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1 Photons and the Electromagnetic Field

The free-radiation field inside a cubic enclosure is given by the state:

where ¢ = |c|e? is any complex number and |n) is the state with n photons with some specific
wavevector k and transverse polarization r, omitted in the expression.
(Such a state |c) is called a coherent state and is extremely useful in quantum optics and other
bosonic quantum field theory.)
n
H@
n!

At this point, we invoke the orthonormality (m|n) = J,,, to obtain:

(i) |c) is normalized: (c|c) = 1.
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(iii)

@iv)

|c) is an eigenstate of a, (k) with the complex eigenvalue c: a,.(k) |¢) = c|c).

(1) = exp (~317) el o)

The expected number of photons in the enclosure N = (c|N|c) is equal to |¢|>.
N = (¢|N|e)

= CCL]LCLC
< |
2

ale)

Since a |¢) = ¢ |c) as shown in (ii), we get:

¢le)
= ||’
The RMS fluctuation of the photon number is given by:
(AN)? = (| N?]e) = N* = |¢|*

Recall that [a,(k), al(k')] = 6,,0uc. Hence, in our case with some specific wavevector k and

polarization r, [a, aT} = 1. Then,

N? = (aTa) (aTa)

= a'(aal)a
—a'(N + 1)a
=a'Na+ N
Then, the RMS fluctuation becomes:
(AN)? = (¢|N?|c) — N?

lafNa + N|c) — N?
la' Na|e) + N — N?
= |cf* (| N|e) + N = N*?

= le[* +Jel” — Ief*

= |
X
X

C
C

= |c[’



(v)  The expected value of the electric field E is given by:

E = (c[E|c) = _ar<k)2,/z‘”—v‘<yc\ sin(k - X — wit + )

where V' is the volume of the cubic enclosure.

Since we are only dealing with free radiation (i.e. no charge distribution, ¢ = 0), we can
let the longitudinal field E; be zero in the Coulomb gauge. Then, the remaining electric field
is purely transverse, which is given by:

1 0A (x,1)
Ext)=————7"—

<X7 ) c at
hey
2V
At this point, we define the phase of the electric field: § = k « x — wyt.
The mean electric field E is then:

E = (c|E|c)

[ar (k)ei(k'x—wkt) . aT (k)e—i(k-x—wkt)}

r

= i€, (k)

= i, () o [ el (K)Je) ¢ — {clal (k)]

From (i), a,. (k) |¢) = c|c) and, similarly, (c| al (k) = {(c| ¢*. Also, recall that c = |c|e’. Hence,
we get:

—zer(k)\/ﬁ [2i Im{ce }]
= —¢g,(k \/7|c|smk ‘X — wit + 0)

(vi) The RMS fluctuation AE in the electric field is given by:
huo
2V

Note that the polarization vector €, has been omitted and the electric field here is treated as a
scalar quantity, since we are dealing with a definite pure polarization.
First, we compute the operator £?:

E’=FEF

(AE)” = (| E®|c) — {c|Ble)” =

2
Zw—vk (aeie — aTe_ie)]

huw ~ -

= —2—‘; [a?¢™ + a?e™™ — aa’ — ald]
hw : ,

= 2Vk [azem +al?e ™ — 24Tq — 1}
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Then, the RMS fluctuation A F is:
(AE)* = (c|E*|c) — (c|E|c)®

hw , ,
= 2Vk (€% (c|a®|c) + e (c|a|c) — 2 {(c|a’alc) — (c|c)]
—4?—‘/ c|? sin? (6 + 0)
fuw
= 2Vk [P0 + ¢*?e ™ — 2lel* — 1+ 4¢|*sin® (0 + 5)]
_hwk 2 120 2 i20\* 2 2 . 9
_W[l_ e — ()" + 2|c|” — 4|c|"sin (0+5)]
[1 — |e|* (2Re{ e+ } — 2+ 45in*(0 + 6))]
hwk .. 92 )
[ (2COS (04 6) —2sin*(§ + 6) — 2 + 4sin*(6 + )]
_ %
%

From the above calculations, we observe that, in the coherent state |c) which is a superposition
of states with all possible number of photons (we sum from n = 0 to n = o0), the relative fluctuations
in both the mean number of photons and the mean electric field strength vanish:

AN _’ ‘— 1/2

AE

= x| t=NT2

as N — oo. Hence, in this limit, the state |c) behaves like a classical electromagnetic field. In
other words, classical beam of electromagnetic radiation is retained from quantum electrodynamics
by considering a coherent state in the limit of infinite mean number of photons.

The Lagrangian of a point particle of mass m and electric charge ¢ moving in an electromagnetic potential (¢, A) is given
by:

1
L(x,%) = 5m¥* + IA %~ qo
c
@{) The momentum p conjugate to x is:
oL .. q
P=——=mx+-A
ox c

The Euler-Lagrange equations become:

d (LY oL _ d(m; QA)_@(AJ‘%)M%
‘ Cc ! C

ox ox dt ox; ox;
mdtxz—i_ [ ot T 8%} ¢ Ox; x]+q8xi
=gt Tor o) T ox; O
. d., 10A  0¢
—mchx+q<—cat—a)(> (VXA)
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(ii)

where we have used the index notation; repeated indices imply summation.
The electromagnetic fields E, B are described in terms of the potentials as:

dp 10A
ox ¢ Ot
and therefore the Euler-Lagrange equations give:
d 1
—x=¢q(E+-x-B
m dtx q ( + Cx )

Given a Lagrangian L (x, %), the Hamiltonian H (x, p) is:

E=  B=VxA

H(x,p)=x-p—L

Hence, in our case, the Hamiltonian becomes:

1
H(x,p) =x- (m)’(—&-%A) - <2mk2+zA-X—q¢)

L.
= 5m 4 g0

and since mx = p — ZA, we get the desired Hamiltonian:

1 q . \2
=5 (P A) + o
m Cc

With this Hamiltonian, the Hamiltonian equations of motion give:

oo o
= op
1 q
= (p-7a)
from which we retain:
p=mX+ %A
and also
P T e\ ot T o,
- oOH
T ox
1 q 0 q ¢
= (pi = 240) g (-5) g
_,4q. 94, 09
o J 8:@ axl
from which we retain: d )

Consider a Thomson Scattering process such that an unpolarized photon with a wavevector k collides with an electron,
and a new photon with a wavevector k’ linearly polarized in a specific direction is emitted at an angle 6 relative to the
incoming photon (k « k’ = cos #).

The differential cross-section for a Thomson scattering of photons with definite initial and final polarizations «, 3

is given by:

Tasp AR =12 [e4 - €] dO2
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2
where €, s’ﬁ are the initial and final polarization vectors respectively, and 79 = ;= is the classical electron radius.
To apply this result to our case, we average over the initial polarization « and fix a definite final polarization, say
B = 1. That is,

1
Ounp.—1 dQ = 5 Z Oa—1dQ2

a=1,2

Since &1, €2, and k form an orthonormal coordinate system,

3 (eareh) =1 (keef)’

a=1,2
Similarly, €, €}, and Kk’ also form an orthonormal coordinate system. In this coordinate s stem, we can write:
Y: €1,€5 Y Y
k = (sin @ cos ¢, sin O sin @, cos 6)

Therefore, we obtain:

Z 12 e - €,]° dQ2

a=1,2

r (1- sin? 6 cos? ¢) d2

N | =

Ounp.—1 dQ =

N | —

If we consider both of the two perpendicular final polarizations, we obtain the unpolarized differential cross-
section:

—~

Ounp. dQ = Ounp.—1 T Uunp.—>2) dQ

= 7‘3 (2 — sin? 6 cos? ¢ — sin® 0 sin? (b) dQ

N = N

2 (1+ cos? 6) d2

which is identical Eq. (1.69a).
Now, consider the case when the scattering angle & = 90°. Since the choice of the final state polarization vectors

~ !
€', €}, are arbitrary within a plane perpendicular to k , we choose them such that:

and naturally €, = k’ X &/ for an orthonormal basis. By construction, k = (cos ¢, sin ¢, 0) is perpendicular to &/ and
therefore ¢ = /2. Then,

Oas2 =0

which implies that the final state polarization must be 100% in the €} direction, which is the direction normal to the plane
of scattering.

2 Lagrangian Field Theory
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Show the the transformation
<z (¢r7 (br,oc) =2 (¢ra ¢r,o¢) + aaAa(x)

where A“(z),« = 0, ..., 3 are arbitrary functions of the fields ¢,.(x) does not alter the equations of motions.
First, since A% are functions of ¢,.(x) only, we have:
0N 0¢, ON* OA®
dxe 0z 0p, % 0oy,

Then, the Euler-Lagrange equations with the new Lagrangian density .#’ become:

o (o2 _ 02 0 (0% 9 (oA
ama a(br,a 8¢T B aita 8¢7’,a a(br,a o 8¢s

0 OA®
(,g T dea )

~ 99r Ers
:3<83+5v8Aa>_8$_¢ 0%\
Iz \0¢ra " 095 gy 7" 000,
0 0% 0%
o (am,a) 99,
0 [O0A“ 0%\
oo (35, ) 25,
0 07 07
o (am,a) 99,
Dps N> %A
82 9606, " 06,00,
0 07 07
e (a@,a) 99,
=0
2. The real Klein-Gordon field is described by the Hamiltonian density:
(@) = 5 (@) + (Vo) +12?)

and the Hamiltonian of the field is:
H= / d*x A (x)

The commutation relations of the fields are:

[p(x, 1), m(x, )] = ihd (x —X') ,
[d(x, 1), p(x',t)] = [7(x,t),m(x/, )] =0

Before computing the commutation relations involving the Hamiltonian H, let us first compute some simpler
commutators.

(x,) + [B(x,1), 7(x, )] ) (X', )
7T(X t)a QZ)(X, t)] - [QS(X’ t)v ﬂ-(X/’ t)] W(X/a t)
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and

= 2ihd(x" — x)p(x', 1)

Also, define V' = ( 37> 62 37 ) (This is to emphasize that the partial derivatives are taken with respect to x’,

and V'’ therefore does not act on functions of x, e.g. v’ @¢(x,t) = 0.) Then, we have:

(V6. 0)* o(x,8)] = 0
and
(Vo 6)" 7(x,0)] = (V'o(x, 1) - Vo', ) ) m(x, )
— (%) (VX' 0)- V/o(x, 1))
= V'o(x 1) (Vo )m(x,1))
= V' (7(x0(x, 1)) - V'B(x',1)
= V'o(x 1)+ (r(x, )V (x 1) + V6 (x 1), m(x.1)])

— (Vo ), t) = Vo<, 1), m(x, )] ) - V(1)
=V'¢(x',t) - ihV'§(x' — x) +iAVI(x — x') - V'¢(x', 1)
=2iAV'6(x — x') - V' (x', 1)

Now, we simply combine the above results to compute the commutator relations with the Hamiltonian:
o) = [ e 0 ) ot~ ot ([ ax <0
= [ (R0 + (Tl )2 + 12 (1)) 0.1
= [ o 003 (S + (9000 + P )
_ / P/ %CZ (72, 1), $(x, )]
/d3 / ; 2 (L9ikd(x — x)r(x, 1))

= —ihc?n(x)

and
o) = [ 5 ([(To60)" mlx,t)] + 1 [0 ), m(x,1)] )
/ 22hV'5 (x —x')« V'o(xX', t) + 2ihp?5(x’ — x)p(x, t))

ih(p —V2)¢( )
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3. Consider the Lagrangian density given by:

2= L 0u0s(@)][°6°@)] + § (06" @) (00 ()] + - 00 ()" (x)

where ¢ (z) is a real vector field.
The corresponding Euler-Lagrange equations are:

0 0L 0L 0
=== = (PP 7)_ 2
0P <8¢?@) 9¢° 5o [~ 0+ 000:67) = 100
= 050" 0o + 0a0,8" — 1?00
=-0U (ba + 8a8,8¢5 - M2¢o¢
=0
Rewriting ¢, = ga/gcz)ﬁ and rearranging, we get:
(905 (O +117) = 0a05] ¢°(2) = 0
Now, if we take apply an additional derivative 0* to the field equations, we get:
0% [gap (O+4*) — 0a05] ¢ () = 05 0 ¢° + 450" — D 050"
= 1?9p0°
=0
For non-zero p (i.e. the fields are massive), this implies the Lorenz Gauge condition:

029 (x) =0

4. The 3-momentum operator of the fields is defined as:

Pi = /d?’xm(x) (’“)q(;;(jx)

This operator satisfies the following commutation relations:
[Pja¢r(x)] = Pj(f’r(x) - ¢r(x)Pj
/
r(X,1
— / s (o, )22 o 1y g (x, 0y (6 )

/
Ga:j

/
8a:j

because the derivatives are with respect to x’ and does not affect ¢, (x, t),

e i 06, (x'1)
= [ b6 00) T
_ 3/ 2 / M
_—/dxzﬁ5(X—X) (9379

_ 09 (x)

= —ih al‘j
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and, similarly,

96, (x', 1)

[P, ()] = /d3x’ Wr(x/yt)T,.’Wr(x, t) — mr(x, t)m(x/,t)w

!
8xj

d3x 7,.(x', 1) [&bra(;/’t),m(x,t)}
J

-
/ x’ (X, 1) 88, [or (%, t), (%, 1)]

—zh/dgx (X', t) 8/5(x’—x)
Tj

87@( )
Oz

Consider an arbitrary operator F'(z) = F'(¢,(z), 7, (x)) that can be written as a power series of ¢,.(z) and 7,.(x):

Zan¢ )+ by (x)

where a,,’s and b,,’s are arbitrary complex numbers.
Using the commutator identity
[A, B"] =nB"" ' [A, B]

we se that F'(x) satisfies:

[P, F(z)] = mi:;o am [P, @7 (2)] + by [P7, 7 ()]
i;_o ammel () [P1, ¢, (2)] + bona? (z) [P?, 7. ()]
= —lﬁm;oam mey ! )%’ (] ) 4 buna” ! (x) ag;(;)
-5t

Define the 4-momentum of the fields as: P® = (H/c, P7),a = 0, ..., 3 where H is the Hamiltonian of the fields.
Then, combining the above result with the Heisenberg equation of motion:

OF (z)
8£E0

[H, F(2)] = —ihe

gives the covariant equations of motion:
OF (z)
0% 4,

[P, F(z)] = —ih

Consider a scalar field ¢, (z,,) invariant under translations z, — 2/, = x,, + d,, where d is a constant 4-vector. i.e.,
¢'(25,) = ¢(za)

or, equivalently,

¢ (xa) = d(za — da)
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In the limit of an infinitesimal transformation (d, < 1), we can write the transformation as:
¢ (xa) = d(za — da)

= ¢(xoz) - 6(1 8¢

0x4
~ () + G [P, 0()

+0(6%)

OF (x)
Oxy *

where we have used the result from the previous problem: [P%, F(z)] = —ih
Let us write the corresponding unitary transformation U as:

U= ei5aT°‘
where T'* is a Hermitian operator (Tt = T%). In terms of U, the same translation transformation can also be written as:

¢'(z) = Ug(x)UT
~ (14 i0,T)p(z)(1 — i0,T)
= ¢(z) + i6s [T*, ¢(2)] + O(6%)

Comparing the two results, we see that 7% = — P/} and therefore:

U= e—itsal:’a/ﬁ

3 The Klein-Gordon Field

A real Klein-Gordon field can be written as:

$(z) =¢" () + ¢~ (2)

he? —ika T ika
— Z Von [a(k)e +a' (k)e™™]
k

where k is the wavenumber of the field and k° = wy/c.
Then, we have:

and therefore:
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To re-write the expression in the k-space, use Fourier transform, i.e. apply fv d3x e*'* on both sides. Then, we

3y pik'z (] _ 3 2hcwic —ikx ik’ z
/Vd xe (zd)(x) +wk¢($)) = /vd x Ek: \/ v a(k)e ""Te
- /Vd?’x zk: ,/@a(k)(skk,

= V/2he2Vwyrra(k')

get:

Rewriting this, we get:
a(k) = (2hc2Vwk)71/2/ d3x et (ub(x) + wkgb(x))
v

We define x = (x,t) and 2’ = (x/,t) to denote two different points in space. Then, we have the following
commutator relationship:

[a(k),aT(k/)] = W/leix/vd3x/ gi(ka—K'a')
X [(z¢(a?) + wmb(x)) (—Z¢(a:’) +wk/¢(x’))

— (i) + wedla)) (id(x) + o))

since ¢(x) is a real field and thus a Hermitian operator after quantization.

Given the commutator relationship [¢(x, t), ¢(x’, t)], this then becomes:

1 i(kx—k'z’
[at,a" ()] = Srp e /Vdg"/v e el

x [isne (), o) — [ b(a), ()]

1
=— [ & 43
2hc2V . fworwir /V X/V X
X [wk/hCQ(S (x' — x) + wihc?s (x — x’)}

/ ei(szkr'z')

2
_ he” (o + wie) Px (=K )z
2hc2V \Jurwr Sy
_ Wk + Wk’ V(Skk’ei(Wk_wk/)t

QV, /WKWK’

= 6kk’
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Also, we see that:

N — 3 3/ z kx—i—k x)
[a(k)ia’(k )] 2h62v\/m/ d / d
x | (i) + wio(@)) (id(a) + wrwola))
= (i6(@") + wwd(@)) (i) +wd(@)) |
— /d3 /dSIzszrka:)
ZHCQV, o,
X {Wk'w(fﬂ),(ﬁ( O]+ iwi[o }
— /d3 /dSIzszrka:)
QHCQV, o,
X [—l— wiehe?s (x) — x) — wichc?5(x — x')]
QV\/W/dxe [wk wk]
1
= W(Ska*k/ (wk/ s (JJk)
However, wx = w_x. Hence, when the delta function is non-zero (i.e. k = —k’), wx — wis = 0. Therefore,

la(k),a(k')] =0
and, similarly,

[a¥(k),a’ (k)] =0

A pair of complex Klein-Gordon fields ¢(z) and ¢'(z) can be described by two independent real fields ¢,.(z), 7 = 1,2:

L (61 —in)

i<¢1+z‘¢2>,¢*=ﬂ

V2

and each of the real fields can be expanded as:

o=

hc? —ikx + ik
= Z Von lar(k)e + al(k)e™]
k

Now, suppose we wish to expand the complex field ¢(z) as

he? —ikz | pt (1) pike
=Y Vo [a(k)e™ ™ + bl (k)e™*]
k

This expansion, in terms of the real fields ¢, (z), requires:

e~ the 4 aJ{ (k)e*® + iay(k)e ke 4 iag(k)eikm}

) + ias (k))e*“” + 1 (aJ{(k) + ial(k))eik"”}

2 Vwk V2

ﬁﬁ

Therefore, this expansion of the complex field ¢(z) requires:

1

a(k) = E

(a1(k) + ias(k))
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and
1
V2
From here on, let z = (x,t) and 2’ = (x/, ). In other words, we will not consider commutators of operators at
different times in this problem.

Now, from the commutator relationships of the real field operators, we can compute those of the complex field
operators.

b(k) = —= (a1 (k) — iaz(k))

[6(00,81)] = |55 (0110 + i6a(e)) < (1) = ia(a))]
% [¢1<>¢1< O]+ [62(2), d2)))

since [¢,.(2), - (2')] = ihc?6 (x — x') for any real field ¢,..
As one would expect based on the commutators of real fields, we see that:

[0(2), ¢(2")] = [¢(x), $(")]
= [¢7(@), ¢ (2")] = [¢7(x), 6 (z")] =0
Also, because ¢1, ¢ commute (at a given time) and ¢, ¢! are merely the linear combinations, we also see that:
[6(2), 8" (2)] = [$(x), 8! («")] =0

(In this sense, ¢ and ¢ are independent fields.)
One less intuitive (and different from the properties of real fields) result is that:

6(2), ()| = | = (61 (x) + ida(@)) , —= (1(2') + ida(a’)
72 72

=2 ([o1@), 416 ~ [82(0), 6]
=0
and, similarly, |:¢T(CL'), ¢T(x’)] =0
Furthermore, we see that:
[a(k),a' (k)] = Uﬁ (a1(k) + das(k)), \% (al (k) — ia;(k/))]
= 2 (0209, a} ()] + [a2(10), a} 1<)
= Ok

and, similarly, [b(k), bT (k)] = &i k.

It is easy to see that
[a(k). (k)] = [b(k), b(K)] = [a(k), b(K)] =

since these will involve annihilation operators only, and the two real fields are independent. The same holds for their
Hermitian conjugates (creation operators only).
Lastly, we also can compute:

fa(k), b1 ()] = %( () + iay(K)), ;§<ai<w>+m;<k/>)}
= 2 (209, a} ()] ~ [a2(00), a} 1))
=0
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3. The Feynman A-function can be written as:

A ( ) 1 /d4k e—ilcw
T) = —7 O
F (2m)4 k2 — p? +ie
where we let € tend to zero after the integration.
Applying the operator (D +u2) to this function, we get:
—ikx

e
2 —pu? +ie

1
(O+47) Ap(z) = (O+42) @t /d4k -
1 1 —ikx

= Gy /d4k [EEr— (O+p?) e ™

1 4 1 2 2 —ikx
= (271_)4/d ki]@—;ﬂ—l—ie (—k + u )e

1 _e—ikx
= d*k
(2m)* / 1+ik

= —6W(x)

where we have defined x = ¢/(k? — p?) and let it tend to zero.
Hence, the Feynman A-function satisfies the inhomogeneous Klein-Gordon equation.

4. Let ¢ be a complex Klein-Gordon field, representing a charged meson. It can be written as:

hc? —ikx + ikx
Vo la(k)e + b (k)e'™]
Kk

@) =" (@) + o7 (0) =D _1/3
k

where the operators a and b follow the commutator relationships derived earlier.
Recall from Problem 2 that:
[a(k),a(k")] = [b(k),bT(K)] = [a(k),b (k)] =0
and therefore, unlike the commutator of a real field, we now have:
[(x), p(2")] = 0

for any two different points x, x’ in spacetime.
Instead, for complex fields, we see that:

[6(2), ¢'(a")] = [¢7 (2), 6"~ ()] + [¢7 (2), 6™ (2")]

is non-zero.
The first commutator is:

(o1 (2), 0" ()] = - [a(k)’a’r(kl)]efi(km—k’;p)
2V . N
hc? 1 ,
= — 5 e z(kz k z)
2V kikj Vo~
hC2 e—ik(r—q-/)
SV A wk

which, upon taking the limit V' — oo, becomes:
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where
—ic d’k —ik(z—a')
2(2m)3 Wk
is defined the same way as it was defined for real field Klein-Gordon fields (neutral mesons). Similarly, the second
commutator is:

At(z —2)

(¢ (2), 0" (2")] = iheA™ (z — )
Therefore, we have:
[(b(x), ¢T(x’)] =1hc (A+(ac —2)+ A (- x’)) = ihcA(z — 2')
where A(z) = AT (x) + A~ ().
Now, define the Feynman A-function of a complex Klein-Gordon field ¢ as:
iheAp(z — 2') = (0|T {p(z)o' (') }|0)

where T { } is the time-ordered product.
Then, this Feynman A-function, or the Feynman propagator, turns out to be of the same form as that of a real
Klein-Gordon field:

Ap(x) = 0() AT (z) — O(-t) A~ ()

_ ! /d4k -
(2m)4 k2 — p? +ie
where 0(t) is the Heaviside step function.
Ift' <t then T {¢(x)¢' (')} = ¢(x)¢'(2’), and the Feynman propagator becomes:
ihcAr(z — a') = (0|¢(2)o" (2")[0)
= (0]¢* (2)¢" (a")]0)
which is interpreted as: a particle is created by af(k) at 2/, then propagates to = which is a later point in time, and is

absorbed (annihilated) by a(k) at .
When t' > ¢, then T {¢(z)¢' (')} = ¢'(2")¢(x), and therefore:

ihcAe(w — 2') = (0|61 (z)¢()[0)
= (06" (a")¢™ ()[0)
which is interpreted as: an anti-particle is created by b'(k) at z, then propagates to 2, and is absorbed (annihilated) by

b(k) at z.

The charge conjugation operator € is defined by:

P(x) — Co()€ " =ne ¢l (x)

where % is a unitary operator which leaves the vacuum invariant (i.e., ¢ |0) = |0)), and 7 is a phase factor.
First, note that:

¢'(x) = Col (x)e

and, since ¥ is unitary, we can rewrite this as:
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Then, under the charge conjugation, the complex Klein-Gordon Lagrangian density . = N((@adﬁ)(ao‘gb) -

M2¢T¢) becomes:
2" = N( (0 0a) (1:0°6") — 121 8) 10
= (in) N((029)(9°6") — 269"
Since all commutators inside the normal product vanish, this simplifies to:
= N((0a0")(0°0) — 16'0)
=

Thus, the Lagrangian density is invariant under the charge conjugation.
On the other hand, the charge-current density

s* = —i%N(¢8a¢T - cb*@%)
becomes:
5 = =i AN ( (e (0 8) — (0 6)0" (o))
= —id N (91076 — 6076
N g a t T
— 4N (90791~ 910°¢)

= —Sa

Thus, the charge-current density changes sign under the charge conjugation.
Writing ¢(x), ¢' () out in their expansion forms in terms of the absorption and creation operators, we see that:

[Ca(k)E e ™" 4+ €bl (k)& e

hCQ ) —ikx
=1, Z [aT(k)elkI + b(k)e k]
which implies that:
Cak)C ™ =nbk), Cok)E = n’ak)
Then, we also see that, under the charge conjugation, single-particle states transform as:
©'la,k) = €a’ (k) |0)
=€al (k)€1 10)
= (€a9)z )" |0)
= n; b' (k) |0)
= 77: ‘ba k>
and, similarly,
% |b, k) =1 |a, k)

where we have used the fact that the vacuum state |0) is unchanged by ¢ or ¢~ 1.
Thus, the charge conjugation € interchanges the particles (a-particles) and the anti-particles (b-particles).
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The parity transformation (i.e. spatial inversion) of the Hermitian (real) Klein-Gordon field ¢(x) is defined by:
d)(xv t) — ‘@d)(xv t)‘@71 = np ¢(_Xa t)

where the parity operator & is unitary which leaves the vacuum invariant (i.e., & |0) = |0)), and 7, = +1 is called the
intrinsic parity of the field. Note that & only influences the spatial argument of the field, but not the time .
Under the given parity transformation, the Lagrangian density of the real Klein-Gordon field & = 3 ((0a¢)(9%¢) — p*¢?)

transform as:
1 0p(—x dd(—x
L' (x,t) = B {(np (xa’t)) (np (x ’t)> — u277§ 2(—x, t)]

2 2 -x
-k [15“55%” — (Vo(—x.1))* ~ p2¢*(—x, t>]
-3 [1 TOD (12wl 1) - u2¢2<""”}
= L [0u606 D)0 00) — 126 1)

where we have used the chain rule for V and the fact that 773 = +1.
Also, ¢? is necessarily an even function of each component of z. i.e.,

¢2 (Xv t) = ¢2(—X, t)

Thus, the Lagrangian density .Z is invariant under the parity transformation:

1 (0%
L'(x,1) = 5 [(9a6(x,1)) (076 (x,1)) — 4?6 (x,1)] = L (x,1)
Next, using the field operator ¢(x) in the expansion form in terms of the absorption and creation operators, we can
write:
B(—1) = 37 [ S o )emilen ) g1l )]
’ " 2V wyer
Define k = —k’. Note that wyr = w_y = wy. Then, we can write:

= E 2?/02 [a(_k)e—i(wkt—k-x) +G/T(—k)6i(wkt_k'x)}
Wk
k

Then, the parity transformation of ¢(z) can be written as:

2 . .
Pox )P =3 2chk [Pa(k) P~ te "t =kx) 4 2l (k)P elnt—k)]
k

hc? —i(wrt—kx i(wkt—kex
=1 D\ gy (AR HTI fal (et i)
k

Therefore, we derive the transformation laws for the absorption and creation operators under £2:
Pak) P! = 1pa(-k), Pal (k)P = 1pal (k)
Then, we can derive how an arbitrary n-particle state transforms:
Pk, ..., k,) = Zal (k1) ...a'(k,) |0)
= Za' (k) ...a" (k,) 271 |0)
= (Zd' (k1) 27" ... (Za (k)27 |0)
=l (~ky) ... (k) [0)
=y |=ki,..., —kn)
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Now, let A and B arbitrary operators, and define:

By=B, B,=[AB,_1], forn=12 ..

Then, the following holds identically:

X s\
. . i
eszBefzaA _ § : ( ) Bn
n!
n=0

We choose B = By = a(k).
@) First, we define:
P = el
where

ar=-3. A=Y a'(Ka(k)
k

Then, we can calculate the commutators [A1, B,,_1]:

(A}, Bo] = [Za (K)a(k') (k)]
= Z k)] a(k)
= — Z 5k/ka

—

and, by induction,

Therefore, we get:

Pra(k) Pt = elrtig(k)e i

I
[~
SR
/
+
~.
bl 3
N—
3
2
F

n=0
= 6”/2a(k)
= ta(k)
(>ii) Next, we define:
(@ — eiazAz
where
v
a2 = 57, Ag = zk:aT(k)a(—k)
Then, the commutators [As, B, 1] are:
[A2, Bn,] = (-1)" a(—k)
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Therefore, we get:

Paa(k) Pyt = elo2A2g(k)e 022

(oo}

SEIE S

= e 7/ 2 (k)
= —inpa(—k)

Since ,’s and A,’s are real for both r = 1,2, &, = €***“~ are unitary. Therefore, the product &2, &, is unitary

as well. Note that the product operator satisfies the following identity:

(P21 P5) a(k) (P, Py) " = P Poa(k) Py 27}
= P (—inpa(—k)) 27
= +77pa(_k)

which was derived earlier in this problem as the parity transformation law for the absorption operator a (k).
Thus, &1 Z; gives an explicit form for the parity operator &.
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4 The Dirac Field

1. For any given Dirac field ¢/, we have the anti-commutator relationship:

{¢(@),¢@)} = [v(@),v(y)], =iS@= —y)

where

S(z) = S*(z) + 5~ (z) = (”“ai# + mc) A(z)

h
—c 3
Alz) = AT (z)+ A (z) = ) /%sin(k:x)

First, note that we have:

_ 3
iA(x) E— / d kisin(kl,:c”)

Oxt 2n)% | wi dxr

—c d3k
= W/Tkkucos(wkt—k-x)

Now, consider two points x, y at a same given time. That is,
x = (ct,x) and y = (ct,y)

Then, the anti-commutator above becomes:

{1#(95)7;#@)} = iS(O,X—y)

20=y0

= (2_7:)03 / (iji{ {i’wku cos(—k+(x—y))+sin(—k-(x— y))}

Note that, if x — y # 0, the integrand is an odd function of k. Therefore, the anti-commutator vanishes if 20 = yo and
x* # y'. However, if x = y, the above expression becomes:

—ic [ d%kr. . —ic [k jex
W/w—k[m/“kucoso—kb‘ln()} = (27_[_)3 /Tkz[rYO? - k’L:|

1 )
— 0 ddk
o <2w>3/

where the odd part of the integrand v'k; vanishes again.
Therefore, the equal-time commutator for the Dirac field 9 is:

{(0), ()} = [0(@) b)), =1"6(x —y)

0 mc 0 mc 0 mc
o 9 me _ (i 9 _mc L mc
(w 5o " R ) S(x) (w i ) (VY ot ) A(z)
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because A(z) satisfies the Klein-Gordon equation, which was mentioned in Chapter 3.
Similarly, we also have:

0 me 5] me 0 me
o Y ThC _ sop_ <o 7 e
(i = i) 5o = (e = i) (7 + T ) )
= — (O+4p?) Ap(2)
= +5W(2)

where the last step is the result of Chapter 3 Problem 3.
Hence, the functions S(x) and Sg(x) satisfy the homogeneous and inhomogeneous Dirac equations respectively
(because A(z) and Ag(z) satisfy the homogeneous and inhomogeneous Klein-Gordon equations).

The charge-current density operator of the Dirac field () is given by:

st (x) = —6017}(96)7“¢(x)

Let z, y be two different points at equal times. In other words, we have z° = y° = ct, but x # y. Then, thanks to
the results from Problem 1, we have:

{$(2),9(y)} =0

Also, we have the general anti-commutator relationships:
{$(2), ()} = {¥(@), ¥ (y)} =0
SKIPPING FOR NOW. PHYSICALLY INTUITIVE, COMPUTATIONALLY
ANNOYING
Recall the expansion of the real Klein-Gordon field ¢(z):

he?
2Vwk

p(x) = ¢T(2) + ¢~ (2) = Z [a(k)e_”“c +af (k)eikﬂ
k

Now, supposes that we impose the anti-commutator relationships, instead of the normal commutator relationships,
on the absorption and creation operators:

{a(k), aT(k’)} = 6kkr
{a(k),a(k)} = {al (k),a' (K)} =0

This is equivalent to imposing Fermi-Dirac statistics, instead of Bose-Einstein statistics.
The following identity will be useful in this problem.

[A,B] = AB— BA=2AB — {A, B}

Now, consider two points z, y in spacetime with a space-like separation (x — y). First, we have:

hc? 1 , / , ,
, = — —Lak),al (K)Ye ikz=Kv) _ LaT(k), (k) )eiFr—Fv)
{6(2).0(0)} = 557 %2 —— [~ {ak).a' (k) Je {al (k) a(k)}e ]
hCZ 1 ; ’ . ’
=_= = S (et Rr=EY) o i(ka—ky)
2V k,k’ WKWK’ ke (e te )
77102 1

v a w—kcos(k(x—y))
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Since this quantity is Lorentz-invariant, it suffices to show its behavior for any x, y with a space-like separation.
Hence, we choose x, y such that they are at equal time, but with non-zeros spatial separation x — y. Then, each cosine
term is a non-zero even function of k. Hence, the sum is non-zero.

Similarly, we can see that:

[p(z), 9(y)] = 2¢(x —{o(x),0(y)}
_ h02 1 —i(kz—k'y) | i(kz—k'y)
N 2¢( W Kk £/ WkWk’ 5kkl ( ! te ! )
h02

— 26(x)

1
k

is also non-zero.

Therefore, having imposed the anti-commutator relationships on a(k), a' (k), we see that neither the commutator
nor the anti-commutator of the Klein-Gordon field ¢ can be zero for x, y with a space-like separation.

This will prevent the commutator of any bilinear physical observable of ¢ at x, y to be zero, which is a violation of
microcausality. Thus, we observe that the absorption and creation operators of the Klein-Gordon field must be quantized
using the commutator relationships (i.e. Bose-Einstein statistics).

For a Dirac field v, we define the chiral phase transformations as:

: / .
b(@) = ' (x) = expliars)y (), 9T (x) = ¢T (2) = ¢T(2) exp(—iars)
where v5 = 79717273 and « is an arbitrary real parameter.
Note that 5 anti-commutes with all v,,’s (. = 0, 1, 2, 3). That is, each time the order of product between -5 and
a 7, is exchanged, the term gains a negative sign.
Under this transformation, the Lagrangian density

& = cp(a) {ih’y Bi - mc} ¥(x)
transforms to:

L = el (o)) [ifw o mc] W (@)

= () exp(—iays)7" [iﬁv“aiu - mC} exp(iays)P(z)

The first term has two powers of the Dirac y-matrix: the 7 originating from the adjoint spinor 1’ and the v* in front
of the derivative. Hence, the first term can be re-ordered such that the two exponential factors due to the chiral phase
transformation cancel each other. However, the second term (i.e. the mass term) has only one 4°, and thus gains a
negative sign after such re-ordering. Hence,

&' = cp(x) [ifw ai + mc] W(x)

Therefore, the Lagrangian density is invariant only if the mass is zero.
The infinitesimal chiral phase transformation is obtained in the limit o < 1:

Y (2) = P(a) + 0(x) = ¥(x) +iarsy()
W' (2) = vl () + 09t (2) = ¥ (2) — ot ()75

Because the massless Lagrangian density is invariant under this transformation, we have the corresponding conserved
current:

) = (5 ) dvte)

= (cv()ily")ionsi ()
—ahep(z)y" 51 ()
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Re-writing without the constants, we see that the axial vector current

(@) = Y@y ys(z)

is conserved under the chiral phase transformation of a massless Dirac field.
Now, for a given massive Dirac field ¢)(x), consider two new fields:

Yu() = 5 (1= ) b(x), vale) = 5 (14796) ¥()

DN | =

The subscripts 1 g stand for “left-handed” and “right-handed” components of the Dirac field ). They are also called
“negative/positvie helicity” components, respectively.
Note that:

YL+ YR =, Yr — YL = Y59

Applying the operator (zhéf — mc) to the left of 71 g gives their equations of motion:
(ihd — me) ¢ (z) = (lfw S mC) % (1 —75) ()
1
=5 _(zh'y“a T mc) Y(x) — (ih’y”a i mc) 'yg,w(x)]
[ 0

= % _O + s <zhfy“ T + mc) w(x)]
= % Vs (zﬁy“a - mc) P(z)+ 2mcv5¢(a:)]
= meysth(x)
= me(Yr(z) = Yr(z))

where we have used that ¢(x) satisfies the Dirac equation: (ih@ — mc) ¢ (x) = 0.
Similarly, we also have:

(ihd — mc) Yr(z) = = (ihd — me) (1 + v5) ¥ ()
v5 (—ih@ — mc) ¢ ()

= —meys(x)
= —mc (Yr(x) — YL(z))

If the mass m of the Dirac field ¢ (z) was zero, then the equations of motion for 1, 1) would be decoupled:

DN = N =

0
Ayt — =0
vy Oh wL,R
Now, consider the Lagrangian density:

A, = ihepy (x)y 0, (z)

where
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The corresponding Euler-Lagrange equations are:

o (0A/\ 04 0 }
(%,u) G0~ g (o)

= zhc— (Mf 0 75) ~H

oxH 2
L 0 —
= ihe e
=0
and
i 0.4, _ 0.4, — iy 2y
Ozt a"ZL,u a'JJL a " -
=0

Therefore, the given Lagrangian .#] describes the right-handed massless anti-fermions and the left-handed mass-
less fermions only.
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