[Theorem II] Whenever a reactive centrifugal force exists, there exists a force exerted outward on the object under consideration independently of the frame. 

[Proof] 
Let F_cpo(Oi), F_eoo(Oi) and F_cfb(Oi) be defined as follows:

F_cpo(Oi)=def Force_CentriPetal_On an object Oi
F_eoo(Oi)=def Force_ExertedOutward_On an object Oi
F_cfb(Oi)=def Force_CentriFugal_By an object Oi
O1: An object exerting F_cpo(O2)
O2: An object under consideration

Let us assume a situation where two touching objects O1 and O2 are placed on a friction-less gutter formed along the diameter direction of a rotating disk. See Fig. 1. O1 is fixed on the disk and blocks O2’s outward motion caused by the rotation of the disk. Then, we can identify that O1 exerts F_cpo(O2) on O2, and O2 returns F_cfb(O2) to O1. Now let us divide O2 into two parts: O2.1 (circumference side) and O2.2 (center side) as shown in Fig. 1. Then, we have

F_cfb(O2)=F_cfb(O2.1)+F_cfb(O2.2)				(1)

Referring to formula (1), we prove that a force which is the sum of all forces originating from F_cfb(O2), that is, the sum of all component forces of F_cfb(O2) identified by the division, is exerted on O2 as well. This will prove that when F_cfb(O2) as a reactive centrifugal force exists, F_eoo(O2) exists as well. The proof is shown below. We first show a plan of the proof, and then we implement it.

(a) At the boundary between O2.1 and O2.2, events analogous to what happens between O1 and O2 happen, and in fact, O2.2 pushes O2.1 with force F_cfb(O2.2). So, referring to formula (1), we prove that all component forces of F_cfb(O2.2) identified by successive division are exerted on O2.2 as well, and hence F_eoo(O2.2), whose strength is equal to that of F_cfb(O2.2), exists.
(b) Then, we prove that a situation identical to the above holds concerning F_cfb(O2.1) by applying the same reasoning as (a) to O2.1.2 obtained by dividing O2.1 into two.

This two-step proof plan suggests that the sum of all component forces of F_cfb(X) exerted by the center-side component obtained by each division is exerted on itself as well. Therefore, by repeating these two steps recursively, we can prove in the limit that a force which is the sum of all the component forces identified by the successive division and exerted by O2 is exerted on O2 itself as well, which proves the existence of F_eoo(O2). 

Now, let us implement the above proof plan.
(a) In order to prove that the force exerted on O2.1, F_cfb(O2.2), is exerted on itself (O2.2) as a result, we divide O2.2 into two and obtain the following equation (see Fig. 1):

F_cfb(O2.2)=F_cfb(O2.2.1)+F_cfb(O2.2.2)

Because F_cfb(O2.2.2) is exerted on O2.2.1, we next divide O2.2.2 to obtain O2.2.2.1 and O2.2.2.2. By repeating such division and confirmation that the center side part pushes the circumference side part, we can prove in the limit that all component forces of F_cfb(O2.2), each of which is a centrifugal force are exerted on O2.2; that is, there exists F_eoo(O2.2).

(b) We next divide O2.1 and obtain
F_cfb(O2.1)=F_cfb(O2.1.1)+F_cfb(O2.1.2)
Then, we apply step (a) to O2.1.1.

We have thus proved that the force of each center-side part made by division is exerted both on the corresponding circumference part and on itself and hence that a force equal to F_cfb(O2) as a vector is effectively exerted on the whole of O2 in the limit, which means that there exists a force directed outward along the diameter acting on the object under consideration.[image: ]
Fig. 1 Centrifugal force acting on an object.
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