The equation
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The equation that Griffiths uses is the Minimal surface equation in divergence form. 
Minimal surface theory originates with Lagrange who in 1762 considered the variational problem of finding the surface  of least area stretched across a given closed contour. He derived this differential equation using the Euler-Lagrange equation of an area functional.  

The simplest explanation I found here
https://math.uchicago.edu/~dannyc/courses/minimal_surfaces_2014/minimal_surfaces_notes.pdf
and here
https://rkneufeld.wordpress.com/2010/10/27/minimal-surfaces-and-the-area-functional-2/

Below I will give an intuitive (non-rigorous) explanation.


To proof
Suppose that function  is defined on a domain  with a boundary .
The function  has minimum surface area if it satisfies the Minimum surface equation 


That is, of all possible functions  on the domain , the surface area is minimized for , or more compact



where, as derived in Appendix A1 the surface area on  is given by



Minimization using explicit variation

Assume we have a function  that minimizes  on the domain . Now, if we take a function that is a variation of  that satisfies the boundary conditions : . Then, the minimum of the surface area must occur at . So,
If


and we define a function  on  with boundary , then


That is


This derivative is carried out in Appendix B, resulting in


To obtain the differential form, we need to use Integration by parts. This is explained in Griffith’s Introduction to Electrodynamics - section 1.3.6 or here:
https://en.wikipedia.org/wiki/Integration_by_parts#:~:text=Integration%20by%20parts%20can%20be,function%20(vector%20field)%20V.

Using  and  as vectors for equation  in Griffiths and rearranging, we find



As  satisfies  we must have that at the boundary . Therefore, the last integral is zero. As  is a non-zero function, we can conclude



N-dimensional extension

Now, we take our domain to be  and we minimalize using condition



As is proven in Appendix B, for all vectors  |  we find



Integration by part’s is carried out equivalently, so also





Euler-Lagrange method

The Euler-Lagrange equation for a single function with multiple variables is derived in Appendix C. 
For two variables we have,



Which minimizes a function of the form


In our case

Where

Identifying that , we get

where


which is our Minimum surface equation.

N-Dimensional extension

In the n-dimensional case we have

We have , so

Where

Concluding



Appendix A1: Surface area integral










This is called the area functional, because it has the form:


And thus can be solved using the Euler-Lagrange equation.



Appendix A2: N-dimensional extension

Suppose  with . Analogous to a 2D surface in a 3D space


we can generalize[footnoteRef:1] for  [1:  https://stackoverflow.com/questions/58810752/how-to-find-the-hyper-volume-of-the-4d-analogue-of-a-parallelepiped
] 

+ … + 
So in general




Appendix B: Carrying out differentiation

To solve:

With

Such that





So


For the n-dimensional case, we get




So, this relation carries over to n-dimensional space.


Appendix C: Euler-Lagrange for functional with single function of multiple variables

We have the functional in the form


If we use


Then




Using the product rule

We find



Thus, we find the Euler-Lagrange equation[footnoteRef:2] [2:  https://en.wikipedia.org/wiki/Euler–Lagrange_equation] 
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it reduces (approximately) to Laplace’s equation as long as the surface does not deviate too radically from a plane.




