetic energy E, force F, momentum p, and acceleration, a.

Force in Newtonian mechanics is given by F = ma, but this assumes constant mass.  As shown in Section 9, this is not strictly true, and, at relativistic speeds, mass varies considerably with velocity.  Here, we need to define force as F = dp/dt, where p = mv.  This is consistent with Newtonian mechanics, in which m is constant: F = d(mv)/dt = m(dv/dt), and a = dv/dt, so F = ma.  In relativistic systems,

F= dp/dt = d(m’v)/dt, and by the product rule of calculus

F = m’(dv/dt) + v(dm’/dt)

Now replace m’ with the right side of equation 49


	

Rewrite this slightly to make the next step obvious.


50.	

By the “chain rule” of calculus


	

Applying this to equation 50,





	
Multiplying the left side by dx/dt, which is velocity, v and the right side by v


	


	


	

Kinetic energy or work done on a system is the force times the distance through which it is applied, so

dE  = c2dm’

Integrating the above,



51.	E = m’c2

m’ is the relativistic mass.  The correct expression in terms of rest mass is

52.	E = mc2

At rest  = 1, so

E = mc2.
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