
Homework 6 - Solutions

Problem 1

(a) A clock at in�nity measures an angular velocity Ω = dφ/dt =
√
M/r3, so the period measured

at in�nity is:

T∞ =
2π

Ω
= 2π

√
r3

M
= 2π73/2M = 116M

for r = 7M.

(b) To get the period as measured on the spaceship we need:

dφ

dτ
=
dφ

dt

dt

dτ
= Ω

dt

dτ
.

The 4-velocity u for a timelike circular orbit (r=constant) in the equatorial plane (θ = π/2) has

components u = (ut, 0, 0, uφ) and mus be normalized to −1:

−1 = u · u = gtt(u
t)2 + gφφu

φ)2 = −
(

1− 2M

r

)(
dt

dτ

)2

+ r2
(
dφ

dτ

)2

= −
(

1− 2M

r

)(
dt

dτ

)2

+ r2Ω2

(
dt

dτ

)2

= −
(

1− 2M

r
− r2Ω2

)(
dt

dτ

)2

= −
(

1− 3M

r

)(
dt

dτ

)2

= −4

7

(
dt

dτ

)2

So dt/dτ =
√

7/4, and: (
dφ

dτ

)
=

√
7

4
Ω⇒ Tship =

√
4

7
T∞ ≈ 88M.

Problem 2

If the observer O1doesn't need a rocket, he is free falling. This means he follows a geodesic. The

only non trivial geodesic equation is the one for r:

Γrttṫ
2 + Γrφφφ̇

2 = 0.

Then plug in the Christo�el symbols and use

φ̇

ṫ
=
dφ

dt
= ω
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and you get a relation between ω and R:

ω =
m

R3
.

The possible values of ω- with any power of the rocket engine - have a constraint: the observer

has to follow a time like curve ds2 < 0:

−
(

1− 2m

r

)
dt2 + r2dφ2 < 0

and from this you get

ω <
1

R

√(
1− 2m

R

)
.

Then plug in ω = m/R3to obtain the possible radii for free falling motion,

R > 3m.

To �nd the maximal |ω| , as always for a maximum, you di�erentiate:

dω2
max(R)

dR
= 0

where ωmax is the solution which saturates the inequality (makes it equal and not less than). The

only solution is

R = 3m.

To answer part (d) we reformulate and ask what the ratio ∆τ3/∆τ2 of di�erences in proper time

between emitting two photons for O2 and receiving them for O3 since the period T of radiation of

a given frequency is the wavelength. The situation is static, the coordinate interval ∆t1 = ∆t2for

both observers, and

dτ 2 = −
(

1− 2m

r

)
dt2

since they are not moving. Therefore

λ′

λ
=

∆τ2
∆τ1

=

√√√√1− 2m/L

1− 2m/R
.

Problem 3

Veff = −M
r

+
l2

2r2
− Ml2

r2

∂Veff
∂r

= 0→ l2
(

3M

r4
− 1

r3

)
+

M

r2 = 0
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l2 =
Mr

1− 3GM
r

Work out the second derivative of the potential at point r:

V ′′(r) = −2M

r3
+

3l2

r4
− 12Ml2

r5

= −2M

r3
+

3M

r3
(
1− 3M

r

) − 12 (M)2

r4
(
1− 3M

r

)
=

M

r3

−2 +
3

1− 3M
r

− 12M

r
(
1− 3M

r

)


=
M

r3
1− 6M

r

1− 3M
r

.

This equals ω2 and so:

ω =

√
M

r3

√√√√1− 6M
r

1− 3M
r

(b) The condition for closure is that the ratio of period of oscillations to period of rotation should

be rational. The period of the orbit is found by calculating

dφ

dτ
=
dφ

dt

dt

dτ
= Ω

dt

dτ
.

The condition is:

τcyc
τpert

=

√
r3

M

(
1− 3M

r

)√
M

r3

√√√√1− 6M
r

1− 3M
r

=

√
1− 6M

r

This root has to be rational.

(c) Exactly the same as part (a), should give

ω =

√
M

r3

√√√√ 6M
r
− 1

1− 3M
r

(d) The result is 0 because in this region the potential is indi�erent to second order. in fact in this

region has no minimum and no maximum but only saddle points, any perturbation will cause the

object in the �nal event to fall into the black hole.
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Problem 4

We have

tanα =

√√√√ r2

b2
(
1− 2M

r

) − 1

−1

The critical angle is when b2 = 27M2 so that 1
b2

= WMAX . If
1
b2
> WMAX light will fall inward.

Rewriting tanα

tanα =
1

r

√
1− 2M

r√
1

27M2 − 1
r2

(1− 2M
r

)
for

For r=3M the denominator is 0. So αcrit = π
2
. This is a circular trajectory. The light is just at the

limit between escaping to in�nity and falling in.
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